
QUASI-ISOMETRIC RIGIDITY

FOR RANDOM SUBSETS IN PRODUCTS OF TREES

ZHIQIANG LI, RANFENG YU, AND TIANYI ZHENG

Abstract. In this article, we prove a rigidity result for quasi-isometric embeddings from a
random subset D of the product X of two regular trees into X itself. This can be seen as an
extension of Eskin’s quasi-isometric rigidity of higher-rank nonuniform lattices to random subsets.
As a consequence, we give a description of the self-quasi-isometric embeddings of a random
sample. We also show that two independent samples are almost surely non-quasi-isometric,
confirming that such a phenomenon occurs in the higher-rank setting, as suggested by Abért.
This result contrasts with the result on quasi-isometric equivalence between random sequences
by Basu and Sly.

1. Introduction

1.1. Quasi-isometries of point processes. The study of quasi-isometries between finitely gen-
erated groups has been a central topic in geometric group theory since the seminal works of Gro-
mov [Gro87,Gro93]. An important question in the broad program for studying finitely generated
groups as geometric objects is the classification up to quasi-isometry of certain classes of groups.
A finitely generated group Γ is quasi-isometric to any space on which Γ admits an isometric action
that is properly discontinuous and cocompact. Thus, natural objects in the program are groups
that admit such actions on spaces where a good understanding of the geometry can be attained.

A point process Π on a locally compact groupG is a random closed and discrete subset ofG, and
it is said to be invariant if its law is invariant under translation by G. As an important example,
a lattice Γ in G corresponds to a point process with underlying probability space (G/Γ,mG/Γ),
where mG/Γ is the normalized Haar measure, under the natural map x ∈ G/Γ 7→ Πx = xΓ. That
is, a random translate of a lattice Γ can be viewed as a point process on G.

In probability theory, the most studied families of point processes are Bernoulli point processes
on countable sets and Poisson point processes on non-discrete locally compact spaces. These pro-
cesses enjoy complete spatial independence: numbers of points in disjoint regions are independent.
Such features make them easier to understand than lattice points in some sense.

Let d be a left-invariant metric on G, and consider a random subset of G equipped with the
induced metric. Studying quasi-isometry of such random metric spaces is natural, since quasi-
isometries are concerned with large-scale geometry, while ignoring local details. In this work,
we focus on the quasi-isometry rigidity properties of Bernoulli point processes. An interesting
question in this context is asked by Abért [Abé10]:

Are two independent random subsets of Z as metric spaces quasi-isometric almost
surely? How about other Cayley graphs, like for SL3(Z)?

The reader may find more on the background of this question in the work of Peled [Pel10].
The conjecture concerning the existence of quasi-isometries between independent Bernoulli per-
colations on Z was confirmed by Basu and Sly in [BS14]. Later, it was generalized to higher-
dimensional lattice Zn, n ⩾ 2, by Basu, Sidoravicius, and Sly [BSS18]. Recently announced work
by Athreya and Troscheit shows that there are quasi-isometries between independent Galton–
Watson trees under certain conditions on the offspring distribution.
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Here we consider the other side where the rigidity phenomenon is expected. As suggested by
Abért [Abé10], lattices in higher-rank simple Lie groups, such as SL3(Z), are natural candidates
where independent random subsets are expected to be non-quasi-isometric, as inherited from the
rigidity properties of the lattices. We confirm this phenomenon, on the product of two regular
trees, which is an example of rank two spaces. For many reasons, such as the lack of Kazhdan’s
property (T), such a product of rank one groups is considered less rigid than SL3(Z), but can
clearly demonstrate the distinction between higher-rank and rank-one phenomena.

Conjecturally the rigidity phenomenon holds for general higher-rank lattices, also Poisson point
processes on higher-rank symmetric spaces, but for exposition reasons, we choose to focus on
this example, which shows the mechanisms for rigidity, without requiring preliminaries on the
structure of Lie groups and their symmetric spaces.

In percolation theory, an important topic is the large-scale geometry of percolation clusters.
Note that here we do not consider connectivity properties of clusters, but take the metric to be
the induced metric from the ambient space, and ask to what extent the sample of Bernoulli points
inherits the geometry of the ambient space.

1.2. Splitting structure of QI embeddings. In this subsection, we introduce some notation
and state the main theorem of the article.

Notation. We use the following notation throughout the article.

(i) Let q ⩾ 3 be an integer and 0 < p < 1 be a constant.

(ii) Let T1 and T2 be the vertex sets of two (q+1)-regular trees, each equipped with the graph
metric. Let X := T1×T2 be their product. Let π1 and π2 be the projections from X to T1
and T2, respectively. Let X be equipped with the metric d(x, y) :=

(
dT1(π1(x), π1(y))

2 +

dT2(π2(x), π2(y))
2
)1/2

.1

As already mentioned, in this work we always equip a subset D of X with the induced distance.
Recall the notion of quasi-isometric embedding: let (X, dX) and (Y, dY ) be metric spaces and

let κ > 1 and C > 0 be constants. A (κ,C)-quasi-isometric embedding from X to Y is a map
ϕ : X → Y such that

1

κ
dX(x1, x2)− C ⩽ dY (ϕ(x1), ϕ(x2)) ⩽ κdX(x1, x2) + C

for all x1, x2 ∈ X. The set of all quasi-isometric embeddings from X to Y is denoted by
QIE(X,Y ).

In addition, if there exists ψ ∈ QIE(Y,X) such that supx∈X dX(x, ψ(ϕ(x))) < +∞ and
supy∈Y dY (y, ϕ(ψ(y))) < +∞, we say that ϕ is a quasi-isometry from X to Y and ψ is a coarse
inverse of ϕ (and vice versa). Equivalently, ϕ is a quasi-isometry if there exists some constant
d0 > 0 such that dY (y, ϕ(X)) < d0 holds for every y ∈ Y . Two metric spaces (X, dX) and (Y, dY )
are quasi-isometric if there exists a quasi-isometry between them.

