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1. Given any ϵ > 0, let X = H(curl)∩H˜ 1/2+ϵ. Given a Lipschitz domain

Ω, show that there exists δ(ϵ,Ω) > 0 so that curlX(Ω) ⊂ L˜2+δ(ϵ,Ω)(Ω).

Let W = H(div) ∩ L˜2+δ(ϵ). Choose one of the following to prove the
commutative diagram:

X(K) W (K)

Nk(K) RTk(K)

curl

ΠN
k ΠRT

k

curl

X(K) W (K)

NCk+1(K) RTk(K)

curl

ΠNC
k+1 ΠRT

k

curl

Find the similar version for BDMk(K) (no need to show the proof).

2. Show that the following two inequalities are equivalent

∥p∥L2(Ω) ≲ ∥p∥H−1(Ω) +
d∑

i=1

∥ ∂p

∂xi
∥H−1(Ω) ∀p ∈ L2(Ω), (1)

∥p∥L2(Ω) ≲
d∑

i=1

∥ ∂p

∂xi
∥H−1(Ω) ∀p ∈ L2

0(Ω). (2)

3. Let Ω be a connected domain with a Lipschitz boundary. Assume that
ΓD ⊂ ∂Ω satisfies meas(ΓD) ̸= 0. Show that

∥v˜∥H˜1(Ω) ≲ ∥ε(v˜)∥, ∀v˜ ∈ H˜ 1
D(Ω),

where H˜ 1
D(Ω) := {v˜ ∈ H˜ 1(Ω) : v˜ = 0 on ΓD}.

4. For the Stokes pair P˜CR
1 -P−1

0 , prove that it satisfies the following dis-
crete inf-sup condition:

inf
qh∈Qh

sup
v˜h∈Vh

(divhv˜h, qh)∥v˜h∥1,h∥qh∥L2

≳ 1,

where divh denotes the piecewise divergence, and ∥ · ∥1,h represents
the piecewise H1-norm. For the aforementioned element, provide the
error estimate for the following numerical scheme (ν = 1):{

2(εh(u˜h), εh(v˜h))− (divhv˜h, ph) = (f˜, v˜h) ∀v˜h ∈ Vh,

−(divhu˜h, qh) = 0 ∀qh ∈ Qh.
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5. Let V = H˜ 1
0(Ω). Consider V 0 = {v˜ ∈ V |

∫
T divv˜dx = 0,∀T ∈ Th},

define Π2 : V
0 → B(gradQh) by

Π2v˜|T ∈ B(gradQh)|T ,∫
T
div(Π2v˜− v˜) dx = 0, ∀qh ∈ Qh|T ,

∀T ∈ Th.

Show that ∥Π2v˜∥1 ≲ ∥v˜∥1 for v˜ ∈ V 0.

6. Consider the Stokes problem with homogeneous Dirichlet boundary
condition:

−∆u˜+∇p = f˜ in Ω,

−divu˜ = 0 in Ω,

u˜|∂Ω = 0˜.
Let V = H˜ 1

0(Ω) and Q = L2
0(Ω). Given a stable Stokes pair Vh×Qh ⊂

V ×Q, we can obtain the following energy energy estimate

∥u˜− u˜h∥H1 + ∥p− ph∥L2 ≲ inf
v˜h∈Vh

∥u˜− v˜h∥H1 + inf
qh∈Qh

∥p− qh∥L2 .

Assume further the approximation property of Vh ×Qh:

inf
v˜h∈Vh

∥z˜− v˜h∥H1 ≲ h∥z˜∥H2 ∀z˜ ∈ H˜ 2(Ω),

inf
qh∈Qh

∥r − qh∥L2 ≲ h∥r∥H1 , ∀r ∈ H1(Ω).

Duality argument: Find appropriate regularity assumption of the dual
problem:

−∆z˜+∇r = θ˜ in Ω,

divz˜ = 0 in Ω,

z˜|∂Ω = 0˜.
so that one can obtain the L2 estimate of u˜:

∥u˜− u˜h∥L2 ≲ h

(
inf

v˜h∈Vh

∥u˜− v˜h∥H1 + inf
qh∈Qh

∥p− qh∥L2

)
.

7. Assume that the pair V × Q and its conforming discrete subspace
Vh ×Qh both satisfy the inf–sup condition, namely,

inf
q∈Q

sup
v∈V

b(v, q)

∥v∥V ∥q∥Q
= β > 0, inf

qh∈Qh

sup
vh∈Vh

b(vh, qh)

∥vh∥V ∥qh∥Q
= βh ≥ β0 > 0.

Prove that there exists a Fortin operator Πh : V → Vh such that

b(v, qh) = b(Πhv, qh) ∀qh ∈ Qh, and ∥Πh∥ ≤ C.
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