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a b s t r a c t

This paper deals with the problem of computing Lyapunov functions for asymptotic
stability analysis of autonomous polynomial systems of differential equations. We propose
a new semi-algebraic approach bymaking advantage of the local property of the Lyapunov
function as well as its derivative. This is done by first constructing a semi-algebraic system
and then solving this semi-algebraic system in an adaptive way. Experiment results show
that our semi-algebraic approach is more efficient in practice, especially for low-order
systems.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Lyapunov functions are very important in differential system analysis and control system design. Lyapunov functions
can also be used to verify the stability and can further be used to compute attraction regions which give more details about
the stability. In this paper, we focus on computing Lyapunov functions in quadratic form for asymptotic stability analysis of
autonomous polynomial systems of differential equations.
For an autonomous polynomial system of differential equations, the problem of computing a Lyapunov function in

given polynomial form [1,2] can be naturally transformed into a quantifier elimination problem, which is decidable [3,4].
Nevertheless, the computational complexity of quantifier elimination is doubly exponential in the number of total variables
in general such that the existing implementations of some well known algorithms for quantifier elimination cannot be
applied directly to many problems in practice such as the problems under discussion in this paper.
We propose a new symbolicmethod here bymaking advantage of the local properties of the Lyapunov function aswell as

its derivative. That is, we first construct a semi-algebraic system according to the given problem and then solve this resulting
semi-algebraic system by real solution classification and an adaptive cylindrical algebraic decomposition (or short: cad)
based algorithm. Compared to existing quantifier elimination methods, this new method has two main advantages: first,
one can ignore the computation of neighborhoods of equilibria; second, by doing so, one can reduce the number of total
variables. Moreover, compared to other methods in the literature, our method can also be applied to more general cases,
such as (non-autonomous) systems of parametric differential equations.
We implemented our algorithm based on the Maple package DISCOVERER [5] and tested our implementation on some

examples in the literature.
Clearly, we can directly extend our method to compute common quadratic Lyapunov functions for stability analysis of

hybrid systems.
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supported by the German Research Foundation (SFB/TR 14 AVACS), Chinese NKBRPC-2005CB321902 and Beijing Novel Program.
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The structure of the paper is as follows. Section 2 is devoted to formalizing our problem of analyzing asymptotic stability.
The classical quantifier elimination method for computing Lyapunov functions is described in Section 3. Section 4 presents
the newmethod for asymptotic stability analysis. Our adaptive cad based algorithmwith complexity analysis is given briefly
in Section 5 and some examples are shown with computation results and timings in Section 6. In Section 7, we discuss the
advantages of the new method. After covering some related work in Section 8, we conclude the paper in Section 9.
Note that, compared to our earlier conference paper [6], in addition tomore examples and improvements in presentation,

the main additions of this current version are Sections 4.2 and 5: Section 4.2 is on the computation of Lyapunov Functions
using a Relaxation-and-Checking Scheme, which improves the algorithm described in Sections 4.1 and 5 is on our adaptive
cad based algorithm with complexity analysis.

2. The problem definition

Consider an autonomous polynomial system of differential equations ẋ = f (x), where f (x) = (f1(x), . . . , fn(x))T is a
vector such that for all 1 ≤ i ≤ n, fi(x) ∈ Q[x]. We denote such a system by PSf . Moreover, for a given system PSf , a point x∗
is called an equilibrium of this given system if f (x∗) = 0. Without loss of generality, we suppose the origin is an equilibrium
of the given system if its equilibrium exists.
From now on, if not specified, a differential system means an autonomous polynomial system of differential equations

with an equilibrium at the origin. Moreover, for a given differential system, the asymptotic stability means the asymptotic
stability of the origin in the Lyapunov sense [7].
A necessary and sufficient condition for verifying asymptotic stability [7] is the existence of a Lyapunov function, which

is defined as follows.