Let (X, dX) and (Y, dY ) be metric spaces. Denote the set of (κ,C)-quasi-isometric embeddings
from X to Y by QIEκ,C(X,Y ). Denote by QISκ,C,d0(X,Y ) the set of (κ,C)-quasi-isometries ϕ
from X to Y with dY (y, ϕ(X)) < d0 for every y ∈ Y .

Next, we recall the definition of Bernoulli point processes. Let S be a countable set. Denote
by ω = (ωv : v ∈ S) an element of {0, 1}S . An element ω can be identified with its support
D = D(ω), that is, the subset of S consisting of v with ωv = 1. Equip {0, 1}S with the product
topology and its Borel σ-algebra. We refer to a distribution on {0, 1}S as the law of a point process
on S. Denote by Pp the product measure on {0, 1}S where in each coordinate the distribution
of ωi is Bernoulli with parameter p. We refer to this model as the Ber(p) point process on S.

1The metric d is bi-Lipschitz equivalent to the natural graph metric d′(x, y) := dT1(π1(x), π1(y)) +
dT2(π2(x), π2(y)) on X.
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The main result of this article is on the splitting structure of quasi-isometric embeddings: more
precisely, for almost every Ber(p) point process sample D on X, ϕ ∈ QIE(D,X) is close to the
product of two quasi-isometric embeddings of the factors.

Theorem A. Let D be a random subset of X having the law of the Ber(p) point process on X.
Then almost surely for each ϵ ∈ (0, 1), each ϕ ∈ QIE(D,X), and each e = (e1, e2) ∈ X, there exist
quasi-isometric embeddings ψ1 : T1 → T1, ψ2 : T2 → T2 (possibly composed with a permutation of
the two factors T1 and T2), and a constant M > 0 such that for every x = (x1, x2) ∈ D,

d(ϕ(x), (ψ1(x1), ψ2(x2))) ⩽M + ϵd(x, e). (1.1)

We mention that such a splitting structure is known for quasi-isometries between products of
irreducible symmetric spaces, see [KL97, Theorem 1.1.2]; and for a quasi-isometry of an irreducible
lattice in such a product, see [Esk98, Proposition 10.1].

Next, we state a refinement where the error term in the statement of Theorem A depends only
on the random subset D seen from the point x.

Theorem B. Let D be a random subset of X having the law of the Ber(p) point process on X.
Given constants κ > 1 and C > 0, there exists a measurable map R : {0, 1}X ×X → [0,+∞] with
the following properties:

(i) The map R is translation invariant: for each γ ∈ Aut(X), each D0 ∈ {0, 1}X, and each
x ∈ X, we have R(D0, x) = R(γ(D0), γ(x)).

(ii) R(D,x) is almost surely finite for each x ∈ X. Moreover, for each y ∈ X and each pair
of subsets D1 ⊆ D2 ⊆ X, we have R(D1, y) ⩾ R(D2, y).

(iii) Almost surely for each ϕ ∈ QIEκ,C(D,X), there exist quasi-isometric embeddings ψ1 : T1 →
T1 and ψ2 : T2 → T2 such that, composing ϕ with a permutation of the two factors T1 and
T2 if necessary, for every x = (x1, x2) ∈ D we have

d(ϕ(x), (ψ1(x1), ψ2(x2))) ⩽ R(D,x). (1.2)

Remark 1.1. A careful analysis of [EF97] would imply that R( · , x) has the exponential tail
distribution given in Lemma 5.2.

Given constants κ and C, we view R as a field of radii that depends only on the environment
D seen from the particle x. We refer to R as the field of additive-error radii. It will appear in the
description of self QI-embeddings of D in Theorem D. The field R is explicitly given in Corol-
lary 6.4. It is mainly determined by the irregularity radius ρ0(D,x, ϵ) defined in Definition 5.1
for a suitable choice of ϵ depending only on κ.

1.3. Quasi-isometric rigidity properties. We now derive some results based on the splitting
structure given in Theorem B. We first verify the following statement, which answers for the
product of two trees the question of Abért mentioned in Subsection 1.1.

Theorem C. Let D1 and D2 be two independent random subsets of X having the law of the
Ber(p) point process on X. Then there is almost surely no quasi-isometric embedding from D1 to
D2. In particular, D1 and D2 are almost surely not quasi-isometric.

We also prove that a quasi-isometric embedding from D to itself must be close to the identity
map in a suitable sense. Note that since D admits arbitrary local patterns, the self-quasi-isometry
group of D may not be trivial. For example, suppose that R > 0, x, y are two points in D with
d(x, y) = R, and B(x, 4κR + C) ∩ D = {x, y}. Then the map ϕ on D that exchanges x and y
and maps each other point to itself is a (κ,C)-quasi-isometry from D to itself with d(ϕ, id) = R.
In words, the next statement shows that a (κ,C)-quasi-isometric embedding of D to itself is the
identity map up to the field of additive-error radii R.
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Theorem D. Let D be a random subset of X having the law of the Ber(p) point process on X.
Given constants κ > 1 and C > 0, there exists a constant λ > 1 such that almost surely for each
ϕ ∈ QIEκ,C(D,D) and each x ∈ D, we have

d(ϕ(x), x) < λ+R(D,x),

where R(D,x) is from Theorem B.

