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Consider the following mixed formulation of the Poisson equation

p—Vu=0 inQcCR?
—divp=f in Q, (1)
u=g on Jf.

Use the mixed finite element spaces RTy — P, L and BDMy1 — P, ! %o solve
(?7). Here, the source term f and boundary data g are derived from the
exact solution u. Perform the computations on quasi-uniform meshes.

Problem 1 (convergence rates). Choose 2 = (—1,1)? and a smooth solution w.
Report the errors for p in the H(div) norm and L? norm, as well as
the errors for u in the L? norm.

Problem 2 (post-processing). For the aforementioned setting, implement the post-
processing of u and report the errors in the L? norm.

Problem 3 (singular solution & pollution effect). Consider a non-convex domain
defined as

1
Q= {(x,y) € (—1,1)2 :0< 0 <7w/B}, where B <B<1.
Set the exact solution to be
u = 7 sin(36). (2)

e Report the errors for p in the H(div) norm and L? norm, as well
as the errors for u in the L? norm for different values of /.



e For the subdomain 2 obtained by removing the region near the
reentrant corner, for example, ' = {(x,y) € Q\ [-0.5,0.5]?}.
Report the L?(€) errors of u.

Remark: The case in which & = 0 (RTo-P, ' and BDM;-P,!) is re-
quired. At least one high-order case (e.g., RT1—771_1 or BDMQ—Pl_l) is
required.

Problem 4 (equivalence with the Crouzeix—-Raviart element). On the same mesh
Th, implement the CR finite element method and the RTy-P, ! mixed
method to solve the Poisson equation. Denote the numerical solutions
by ugR and (o, up), respectively.

Let f be a piecewise constant function. Numerically verify that

onlr = VUSR\T — g (x —xp), VYT € Th.

where &1 denotes the barycenter of each element.