Definition 1. Given a differential system PSf and a neighborhood U of the origin, a Lyapunov function (or short, lf) with
respect to PSf is a continuously differentiable function V : U 7→ R such that
• V (0) = 0 and V (x) > 0 whenever x 6= 0;
•
d
dt V (0) = 0 and

d
dt V (x) < 0 whenever x 6= 0.

In this paper, we would like to have an efficient algorithm that will compute a Lyapunov function for a given differential
system PSf . In general, this is an undecidable problem [8]. So we aim at an efficient algorithm for computing a Lyapunov
function in quadratic form whenever such a polynomial Lyapunov function exists. Polynomial Lyapunov functions in
quadratic form play important roles in the literature of the verification of hybrid systems [9–12,1,2].

3. The quantifier elimination method

In this section, we will describe the quantifier elimination (or short, qe) method for computing a Lyapunov function in
quadratic (or any polynomial), which has been also discussed in [1,2].
Given a differential system PSf , letV ∈ Q[x] be a quadratic polynomialwith parametric coefficients, and ddt V = ∇V

T
·f (x)

be the time-derivative of V along f . Set Cond(V ) to be

[x = 0⇔ V (x) = 0] ∧ V (x) ≥ 0 ∧
[
x = 0⇔

d
dt
V (x) = 0

]
∧
d
dt
V (x) ≤ 0,

where ∧ (or, ∨) denotes the conjunction (or, disjunction) symbol and⇔ denotes the bi-implication symbol. If we can find
a neighborhood U of the origin (equilibrium) and a solution for the parametric coefficients in V such that for all x ∈ U,
Cond(V ) is checked, then substituting the parametric coefficients in V by this found solution yields a Lyapunov function.
In general,U can be an arbitrary neighborhood of the origin, andmay not have an explicit algebraic description. However,

without lose of generality, we can assume U to be a ball {x ∈ Rn :
∑n
i=1 x

2
i ≤ r

2, r > 0} or a block {x ∈ Rn : |xi| ≤ r, r >
0, 1 ≤ i ≤ n}. If we assume U to be a block, we get the following constraint:

∃r > 0∀x ∈ Rn
[[
∧1≤i≤n |xi| < r

]
⇒ Cond(V )

]
. (1)

Constraint (1) is a formula in the first-order predicate language over real numbers. Due to decidability of the theory
over real closed fields [3], one can always use the quantifier elimination method to check whether, for a given polynomial
with parametric coefficients, there is a solution to the parametric coefficients such that this given polynomial is a Lyapunov
function. Note that a qemethod [13] eliminates the quantified variables and outputs an equivalent quantifier free formula
of parameters (i.e., free variables) from which sample values of parameters can be found.
Here, we will employ a cylindrical algebraic decomposition based quantifier elimination method [4] and use an example

to explain how this method produces Lyapunov functions by executing QEPCAD B [13], which is a cad based quantifier
elimination tool.

Example 1. Consider (ẋ, ẏ) = (y,−x − y + x2). Suppose V = x2 + axy + y2. According to Constraint (1) and the input
semantics of QEPCAD B, with the following input

(Er)(Ax)(Ay)[r > 0 ∧ [x > r ∨ y > r ∨ x+ r < 0 ∨ y+ r < 0 ∨ x = 0 ∨
[a > −2 ∧ a < 2 ∧ y(2x+ ay)+ (−x− y+ x2)(ax+ 2y) < 0]]]
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to QEPCAD B with the command ‘‘./qe/bin/qepcad +N8000000’’, where E means ∃ and A means ∀, we get an equivalent
quantifier free formula 0 < a < 8

5 after a computation of about 2000 s. This implies that for all a ∈ (0,
8
5 ), V = x

2
+axy+y2

is a Lyapunov function. Hereby, we can take V = x2 + xy+ y2 as a Lyapunov function.

Clearly, the qe method functions in the same way for computing Lyapunov functions in any given polynomial form.
However, it is well known that the qemethod is of low efficiency and can hardly produce a result when the number of total
variables is greater than 5 in practice, since the computational complexity of cad is doubly exponential in the number of
total variables.