We remark on the difference between the statement of Theorem D with known results on self-
quasi-isometries of lattices. Recall that given a metric space X, QI(X) is defined as the set of
self-quasi-isometries X → X, modulo the equivalence relation that two maps are equivalent if
they are within a bounded distance. A space with a small QI group has a strong form of QI
rigidity. Let Γ be a cocompact lattice in Aut(T1)×Aut(T2), then the QI group of Γ is the same
as QI(X). By the splitting theorem in Kleiner–Leeb [KL97], up to permuting the two factors,
QI(X) is QI(T1)×QI(T2), and QI(Ti) is the group of quasi-symmetries of the Cantor set ∂Ti. In
this case, QI(Γ) is a large infinite-dimensional group. Random irregularities in the subset D of X
prevent it from having such a large self-QI group. Instead, we have the field R that allows local
additive errors.

1.4. Background and motivations. The quasi-isometry rigidity properties of symmetric spaces,
Euclidean buildings, and lattices in them have been extensively studied, see e.g., the survey [Far97].
Recall that among rank-one symmetric spaces, real hyperbolic spaces, and complex hyperbolic
spaces, each admits plenty of self-quasi-isometries; while Pansu’s theorem states that a quasi-
isometry of a quaternionic hyperbolic space, that is, the symmetric space of Sp(n, 1), n ⩾ 2,
lies within a bounded distance of an isometry [Pan89]. Kleiner and Leeb [KL97] proved rigidity
theorems for quasi-isometries in the setting of higher-rank symmetric spaces and Euclidean build-
ings. The work of Kleiner and Leeb also established quasi-isometric classification of cocompact
(uniform) lattices in higher-rank Lie groups. For nonuniform lattices, Schwartz [Sch95] obtained
the first quasi-isometric classification results in a rank-one semisimple Lie group G, where G is
not SL(2,R). Such rigidity results were conjectured by Schwartz to hold for nonuniform lattices
in higher rank in full generality; and for the Hilbert modular groups the classification was ob-
tained by Farb and Schwartz in [FS96]. Eskin [Esk98] resolved Schwartz’s conjecture positively
and gave a complete characterization for quasi-isometries between nonuniform lattices in higher-
rank Lie groups. A crucial input to Eskin’s proof is the quasi-flats theorem from Eskin and
Farb [EF97]. The quasi-flats theorem was further extended to the case of reductive groups by
Wortman [Wor06].

The notion of Measure Equivalence (ME) for countable groups, introduced by Gromov in
[Gro93], can be considered as a measure-theoretic analog of quasi-isometry between groups. An
important example of measure equivalent groups are lattices in the same locally compact group
G. As a consequence of the Ornstein–Weiss theorem, all countable amenable groups are measure
equivalent to Z. The work of Furman [Fur99] establishes ME rigidity for higher-rank lattices: any
countable group that is ME to a lattice in a simple Lie group G of higher rank, is commensurable
to a lattice in G.

Recently in [AM22], Abért and Mellick initiated the study of invariant point processes on
locally compact groups from the point of view of Measure Equivalence. Among their first results,
it is shown that every free p.m.p. action of G can be realized by an invariant point process, see
[AM22, Theorem 1.1].

Cost is a central notion in the study of measure equivalences, see the survey of Gaboriau
[Gab10] and the references therein. Bernoulli point processes and Poisson point processes play
special roles in the theory of the cost of p.m.p. action in the works of Abért and Weiss [AW13],
Abért and Mellick [AM22]. Poisson point processes play a crucial role in the recent resolution of
the fixed price one conjecture for higher rank lattices by Fraczyk, Mellick, and Wilkens [FMW23].
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This important result motivates further investigation into point processes; their properties can
provide insight into lattices beyond the reach of classical techniques.

We also mention that it is a yet to be explored topic to understand the interactions between
QI-rigidity and ME-rigidity phenomena for point processes.

1.5. Organization of the article. The strategy to prove the structural results in Theorems A
and B follows the roadmap of the work of Eskin [Esk98] on nonuniform lattices in higher-rank
Lie groups. In our random point process setting, the geometry bears similarity to nonuniform
lattices: a random subset D admits arbitrarily large holes.

In Sections 3 and 4, we use quantitative estimates to demonstrate the coarse regularity of holes
in Bernoulli samples and construct a well-defined boundary map induced by the QI embedding ϕ.
We first verify the regularity in one flat, in order to apply the quasiflats with holes theorem from
Wortman [Wor06]. Note that in higher rank, a quasi-flat can be near a union of several flats.
So to show the flat-to-flat result, one has to consider transverse flats and images of hyperplanes.
We perform a careful analysis of the geometry of points in transverse flats and show that the
embedding ϕ induces a boundary map in Section 4.

After the boundary map is defined, in Section 5, we use the geometry of the product of trees
to prove its bi-Hölder continuity. In Section 6, we construct maps, which preserve each of the
factor trees, as pullback maps of the boundary map and prove Theorems A and B.

In Section 7, we derive Theorems C and D via probabilistic arguments. For Theorem C, we use a
positive correlation between increasing events along with some other probabilistic estimates to rule
out the existence of QI embedding between independent samples. Heuristically, if ϕ : D1 → D2

is a QI embedding, the splitting structure of ϕ imposes an upper bound on the possible number
of choices of ϕ. Under the independence assumption, such counting allows us to estimate the
probability that a large region in D1 can be QI embedded in D2, and we conclude by the Borel–
Cantelli lemma that the probability that such a map avoids holes in D2 is 0. A more careful
argument along similar lines proves the statement on self QI-embeddings as stated in Theorem D.

Acknowledgments. We warmly thank Miklós Abért for communicating the questions on quasi-
isometries of random sets and for introducing us to the higher-rank rigidity aspects of the problem.
We also want to thank Jinlong Liu for his careful reading and numerous comments. Z. L. and
R. Y. were partially supported by Beijing Natural Science Foundation (JQ25001) and National
Natural Science Foundation of China (12471083).

