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The Mathematical Theory of Finite Element Methods:
e Chapter 9: 9.x.19

e Chapter 10: 10.x.7, 10.x.11

Supplementary Questions:

1. Conduct the duality argument for the IPDG scheme

ap(un,vn) = (f,on) Vo, € Vi

Here, V), = {v € L*(Q) : v|r € P1(T) VT € T}, and

n(up, vp) Z /Vuh Vopdz — Z/{{Vuh}} [vr]ds

TeT ecéy
- {Vor} - [un]ds + he o [ [un] - [on]ds.
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. In adaptive a posteriori error estimation, define the element residual as
Ralr := f+V-(aVup)|r, and the jump residual as Rj|. = —[aVup]|e.
Let R denote the average value of R; on the edge. The patch of
elements sharing the edge e is denoted by w.. Prove that the following
local bound holds:

IR\ r2e) S B 2IIRAll L2 () + he VPN R -1 + 1By — Ryl z2(0)-

. Let V,@Q be Banach spaces, B : V — @’ be a bound linear operator,
Z := N(B). For any subspace S C V, define

Se:={feV'|{f,v)=0, Vve S}
For any subspace F' C V’, define
F={veV|(fv)y=0,VfeF}

e Show that S° and °F are closed.



e Show that °(S°) = S if and only if S is closed in V; And (°F)° =
F if and only if F is closed in V.

e Show that °R(B’) = Z.
e Show that R(B’) = Z° if and only if R(B’) is closed in V.
4. Let H be a Hilbert space with a norm || - ||z and inner product (-, ).

Let P: H — H be an idempotent, such that 0 # P? = P # I. Then,
the following indentity holds

| PNl zca,my = M — Pllcia,m-