4. A semi-algebraic system based remedy

In this section, we will try to find a remedy for the disadvantages of the qemethod introduced in Section 3. The idea is
to compute a Lyapunov function in quadratic form by using its local property to construct a special semi-algebraic system
(or short, sas) (for the algebraic details of sas, please refer to Section 5), and then find a solution to this resulting system by
an adaptive cad process.

4.1. Computation of Lyapunov functions by solving semi-algebraic systems

In this subsection, we will compute Lyapunov functions in positive definite quadratic forms. For this, we will take
advantage of the local properties of a Lyapunov function as well as its derivative, that is, we will consider the Lyapunov
functionwith locally positive definiteness and its derivative with locally negative definiteness. Specifically, wewill use their
Hessian matrixes to describe these local properties, use real solution classification to construct a semi-algebraic system and
finally solve this resulting system.
Note that a function V is locally positive (or, negative) definite at the origin if and only if there exists a neighborhood U of

the origin such that for all x ∈ U, V (x) ≥ 0 (or, V (x) ≤ 0) and V (0) = 0 if and only if x = 0. And the Hessian matrix at the
origin for a twice differentiable function V is defined as follows:

Hess(V )|x=0 =



∂2V
∂x21

∂2V
∂x1∂x2

· · ·
∂2V
∂x1∂xn

∂2V
∂x2∂x1

∂2V
∂x22

· · ·
∂2V
∂x2∂xn

· · · · · ·

∂2V
∂xn∂x1

∂2V
∂xn∂x2

· · ·
∂2V
∂x2n



∣∣∣∣∣∣∣∣∣∣∣∣∣∣
x=0

.

The following theorem states a sufficient condition for a quadratic function to be a Lyapunov function.

Theorem 1. For a given differential system PSf , if there exists a polynomial function V (x) in quadratic form such that Hess(V )|x=0
is positive-definite and Hess( ddt V )|x=0 is negative-definite, then V is a Lyapunov function.

Proof. Obviously, V = 1
2xHess(V )|x=0x

T . It is sufficient to prove that there is a neighborhood U of the origin such that
d
dt V (x) < 0 for all x ∈ U \ {0}. First, ddt V =

∑n
i=1

∂V
∂xi
· fi. Thus, for any arbitrary but fixed j, 1 ≤ j ≤ n,

∂( ddt V )
∂xj
|x=0 =∑n

i=1(
∂2V
∂xj∂xi
· fi + ∂V

∂xi
·
∂ fi
∂xj
)|x=0 = 0. Hence, (

∂( ddt V )
∂x1

, . . . ,
∂( ddt V )
∂xn

)|x=0 = 0.
Since ( ∂

∂x1
( ddt V ), . . . ,

∂
∂xn
( ddt V ))|x=0 = 0 and Hess( ddt V )|x=0 is negative definite, due to the extremum theory [14], there

is a neighborhood U of the origin such that ddt V (x) <
d
dt V (0) = 0 for all x ∈ U \ {E0}. �

According to Theorem 1, we subsequently try to find a quadratic Lyapunov function such that the Hessian matrix of this
Lyapunov function is positive definite and the Hessian matrix of its derivative is negative definite.
By the theory of linear algebra, we know that a quadratic form is positive (negative) definite if and only if its Hessian

matrix is positive (negative) definite and a Hessian matrix is positive (negative) definite if and only all its eigenvalues are
positive (negative). We will follow this knowledge and use real solution classification to construct a semi-algebraic system
and then find a solution to this resulting system in a symbolic way.
To reach our goal, we recall some results about the characteristic polynomial of a matrix. For a given symmetric matrix

H with parametric entries, let

h(λ) = λn + cn−1(a)λn−1 + · · · + c0(a)

be its characteristic polynomial, where the components of a are the parametric entries of H and ci(a)s are polynomials in a.
Obviously, H is positive definite if and only if all roots of h are positive.
The following theorem, which can be deduced from the Descartes’ rule of signs [15], gives a necessary and sufficient

condition for checking whether a univariate real polynomial has only positive roots or not.
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Theorem 2. Suppose all the roots of a real polynomial

h(λ) = λn + cn−1λn−1 + · · · + c0 (2)

are real. Then its roots are all positive if and only if for all 1 ≤ i ≤ n, (−1)icn−i > 0.