2. Preliminaries

In this section, we recall some standard terminologies in metric geometry. We also recall some
notions from symmetric spaces and give their descriptions in the setting of products of trees.

We use N to denote the set of positive integers. We always use the Euclidean metric to discuss
subsets of Zn and Rn. Unless explicitly stated otherwise, the notation B( · , · ) always refers to a
ball in X in this article.

2.1. Definitions in metric spaces. Graded quasi-isometric embeddings are generalizations of
quasi-isometric embeddings where the additive constant is allowed to grow linearly with the
specified rate ϵ.

Definition 2.1 (Graded quasi-isometric embeddings). For metric spaces (Y1, d1), (Y2, d2)
and real constants κ > 1, ϵ ∈ (0, 1), C > 0, we say that a map ϕ : Y1 → Y2 is a (κ, ϵ, C)-graded
quasi-isometric embedding centered at z0 ∈ Y1 if for all x, y ∈ Y1 with d1(y, z0) ⩾ d1(x, z0),

κ−1d1(x, y)−max{C, ϵd1(x, z0)} ⩽ d2(ϕ(x), ϕ(y)) ⩽ κd1(x, y) + max{C, ϵd1(x, z0)}.
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Definition 2.2 (Hausdorff distance and equivalence). Let U and V be subsets of a metric
space (X, d). Their Hausdorff distance hd(U, V ) is given by

hd(U, V ) := max{sup{d(x, V ) : x ∈ U}, sup{d(U, y) : y ∈ V }}.

If hd(U, V ) < +∞, then we say that U is (Hausdorff) equivalent to V , denoted by U ∼ V .

Definition 2.3 (Annuli, conical neighborhoods, and r-interior). Suppose (X, d) is a metric
space, U ⊆ X, x ∈ X, and 0 < r < R are constants. The annulus A(r,R, x) is the set
{y ∈ X : r < d(x, y) < R}. We simply write Ar(x) := A(r, 2r, x). The conical neighborhood of U
is defined as

U [r, x] := {y ∈ X : d(y, U) ⩽ rd(x, y)}.
We often write U [r] if the choice of the base point x is clear. The r-interior of U is defined as

IntX(U, r) := {y ∈ U : d(y, U c) ⩾ r}.

We often write Int(U, r) if the ambient space X is clear from the context.

Definition 2.4 (ϵ-equivalence). Let U and V be subsets of a metric space (X, d). Fix a
constant ϵ ∈ (0, 1). If there exist x ∈ X and R > 0 such that

U ∖B(x,R) ⊆ V [ϵ] and V ∖B(x,R) ⊆ U [ϵ], (2.1)

then we say that U is ϵ-equivalent to V , denoted by U ∼ϵ V . Furthermore, we use the more
quantitative notation U ∼ϵ,x,R V if (2.1) holds for x and R.

Remark 2.5. Suppose ϵ ∈ (0, 1/100). Suppose R0 > 0 and x ∈ X. Suppose U and V are subsets
of a metric space (X, d) such that hd(U ∩B(x,R), U ∩B(x,R− ϵR)) ⩽ 2ϵR for all R ⩾ R0. Then
if U ∼ϵ,x,R0 V , then it is not hard to deduce hd(AR(x0) ∩ U,AR(x0) ∩ V ) ⩽ 6ϵR by geometric
considerations.

2.2. Terminology from symmetric spaces. To stay consistent with related works, we use
terminology from the geometry of symmetric spaces. On the other hand, since we work in a
special setting, our proof requires little knowledge of Lie groups. In this subsection, we recall
these concepts in the setting of the product of two trees X := T1 × T2, equipped with the

metric d((x1, x2), (y1, y2)) =
(
dT1(x1, y1)

2 + dT2(x2, y2)
2
)1/2

. For general definitions, we refer
the interested reader to [Esk98] and references therein.

Definition 2.6 (Flats and hyperplanes). For bi-infinite geodesics L1 ⊆ T1 and L2 ⊆ T2, we
call their product F := L1 × L2 a (maximal) flat of X. All flats are isomorphic to Z2 as metric
spaces by identifying each geodesic with Z. For points x1 ∈ T1, x2 ∈ T2, the sets L1 × {x2} and
{x1} × L2 are called hyperplanes. In other words, hyperplanes are horizontal or vertical lines in
flats. We say that L1 × {x2} (resp. {x1} × L2) is a hyperplane in T1 (resp. T2).

With slight abuse of notation, we sometimes do not make a distinction between L1 and L1×{x2}
when the choice of x2 is irrelevant.

Definition 2.7 (Chambers and walls). Let L1 ⊆ T1 and L2 ⊆ T2 be geodesic rays emitting
from x1 ∈ T1 and x2 ∈ T2, respectively. Then we call L1×L2 a chamber C with origin at (x1, x2).
The rays L1 × {x2} and {x1} × L2 are called walls of C. Two chambers are called neighboring
chambers if they share a wall.

Definition 2.8 (Polyhedra). Suppose Li ⊆ Ti is a geodesic (line, ray, or segment) for each
i ∈ {1, 2}. Then we call L1 × L2 a polyhedron. If x1 ∈ L1 (resp. x2 ∈ L2) is an endpoint of L1

(resp. L2), then we call {x1} × L2 (resp. L1 × {x2}) a side of L1 × L2.

Take a reference point e = (e1, e2) in D. For simplicity of notation, we also refer to the copy
T1 × {e2} ⊆ X as T1 and {e1} × T2 ⊆ X as T2.
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Definition 2.9 (Boundary). The tree boundary ∂Ti is the set of equivalence classes of geodesic

rays in Ti in the sense of Definition 2.2. The product boundary X̂ is the set of the equivalence
classes of chambers in X in the sense of Definition 2.2.

