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. On a triangle K, define the space
Hi(K) :={g € Pr(K) | divg =0 and g¢-nlax = 0}.

Show that in 2D, Hy(K) = curl(bxPr—2(K)). Here, bx is the bubble
function on K, and the curl operator acts on a scalar function f as
curl f = (=9, f,0,f)T. (Hint: You can directly utilize the dimension
formula for Hj(K) discussed in class.)

. Prove the following identity:
(V-w) =V x(zxw) = (k+2w, VYweHy,

where Hj. denotes the space of vector-valued homogeneous polynomials
of degree k.

. Let © C R? be a simply connected domain. For any v € (L?(2))?,
show that there exists ¢ € H3(Q2) and ¢ € H'(Q), such that

v = V) 4 curle,

and
IVollL2 + IVl S Nl e
(Hint: R(curl) = N(div) on simply connected domain.)

. Let © C R? be the half-space defined by z3 < 0 and I' be the space
z3 = 0. Given a vector field x = (x1,x2, x3)” € H(curl, ), show that

divpTry = curly - n|r,
where Try = x X n.
. Two results about vector-valued polynomials in three-dimensional space:

(a) Let w € H. Define

V xw Z-w
+1°

’r]:
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Prove the identity: —z X n+ Vyu = w.



(b) Show that for any vector polynomial py € Py, there exists a
decomposition

where wi, € Pr—1 + 2 X Pg—1 and 0 € Pry1.
6. Show that for any vector polynomial py € Py, there exists a decom-

position
Dk = Wk + V x Q?

where wy, € Pr—1 + 2P—1 and 0 € Pp1.

7. Using the above results, prove the unisolvence of the second kind
Nédélec element: NCy(K) = Py(K), with degrees of freedom

/Q ,tpkdgv Vpk € Pk’(e)v
/ (v xn)-¢r_1ds,  Vor_1 € RTx_o(F),
F

/ v - qp—2de, V-2 € RT%_3(K).
K

8. Let v = F(0) := 0(F~'(2)), and ¢ = G(q), where F(&) = BZ + by is
an affine mapping. Show that

/ q - gradvdx = / q ~grAad13 dz,
K~ K~
/ vdivgde = / b divg dz,
K = K =

/q-[wds:/ q-nods.
oK™~ oK~