Due to Theorem 1, for a given differential system PSf and a quadratic form 1
2x
T H x, if we can find a solution for the

parameters such that H is positive definite and H∗ = Hess( ddt (
1
2xHx

T ))|x=0 is negative definite, then 12xHx
T is a Lyapunov

function.
According to Theorem 2, if the characteristic polynomial of a real symmetric matrix H is of the form (2), H is positive

definite if and only if −cn−1(a) > 0, cn−2(a) > 0, . . . , (−1)nc0(a) > 0. Thus, finding a solution for the parameters such
that H is positive definite is equivalent to finding a solution to the semi-algebraic system {−cn−1(a) > 0, cn−2(a) >
0, . . . , (−1)nc0(a) > 0}. Similarly, finding a solution for the parameters such that −H∗ is positive definite is equivalent
to finding a solution to the semi-algebraic system {−c∗n−1(a) > 0, c

∗

n−2(a) > 0, . . . , (−1)
nc∗0 (a) > 0}, where c

∗

i (a)’s are the
coefficients of the characteristic polynomial of−H∗.
Combining the above two discussions, finding a solution for the parameters such that H and −H∗ are both positive

definite is equivalent to finding a solution to the semi-algebraic system

{−cn−1(a) > 0, . . . , (−1)nc0(a) > 0,−c∗n−1(a) > 0, . . . , (−1)
nc∗0 (a) > 0}.

We denote this resulting semi-algebraic system by sas (H,−H∗) and design Algorithm 1 for computing Lyapunov functions
in which a semi-algebraic system solver SASolver is used to solve semi-algebraic systems. Note that for a given semi-
algebraic system, SASolver either returns a solution to this system or returns an empty set when there is no solutions to this
system. The details for SASolverwill come out in Section 5.

Algorithm 1 Computing Lyapunov functions
Input: A differential system ẋ = f (x).
Output: A Lyapunov function or UNKNOWN.
1: choose a polynomial V in quadratic form with parametric coefficients.
2: Compute H = Hess(V )|x=0 and H∗ = Hess( ddt V )|x=0.
3: compute sas(H,−H∗).
4: apply SASolver to sas(H,−H∗).
5: if SASolver returns a solution then
6: substitute this solution for the parameters in V and return V .
7: else
8: return UNKNOWN.
9: end if

We use the following example to illustrate Algorithm 1.

Example 2. This is an example from [16] whose Lyapunov function has been constructed by the method of SOS (sum of
squares) decomposition.{

ẋ = −x+ y+ xy
ẏ = −x− x2.

Let V = ax2 + bxy+ cy2, then d
dt V = (2ax+ by)(−x+ y+ xy)+ (bx+ 2cy)(−x− x

2). Clearly, H =
(
2a b
b 2c

)
and H∗ =(

−4a− 2b 2a− b− 2c
2a− b− 2c 2b

)
. The two required characteristic polynomials for H and−H∗ are C(λ) = λ2− 2aλ− 2cλ+ 4ac− b2

and D(λ) = λ2 − 4aλ− 4ab− 5b2 − 4a2 + 8ac − 4bc − 4c2, respectively and hence sas (H,−H∗) is

{a+ c > 0, 4ac − b2 > 0, a > 0,−4ab− 5b2 − 4a2 + 8ac − 4bc − 4c2 > 0}.

Applying SASolver to sas (H,−H∗) gives back a solution (a, b, c) = (1,−1, 1) within one second. Thus V = x2 − xy + y2
is a Lyapunov function.
If we use the qemethod in Section 3 and set V = x2 + axy + y2 for simplicity, then d

dt V = (2x + ay)(−x + y + xy) +
(ax+ 2by)(−x− x2). Applying QEPCAD B to solve Constraint (1), the program terminates abnormally after a computation
of about 4868 s.