Note that each chamber is equivalent to exactly one chamber with origin at e. Therefore, X̂
is also viewed as the set of chambers with apex at e, where each chamber is given by a pair of
points (ξ, η) ∈ ∂T1 × ∂T2.

3. Flats to finite unions of flats

Throughout this section until the end of Section 6, we are in the setting of Theorem A. Let
ϕ ∈ QIE(D,X) be a quasi-isometric embedding. In the first step, we aim to prove that each flat
is almost surely mapped near a finite union of flats (see Proposition 3.3).

The cardinality of a finite set A is denoted as |A|. In the case of an infinite set A, we always
set |A| = +∞.

Let L1 ⊆ T1 and L2 ⊆ T2 be two bi-infinite geodesics. Then F := L1 × L2 is a flat in X.
In the remaining part of this section, we use B(x, · ) to denote a ball in Z2 equipped with the

Euclidean metric for x ∈ Z2.

Definition 3.1. Let 0 < ϵ < 1 and ρ > 0 be constants. For a subset U ⊆ Z2, define U(ϵ,ρ) as the

set of x ∈ U satisfying that for all y ∈ Z2 with d(x, y) > ρ,

|B(y, ϵd(x, y)) ∩ U | ⩾ (1− ϵ)|B(y, ϵd(x, y))|
holds. We call U(ϵ,ρ) the (ϵ, ρ)-quasi-center of U .

Notation. Given ϵ ∈ (0, 1), define the choice of nϵ to be the smallest integer that satisfies

n2ϵ ⩾ 11 log1/(1−p)(10/ϵ). (3.1)

The reason for such a choice is explained in the proof of Lemma 3.7.

Notation. Let ϵ ∈ (0, 1) be a constant and D be a subset of X. Let F be a flat and identify F
with Z2. For each pair of i, j ∈ Z, denote

Aϵij :=
{
(x, y) ∈ Z2 : inϵ ⩽ x < (i+ 1)nϵ, jnϵ ⩽ y < (j + 1)nϵ

}
. (3.2)

Define
U ϵ,D0 (F ) :=

⋃
i,j∈Z:Aϵ

ij∩D ̸=∅

Aϵij and V ϵ,D
0 (F ) := Z2 ∖ U ϵ,D0 (F ). (3.3)

For a constant ρ > 0, define

U ϵ,D,ρ1 (F ) :=
(
U ϵ,D0 (F )

)
(ϵ,ρ)

and U ϵ,D,ρ2 (F ) :=
(
U ϵ,D,ρ1 (F )

)
(ϵ,ρ)

. (3.4)

Definition 3.2 (Grid map). Let κ > 1, C > 0, and ϵ ∈ (0, 1) be constants. Let F be a flat,

D ⊆ X, and ϕ ∈ QIEκ,C(D,X). Let nϵ be the constant defined in (3.1) and U ϵ,D0 (F ) be the set

defined in (3.3). For each Aϵij ⊆ U ϵ,D0 (F ), choose a point yij ∈ Aϵij ∩ D. Define the grid map

ϕF,ϵ : U
ϵ,D
0 (F ) → X in the following way:

(i) define ϕF,ϵ(x) := ϕ(yij) if x ∈ Aϵij ∖D for some i, j ∈ Z;
(ii) define ϕF,ϵ(x) := ϕ(x) if x ∈ D ∩ F .

It is clear that ϕF,ϵ ∈ QIEκ,C+4κnϵ

(
U ϵ,D0 (F ),X

)
, where U ϵ,D0 (F ) is equipped with the induced

Euclidean metric.
The purpose of this section is to prove that certain images lie in the neighborhood of the

union of finitely many flats, which relies on the quasi-flats with holes theorem from [Wor06]. The
statements are summarized in Proposition 3.3.
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U ϵ,D0 (F )

points in D
nε

Figure 3.1. The set U ϵ,D0 (F )

Proposition 3.3. Let D be a random subset of X. For each constant κ > 1, there exist constants
M1 ∈ N and ϵ0 ∈ (0, 1/100) such that for each ϵ ∈ (0, ϵ0), each constant C > 0, and each constant
ρ > 1/ϵ, there exists a constant ∆ > 0 such that the following hold for each flat F :

(i) The sets U ϵ,D,ρ1 (F ) and U ϵ,D,ρ2 (F ) defined in (3.4) are almost surely nonempty.

(ii) Almost surely, for each x ∈ F ,

lim inf
r→+∞

∣∣B(x, r) ∩ U ϵ,D,ρ2 (F )
∣∣/|B(x, r) ∩ F | ⩾ 1− ϵ. (3.5)

(iii) For each ϕ ∈ QIEκ,C(D,X), there exist M1 flats F1, . . . , FM1 such that

ϕF,ϵ
(
U ϵ,D,ρ1 (F )

)
⊆ B

(M1⋃
j=1

Fj ,∆

)
. (3.6)

(iv) For each x ∈ U ϵ,D,ρ2 (F ) and each y ∈ F ,

d
(
y, U ϵ,D,ρ1 (F )

)
⩽ max{ρ, ϵd(x, y)}. (3.7)

Consequently, for every ϕ ∈ QIEκ,C(D,X) there exists a map ϕ̃F,ϵ : F → ϕF,ϵ
(
U ϵ,D,ρ1 (F )

)
⊆

B
(⋃M1

j=1 Fj ,∆
)
that agrees with ϕF,ϵ on U ϵ,D,ρ1 (F ) and is a (2κ, 6κϵ, 6κρ + 2C + 8κnϵ)-

graded quasi-isometric embedding centered at x for each x ∈ U ϵ,D,ρ2 (F ).

In the following, we will call ϕ̃F,ϵ the regularized grid map of ϕ on F .

