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1. Given any € > 0, let X = H(curl) N H'/2*¢. Given a Lipschitz domain
Q, show that there exists d(e, Q) > 0 so that curl X (Q) C L2 (Q).
Let W = H(div) N L?**%(9). Choose one of the following to prove the
commutative diagram:

X(K) —b w(K) X(K) — s w(K)
my | |mer o mg| |
Ni(K) L RTL(K) NCji1(K) - RTL(K)

Find the similar version for BDMj,(K) (no need to show the proof).

2. Show that the following two inequalities are equivalent

d
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Iplr2) S Iplla-1e) + ”%HH*(Q) Vpe L(Q), (1)
i=1 v
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Ipllz2) S Z ||%HH*1(Q) Vp € L§(Q). (2)
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3. Let € be a connected domain with a Lipschitz boundary. Assume that
I'p C 0N satisfies meas(I'p) # 0. Show that

el () < e, Ve € Hp(Q),
where HL(Q) :=={v € H'(Q): v=0o0nT'p}.

4. For the Stokes pair E?R—PO_ L prove that it satisfies the following dis-
crete inf-sup condition:
(divavh, qn)

inf sup —————— 21,
0 €Qn vy eV, 12all1nllgnll 2

where div;, denotes the piecewise divergence, and || - ||1,, represents
the piecewise H!'-norm. For the aforementioned element, provide the
error estimate for the following numerical scheme (v = 1):

{2(€h(,@h)75h(,@h)) — (divpun, pn) = (fsvn) Von € Vi,
—(divpun, qn) =0 Yan € Q.
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5. Let V = H{(). Consider V? = {v € V | [,divudz = 0,VT € T},
define Iy : V? — B(gradQy) by

Hav|r € B(gradQy)|r,

. VT € Ty
/ div(Ilov — v)dax =0, Vg € Qplr,
T

Show that ||TIav|)1 < ||vl1 for v € VO,

6. Consider the Stokes problem with homogeneous Dirichlet boundary
condition:

—Au+Vp=/[f in{Q,
—diveu =0 in £,
uloo = 0.
Let V = H}(Q) and Q = L3(€2). Given a stable Stokes pair V}, x Qj, C

V x @, we can obtain the following energy energy estimate

_ _ < inf — inf — .
lw — unll g + llp thmNE;IethH,u QhHHl"‘ththHp qnl 2

Assume further the approximation property of V} x Qp:
inf |1z —vnllm S hllzllue Yz € HA(Q),
VREVR

inf |r—qnllp2 S blrlm, Vre HY(Q).
qhEQR

Duality argument: Find appropriate regularity assumption of the dual
problem:

—Az+Vr=60 in(,
divz=0 1in Q,
zloa = 0.

so that one can obtain the L? estimate of u:
U—1u <h| inf [[u—wv + inf — .
Ju = wnlle 5 (Ehevh lu=allp + int o qhm>

7. Assume that the pair V x @ and its conforming discrete subspace
Vi x Qp, both satisfy the inf-sup condition, namely,

b
inf sup 109
7€Q vev |[v|lvlallo

b
=5>0, inf SUpM:ﬂh2ﬁ0>0.

ah€QR vy eV, HUhHVHQhHQ

Prove that there exists a Fortin operator II;, : V' — V}, such that

b(v,qn) = b(ITyv,qn) Van € Qn, and ||IL,|| < C.