4.2. Computation of Lyapunov functions using a relaxation-and-checking scheme

The Lyapnov function computed in Section 4.1 is over-constrained sometimes. In this subsection we would like to relax
the condition, that is, we would like to require −H∗ to be semi-definite, resulting in Lyapunov-like functions, and then use
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the quantifier elimination method to check whether these Lyapunov-like functions are Lyapunov functions. To this end, we
first formalize the definition of Lyapunov-like functions as follow.

Definition 2. Given a differential system PSf , a twice differentiable function V is called a Lyapunov-like function if the
Hessian matrix of V is positive definite and Hessian matrix of ddt V is negative semi-definite at the origin.

Similarly, we will consider the Hessian matrixes and their corresponding characteristic polynomials. From the theory on
linear algebra, we know that a matrix is negative semi-definite if and only if its eigenvalues are all non-positive.
The following theorem [15] gives a necessary and sufficient condition for checking whether a univariate real polynomial

has no negative roots.

Theorem 3. For a Hessian matrix H, its characteristic polynomial f = λn + cn−1λn−1 + · · · + c0 has no negative roots if and
only if there exists k (0 ≤ k < n) such that ci = 0 for all i < k and (−1)(n−i)ci > 0 for all i ≥ k.

Following the discussion in the previous context, we can construct a semi-algebraic system and then solve the resulting
system similarly to find a Lyapunov-like function. Then, over this Lyapunov-like function having been found, we use the
quantifier elimination method to check whether this function is a Lyapunov function. The details are in Algorithm 2.

Algorithm 2 Relaxation-and-checking scheme
Input: A differential system ẋ = f (x), and a polynomial V in quadratic form with parametric coefficients a
Output: A Lyapunov function or UNKNOWN.
1: Compute H = Hess(V )|O and H∗ = Hess( ddt V )|O;
2: Compute the characteristic polynomials C(λ) and D(λ)with respect to H and−H∗, respectively;
3: set i := 0;
4: while 0 ≤ i ≤ n− 1 do
5: let sasi = {−cn−1 > 0, · · · , (−1)nc0 > 0, − dn−1 > 0, · · · , (−1)n−idi > 0, di−1 = 0, · · · , d0 = 0}, where cj and

dj are coefficients of C(λ) and D(λ), respectively;
6: let s be the result of applying SASolver to sasi;
7: if s 6= ∅ then
8: substitute s for the parameters in V resulting in V ∗;
9: return V ∗ if ∃d > 0∀x ∈ Rn

[[∑n
i=0 x

2
i ≤ d

]
⇒ Cond(V ∗)

]
holds;

10: end if
11: let i := i+ 1.
12: end while
13: if i = n then
14: return UNKNOWN.
15: end if

Here, we use an example to explain how Algorithm 2 works.

Example 3. A simple example:{
ẋ = −x− 2xy2

ẏ = −y3 + x2y.

Let V = x2 + axy + by2. Algorithm 1 fails because the Hessian matrix of V̇ cannot be negative definite; however, with
Algorithm 2 any element in {(a, b) : a2 − 4b < 0∧ a = 0}makes V a Lyapunov-like function. And we can easily check that
V = x2 + y2 is a Lyapunov function.

5. Semi-algebraic system solving

In this section, we first describe our real solution classification method and adaptive cad method for solving semi-
algebraic systems and then briefly analyze its complexity.
A system in the following form

p1(u, x) = 0, . . . , ps(u, x) = 0,
g1(u, x) ≥ 0, . . . , gr(u, x) ≥ 0,
gr+1(u, x) > 0, . . . , gt(u, x) > 0,
h1(u, x) 6= 0, . . . , hm(u, x) 6= 0,

is called a semi-algebraic system (or short, sas), where variables x = (x1, . . . , xn) ranges in Rn, parameters u = (u1, . . . , ud)
ranges in Rd, and pi, gj, hk are polynomials in Q[u, x]. We can write the system as

[P,G1,G2,H], (3)
where P,G1,G2 and H stand for [p1, . . . , ps], [g1, . . . , gr ], [gr+1, . . . , gt ] and [h1, . . . , hm], respectively.