Note that the grid map ϕF,ϵ and the regularized grid map ϕ̃F,ϵ are constructed by extending

the restrictions of ϕ to D∩F and U ϵ,D,ρ1 (F ), respectively. At this point we do not need to assume
the existence of a global embedding.

In the remainder of this article, form = 1, 2, we often refer to U ϵ,D,ρm (F ) as Um(F ) and U
ϵ,D
0 (F )

as U0(F ) when the choices of ϵ, D, and ρ are clear.
We will use the following straightforward volume bounds in Z2.

Fact 3.4. Suppose y ∈ Z2. Then for R > 0 and r > 1,

R2 ⩽ |B(y,R)| ⩽ (2R+ 1)2 and (3.8)

max
{
3(r − 1)2, 2r2

}
⩽ |B(y, r)| ⩽ 4r2 + 1. (3.9)

Definition 3.5. For a set W ⊆ Z2, a constant α ∈ (0, 1), and a point z ∈ Z2, define the lower
(1− α)-quasi-solid radius of W at z by

LW (α, z) := inf{r ∈ R : |B(z,R) ∩W | > (1− α)|B(z,R)| for all R > r}.

Here we follow the convention that the infimum of an empty set is +∞.

We first show the following deterministic lemma, which will be applied to estimate the sizes of
holes in Um(F ).
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Lemma 3.6. Let ϵ ∈ (0, 1), α ∈ (0, ϵ], and ρ > 1/ϵ be constants and W ⊆ Z2. Put W1 :=W(ϵ,ρ).

Assume that LW
(
10−3ϵ2α2, z

)
is finite for each z ∈ Z2. Then for each z ∈ Z2,

LW1(α, z) ⩽ LW
(
10−3ϵ2α2, z

)
. (3.10)

Proof. Given ϵ ∈ (0, 1), α ∈ (0, ϵ], and ρ > 1/ϵ, letW ⊆ Z2 be a subset such that LW
(
10−3ϵ2α2, z

)
is finite for every z ∈ Z2. Write L := LW throughout the proof.

We argue by contradiction and assume that there exists a point z ∈ Z2 such that LW1(α, z) >
L
(
10−3ϵ2α2, z

)
. Then by the definition of L, there exists a radius r > L

(
10−3ϵ2α2, z

)
such that

|B(z, r) ∩W1| ⩽ (1− α)|B(z, r)|. (3.11)

Write V := Z2 ∖W and V1 := Z2 ∖W1. For each x ∈ Z2, by the left continuity of |B(x, · )|
and |B(x, · ) ∩W |, we have

|B(x,L(α, x)) ∩ V | ⩾ α|B(x,L(α, x))|. (3.12)

For each x ∈ Z2 and each R > 0, define B(x,R) :=
{
y ∈ Z2 : d(x, y) ⩽ R

}
. Write

H1 :=
⋃

x∈Z2:L(α,x)⩾ϵρ

B
(
x, ϵ−1L(α, x)

)
.

By the definition of L, for every R ⩾ r, we have

|B(z,R) ∩ V | ⩽ 10−3ϵ2α2|B(z,R)|. (3.13)

By the definition of W1 (cf. Definition 3.1), for each y ∈ V1 ∖ V , there exists a point x ∈ Z2

with d(x, y) > ρ such that

|B(x, ϵd(x, y)) ∩W | < (1− ϵ)|B(x, ϵd(x, y))|.
So by the definition of L we have L(α, x) ⩾ ϵd(x, y) > ϵρ since α ⩽ ϵ, and thus we have
y ∈ B

(
x, ϵ−1L(α, x)

)
. This implies

V1 ⊆ V ∪H1. (3.14)

Let S ⊆ Z2 be a set with minimum cardinality such that

B(z, r) ∩H1 ⊆
⋃

x∈S:L(α,x)⩾ϵρ

B
(
x, ϵ−1L(α, x)

)
. (3.15)

Then S is a finite set since |B(z, r)∩H1| is finite. For each x ∈ S, B
(
x, ϵ−1L(α, x)

)
∩B(z, r)∩H1 ̸=

∅ by the minimality of S. Hence,

d(x, z) ⩽ r + ϵ−1L(α, x) and (3.16)

L(α, x) ⩾ ϵρ > 1. (3.17)

We finish the proof by discussing the following two cases:

Case (i). There exists a point x ∈ S such that L(α, x) ⩾ ϵr. By (3.16) we have d(x, z) ⩽
2ϵ−1L(α, x). Then since B(x,L(α, x)) ⊆ B(z, d(x, z) + L(α, x)), by (3.12) and (3.8) we have

|B(z, d(x, z) + L(α, x)) ∩ V | ⩾ |B(x,L(α, x)) ∩ V | ⩾ αL(α, x)2. (3.18)

If d(x, z) + L(α, x) > r, then by d(x, z) ⩽ 2ϵ−1L(α, x), (3.8), and (3.17), we have

αL(α, x)2 ⩾ 9−1αϵ2(d(x, z) + L(α, x))2 ⩾ 100−1αϵ2|B(z, d(x, z) + L(α, x))|,
which contradicts (3.13) with R set to be d(x, z) + L(α, x) by (3.18).

Assume d(x, z)+L(α, x) ⩽ r. Then r ⩾ L(α, x) > 1 by (3.17). Thus, by (3.9) and L(α, x) ⩾ ϵr,
we have αL(α, x)2 ⩾ ϵ2αr2 ⩾ 0.1ϵ2α|B(z, r)|. So by (3.18),

|B(z, r) ∩ V | ⩾ |B(z, d(x, z) + L(α, x)) ∩ V | ⩾ αL(α, x)2 ⩾ 0.1ϵ2α|B(z, r)|,
which again contradicts (3.13) with R set to be r.
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Case (ii). For all x ∈ S, we have L(α, x) < ϵr. Then

d(x, z) < 2r and B(x,L(α, x)) ⊆ B(z, 3r) (3.19)

for all x ∈ S by (3.16). By (3.17) we have r > L(α, x) > 1.
List S = {x1, . . . , xn}, where the subscripts are arranged so that {L(α, xi)}ni=1 is a nonincreas-

ing sequence. We now recursively construct a subset S′ of S. Define S0 := ∅. At step k ⩾ 0, we
choose the smallest integer 1 ⩽ i ⩽ n such that

B(xi,L(α, xi)) ∩B(xj ,L(α, xj)) = ∅ (3.20)

for all xj ∈ Sk and define Sk+1 := Sk ∪ {xi} if such i exists. Set S′ := Sk if such i does not exist.
By the monotonicity of L(α, xi) in i, if 1 ⩽ j < i ⩽ n and B(xi,L(α, xi))∩B(xj ,L(α, xj)) ̸= ∅,

then B
(
xi, ϵ

−1L(α, xi)
)
⊆ B

(
xj , ϵ

−1L(α, xi) + d(xi, xj)
)
⊆ B

(
xj , 3ϵ

−1L(α, xj)
)
. Thus, by the

construction of S′, ⋃
x∈S

B
(
x, ϵ−1L(α, x)

)
⊆

⋃
x∈S′

B
(
x, 3ϵ−1L(α, x)

)
. (3.21)

To complete the proof, we verify the following inequality, which also contradicts (3.13):

|B(z, 3r) ∩ V | ⩾
∑
x∈S′

|B(x,L(α, x)) ∩ V | > ϵ2α

50

∣∣∣⋃
x∈S

B
(
x, ϵ−1L(α, x)

)∣∣∣ > ϵ2α2

1000
|B(z, 3r)|. (3.22)

By (3.19) and (3.20), |B(z, 3r) ∩ V | ⩾
∑

x∈S′ |B(x,L(α, x)) ∩ V |.
By (3.21), (3.17), (3.9), and (3.12),∣∣∣⋃

x∈S
B
(
x, ϵ−1L(α, x)

)∣∣∣ ⩽ ∣∣∣ ⋃
x∈S′

B
(
x, 3ϵ−1L(α, x)

)∣∣∣ ⩽ 45ϵ−2
∑
x∈S′

|B(x,L(α, x))|

< 50ϵ−2α−1
∑
x∈S′

|B(x,L(α, x)) ∩ V |.

By (3.15), (3.14), (3.11), (3.13), and (3.9),∣∣∣⋃
x∈S

B
(
x, ϵ−1L(α, x)

)∣∣∣ ⩾ |B(z, r) ∩H1| ⩾ |B(z, r) ∩ V1| − |B(z, r) ∩ V |

⩾ α|B(z, r)| − 10−3ϵ2α2|B(z, r)| > 20−1α|B(z, 3r)|.

The proof of (3.22) follows immediately from the above inequalities.
Therefore, we conclude the proof by contradiction. □

Using Lemma 3.6, we have the following:

Lemma 3.7. Let D be a random subset of X. For each constant ϵ ∈ (0, 1), each ρ > 1/ϵ, and
each flat F , the following hold almost surely:

(i) The sets U1(F ) and U2(F ) defined in (3.4) are nonempty.

(ii) LU2(F )(ϵ, z) ⩽ LU0(F )

(
10−9ϵ10, z

)
< +∞ for every z ∈ F .

Proof. Let ϵ ∈ (0, 1), ρ > 1/ϵ, F be a flat, z ∈ F , and D be a random subset of X. For each r > 0,
denote Wr :=

{
(i, j) ∈ Z2 : Aϵij ∩ B(z, r) ̸= ∅

}
, where Aϵij is the nϵ × nϵ square in Z2 (identified

with F ) defined in (3.2). Note that |B(z, r) ∩ F | ⩽ n2ϵ |Wr| ⩽ |B(z, r + 2nϵ) ∩ F |. By the volume
bounds on Z2 as in (3.8), |Wr| ⩾ r2/n2ϵ ; and if r > 5nϵ, then |Wr| ⩽ 10r2/n2ϵ .

Denote by Kr :=
∣∣{(i, j) ∈Wr : A

ϵ
ij ∩D = ∅

}∣∣. Then Kr is the sum of |Wr| i.i.d. Bernoulli(p1)
random variables, where p1 := (1 − p)n

2
ϵ . By the Bernstein inequality for Bernoulli random

variables, for a > 2p1 we have

P(Kr ⩾ a|Wr|) ⩽ exp(−a|Wr|/8). (3.23)



QUASI-ISOMETRIC RIGIDITY 11

Recall the definition of U0(F ) in (3.3). For r > 5nϵ, since n
2
ϵ |Wr| < 10|B(z, r)∩F |, we have that

if Kr < a|Wr| and 2p1 < a < 1/10, then

|B(z, r) ∩ U0(F )| ⩾ |B(z, r) ∩ F | − n2ϵKr > (1− 10a)|B(z, r) ∩ F |. (3.24)

Then for R > 5nϵ and 2p1 < a < 1/10, with M :=
{
r ⩾ R : r2 ∈ N

}
, by (3.23) and (3.24),

P
(
LU0(F )(10a, z) ⩾ R

)
⩽

∑
r∈M

P(|B(z, r) ∩ U0(F )| ⩽ (1− 10a)|B(z, r) ∩ F |) ⩽
∑
r∈M

P
(
Kr ⩾ a|Wr|

)
⩽

∑
r∈M

e−a|Wr|/8 ⩽
∑
r∈M

e−ar
2n−2

ϵ /8 ⩽
e−a(R

2−1)n−2
ϵ /8

ean
−2
ϵ /8 − 1

.