Z. She et al. / Nonlinear Analysis: Hybrid Systems 3 (2009) 588–596 593

An sas is called a constant semi-algebraic system if it contains no parameters, i.e., d = 0; otherwise, a parametric semi-
algebraic system.
The main features of DISCOVERER [5]1 include real solution counting and isolating of constant sass and real solution

classification of parametric sass.
For a constant sas S of the form (3), if S has only a finite number of real solutions, DISCOVERER can determine the number

of distinct real solutions of S, sayM , and find outM disjoint cubes with rational vertices in each of which there is only one
solution. In addition, the width of the cubes can be less than any given positive real. The two functions are realized through
calling

nearsolve(P,G1,G2,H, [x]) and realzeros(P,G1,G2,H, [x], w),
respectively, wherew is optional, which indicates the maximum size of the output cubes.
For a parametric sas S of the form (3) and a given non-negative integer N , to determine the necessary and sufficient

conditions on u such that the number of distinct real solutions of S equals N , one can first call
tofind(P,G1,G2,H, [x], [u],N).

The output of tofind is a quantifier-free formula Φ in parameters and a border polynomial BP(u) which means that,
provided BP(u) 6= 0, the necessary and sufficient condition for S to have exactly N distinct real solutions is if Φ holds.
Then, letting P ′ = [BP, p1, . . . , ps], one can call

Tofind(P ′,G1,G2,H, [x], [u],N)
to find conditions on uwhen the parameters are on the ‘‘boundary’’ BP(u) = 0.
Now,we briefly analyze the complexity. Suppose an sas S has s polynomial equations andm inequations and inequalities.

All polynomials are in n indeterminates (i.e., free variables and parameters) and of degrees at most d.
First, we transform the equations in an sas into triangular sets (i.e., equations in triangular form) by Ritt-Wu’s method.

By [17], the complexity of computing the first characteristic set is O(sO(n)(d + 1)O(n
3)). Thus, the complexity of this step is

O(sn
O(1)
(d+ 1)n

O(1)
), which is usually called a singly exponential complexity with respect to n.

Second, we compute a border polynomial (or short, bp) from the triangularized systems through resultant computation.
Because thepolynomials in the first computed characteristic sets are of degreeO(s(d+1)O(n

2))by [17], the polynomials in the
computed triangular sets are of degreeO(sn

O(1)
(d+1)n

O(1)
). Thus, the complexity of computing BP is (s+m)O(s3s+sn

O(1)
(d+

1)sn
O(1)
). Moreover, the degree of BP is D = O(sO(s

2
+s2nO(1))(d+ 1)O(s

2nO(1))).
Finally, we perform quantifier elimination on bp. Suppose the dimension of the ideal generated by the s polynomial

equations is t , then bp has at most t indeterminates. Thus, by [4], the complexity of this step is O(2D2
2t+8
), which is double

exponential with respect to t .

6. Examples

In this section, we will use some examples to show the efficiency of our Algorithms 1 and 2. The platform is a PC with an
Intel Pentium 2.60 GHz CPU, 1024 Mb RAM and Maple 10 on Linux (kernel version 2.6.15).

Example 4. This is an example of the simplified model of a chemical oscillator in [18]. The original system is:{
u̇ = a− u+ u2v
v̇ = b− u2v.

Let (a, b) = (0.5, 0.5), then the equilibrium is (1, 0.5). Substituting u+ 1 and v + 0.5 for u and v, respectively, we get a
new system (u̇, v̇) = (v+ 12u

2
+2uv+u2v,−u−v− 12u

2
−2uv−u2v)with the equilibrium (0, 0). LettingV = au2+buv+cv2,

we obtain a solution (a, b, c) = (1, 1, 1)within 2 s which implies that V = u2 + uv+ v2 is a Lyapunov function of the new
system.

Example 5. This is an example from [19]:{
ẋ1 = −2x1 + x2 + x31 + x

5
2

ẋ2 = −x1 − x2 + x21x
3
2.

We assume that V (x1, x2) = ax21 + bx1x2 + cx
2
2. Algorithm 1 returned V (x1, x2) = x

2
1 − x1x2 + x

2
2 as a Lyapunov function

within 0.1 s.

Example 6. This is an example whose Lyapunov function has been computed by the Gröbner basis [20]:ẋ1 = −x1 + 2x
2
2

ẋ2 = −x2 + x21 + x
2
3

ẋ3 = −x3 − x21.

1 http://www.is.pku.edu.cn/~xbc/DISCOVERER.html.

http://www.is.pku.edu.cn/~xbc/DISCOVERER.html
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Letting V (x1, x2, x3) = x21 + a12x1x2 + a13x1x3 + a22x
2
2 + a23x2x3 + a33x

2
3, we find 20 solutions for (a12, a13, a22, a23, a33).

Taking (a12, a13, a22, a23, a33) = (3, 1, 3, 0, 2) among them, then V (x1, x2, x3) = x21+3x1x2+x1x3+3x
2
2+2x

2
3 is a Lyapunov

function.

Example 7. This is an example from a classical ODE’s textbook:{ẋ = −x− 3y+ 2z + yz
ẏ = 3x− y− z + xz
ż = −2x+ y− z + xy.

Assume that V (x, y, z) = x2+axy+xz+cy2+dyz+ez2.Within about 1900 s, we got 500 solutions for the parameters that
form the coefficients ofV .We take (a, c, d, e) = (2, 2, 2, 2) among themand thenV (x, y, z) = x2+2xy+xz+2y2+2yz+2z2
is a Lyapunov function.

Example 8. This is also example from an ODE’s textbook:
ẋ = −2x+ y− z + 2xy
ẏ = x− y+ y3

ż = x+ y− z + x2y.

Let V (x, y, z) = x2 + bxz + cy2 + dyz + ez2. The program ran about 840 s and we got 250 solutions for the parameters.
Taking (b, c, d, e) = (1, 1,−1, 1) from them, then V = x2 + xz + y2 − yz + z2 is a Lyapunov function.

Example 9. This is another example from an ODE’s textbook:ẋ = −x+ y+ xz
2
− x3

ẏ = x− y+ z2 − y3

ż = −yz − z3.

Let V (x, y, z) = x2 + by2 + cz2. Algorithm 1 returns ’’UNKNOWN’’. However, applying Algorithm 2, we can find
V = x2 + y2 + z2 as a Lyapunov function.

Note that, when using the quantifier elimination method, QEPCAD B failed to find Lyapunov functions for all the above
examples because of the extreme time cost, memory cost, etc.

7. Discussion

In Section 4, we discussed how to ignore the neighborhood of the origin and compute a Lyapunov function in quadratic
form by first constructing a semi-algebraic system and then solving this system. In this way, we root out the first shortage
that occurswhenweuse the quantifier eliminationmethod.Moreover,we ease the second shortage since our semi-algebraic
approach requires fewer variables. This is easily derived from the fact that, if using the quantifier elimination method,
we need to use at most 1 + n + (n+1)n

2 total variables; if using Algorithm 1, we use at most (n+1)n2 total variables in
SASlover; if using Algorithm 2, we use at most (n+1)n2 total variables in SASlover and n+ 1 total variables in the quantifier
elimination method. Thus, due to the double-exponential complexity of these twomethods, our semi-algebraic approach is
more efficient in practice, especially for the low-order systems.
Moreover, although our semi-algebraic approach focuses on quadratic forms, it can be extended to any differentiable

functions. The following theoremgives a sufficient condition on local properties of a function for it to be a Lyapunov function.

Theorem 4. For a given differential system PSf , if there exists a differentiable function V (x) such that
• V (0) = 0, ( ∂V

∂x1
, . . . , ∂V

∂xn
)|x=0 = 0 and Hess(V )|x=0 is positive-definite;

• Hess( ddt V )|x=0 is negative-definite,
then V is a Lyapunov function.

Proof. Since ( ∂V
∂x1
, . . . , ∂V

∂xn
) = 0 and Hess(V )|x=0 is positive definite, due to the extremum theory [14], there is a

neighborhood U1 of the origin such that V (x) > V (0) = 0 for all x ∈ U1 \ {0}.
Moreover, ddt V =

∑n
i=1

∂V
∂xi
· fi. Thus, for any arbitrary but fixed j, 1 ≤ j ≤ n,

∂( ddt V )
∂xj
=
∑n
i=1(

∂2V
∂xj∂xi
· fi + ∂V

∂xi
·
∂ fi
∂xj
)|x=0 = 0.

Hence, (
∂( ddt V )
∂x1

, . . . ,
∂( ddt V )
∂xn

)|x=0 = 0. Since Hess( ddt V )|x=0 is negative-definite, due to the extremum theory [14], there is a
neighborhood U2 of the origin such that ddt V (x) <

d
dt V (0) = 0 for all x ∈ U2 \ {0}.

Set U = U1 ∩ U2. Obviously, V restricted to U is a Lyapunov function. �

Nevertheless, for autonomous differential equations, our semi-algebraic system based approach in Algorithm 1 is
equivalent to first linearize the system and then apply linear matrix inequalities (or short, LMIs) based approach. However,
this does not devalue the proposedmethod since our semi-algebraic systembased approach in Algorithm2has an advantage
for the case when the Hessianmatrix of the Lyapunov function is semi-definite. Furthermore, our method can be applied for



Z. She et al. / Nonlinear Analysis: Hybrid Systems 3 (2009) 588–596 595

analyzing non-autonomous systems of parametric differential equations since our adaptive method described in Section 5
can work on parametric semi-algebraic systems. This will come out in our future work.

8. Related work

The idea of using Lyapunov functions to verify asymptotic stability is not new. The difference is which approach to use
for efficiently computing a Lyapunov function.
To our knowledge, there are twomethods in the literature that can directly compute non-linear Lyapunov functions in an

automatic way. One is a method based on sum of squares decomposition which can be efficiently computed by using semi-
definite programming [21,18,16]. The othermethod is to use Gröbner bases to choose the parameters in Lyapunov functions
in an optimal way [22]. This requires the computation of a Gröbner basis for an ideal with a large number of variables, and
requires some manual intervention to distinguish critical points from optima.
For verifying the asymptotic stability, another choice is to first linearize the original system and then study the lineariza-

tion system. For doing this, there are two well-known methods. One method is to check the real parts of the eigenvalues of
the Jacobian matrix at the origin by using Routh-Hurwitz’s criterion [23]. However, we cannot verify the asymptotic stabil-
ity if there are purely imaginary eigenvalues. Thus, for such cases, we still have to compute Lyapunov functions. The other
method is to compute a Lyapuov function in quadratic form which results in linear matrix inequalities [9–12].

9. Conclusion

In this paper we focus on computing Lyapunov functions in quadratic form by a semi-algebraic system based approach
for the verification of asymptotic stability of a PSf . This approach can be easily implemented and ismore efficient in practice.
It can also be applied to analyze non-autonomous systems of parametric differential equations.
An interesting problem is to compute attraction regions [24–26]. A further interesting problem is to partition the state

space into finite many regions and compute piecewise Lyapunov-like functions over these regions [9].
Our long term goal is to verify the stability of switched and hybrid systems [11] in the Lyapunov sense by computing

multiple Lyapunov functions [10], or in the practical sense [27] by computing multiple Lyapunov-like functions [28] or by
computing transition systems [29–31].
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