Thus, limR→+∞ P
(
LU0(F )(10a, z) ⩾ R

)
= 0. So almost surely LU0(F )(10a, z) < +∞ for all z ∈ F .

Applying Lemma 3.6 twice with (W,α) taken to be (U1(F ), ϵ) and
(
U0(F ), 10

−3ϵ4
)
, respectively,

we have LU2(F )(ϵ, z) ⩽ LU1(F )

(
10−3ϵ4, z

)
⩽ LU0(F )

(
10−9ϵ10, z

)
. To apply the conclusion in the

previous paragraph, we take a := 10−10ϵ10. The condition a > 2p1 is then equivalent to 10−10ϵ10 >

2(1 − p)n
2
ϵ , thus we specify the choice of nϵ to be the smallest positive integer that satisfies

n2ϵ ⩾ 11 log1/(1−p)(10/ϵ). □

In the next lemma, we verify that our notion of quasi-centers (cf. Definition 3.1) is consistent
with a related notion in [Wor06].

Lemma 3.8. Suppose U is a subset of Z2 with the induced metric, ϵ ∈ (0, 1/100), and ρ > 1/ϵ.
Then for each x ∈ U(ϵ,ρ) and each r > ρ/ϵ, we have

|B(x, r) ∩ U |/|B(x, r)| ⩾ 1− 100ϵ.

Proof. Assuming that U(ϵ,ρ) ̸= ∅, let r > ρ/ϵ > 104 be a constant and x ∈ U(ϵ,ρ) be a point.

Write l(y) := ϵd(x, y) for y ∈ Z2. We construct a suitable set S ⊆ B(x, r) such that B(x, r) ⊆⋃
y∈S B(y, l(y)) to utilize the condition x ∈ U(ϵ,ρ).

Write V := Z2 ∖ U . Choose a set S ⊆ B(x, r) with the maximum cardinality such that
B(y1, 0.4l(y1)) ∩B(y2, 0.4l(y2)) = ∅ for distinct points y1, y2 ∈ S. This implies by (3.8) that∑

y∈S
|B(y, 0.4l(y))| ⩽ |B(x, (1 + 0.4ϵ)r)| < 5r2.

Thus by (3.8) and (2R+ 1)2 ⩽ 6R2 + 3, we have∑
y∈S

|B(y, l(y))| ⩽ 40
∑
y∈S

|B(y, 0.4l(y))|+ 3|S| < 250r2. (3.25)

Writing S> := {y ∈ S : d(x, y) > ρ}, an analogous argument with ρ in place of r shows that∑
y∈S∖S>

|B(y, l(y))| < 40|B(x, (1 + 0.4ϵ)ρ)|+ 15ρ2 < 500ρ2 < 500ϵ2r2. (3.26)

Now we show that B(x, r) ⊆
⋃
y∈S B(y, l(y)). Let y1 be an arbitrary point in B(x, r)∖ S. By

the maximality of S, we have B(y1, 0.4l(y1)) ∩ B(y2, 0.4l(y2)) ̸= ∅ for some y2 ∈ S. This implies
d(y1, y2) ⩽ 0.4(l(y1)+ l(y2)). Since d(y1, y2) ⩾ |d(x, y2)− d(x, y1)| and ϵ ∈ (0, 1/100), we can also
deduce that d(x, y2) ⩾ 0.9d(x, y1). So d(y1, y2) < l(y2), which shows y1 ∈ B(y2, l(y2)). Thus,

B(x, r) ⊆
⋃
y∈S

B(y, l(y)). (3.27)

Since x ∈ U(ϵ,ρ) (cf. Definition 3.1), for each y ∈ S with d(x, y) > ρ, we have

|B(y, l(y)) ∩ V | ⩽ ϵ|B(y, l(y))|. (3.28)
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By (3.27), (3.28), (3.25), (3.26), and (3.8), we have

|B(x, r) ∩ V | ⩽
∑
y∈S

|B(y, l(y)) ∩ V | =
∑
y∈S>

|B(y, l(y)) ∩ V |+
∑

y∈S∖S>

|B(y, l(y)) ∩ V |

⩽ ϵ
∑
y∈S>

|B(y, l(y))|+
∑

y∈S∖S>

|B(y, l(y))| < 250ϵr2 + 500ϵ2r2 < 100ϵ|B(x, r)|.

This finishes our proof since V = Z2 ∖ U . □

In the special case of quasiflats with holes in X, [Wor06, Theorem 1.2] states:

Theorem 3.9. For each constant κ > 1, there exist constants M1 ∈ N and ϵ1 ∈ (0, 1) such that
for each ϵ ∈ (0, ϵ1), each C > 0, and each ρ > 1, there exists a constant ∆ > 0 such that for every
U ⊆ Z2 with U(ϵ,ρ) ̸= ∅ and for every ϕ ∈ QIEκ,C(U,X), ϕ

(
U(ϵ,ρ)

)
lies in the ∆-neighborhood of

the union of at most M1 flats in X.

In the introduction of [EF97], an example is given where the constant M1 in Theorem 3.9 is
strictly greater than one.

Proof of Proposition 3.3. Let κ > 1 and C > 0 be constants. Let ϵ1 ∈ (0, 1) and M1 ∈ N
be the constants given in Theorem 3.9. Define ϵ0 := min

{
ϵ1, 10

−5
}
and fix arbitrary constants

ϵ ∈ (0, ϵ0) and ρ > 1/ϵ. Now let ∆ > 0 be the constant given in Theorem 3.9 with (κ, ϵ, C, ρ) in
Theorem 3.9 set to be (κ, ϵ, C + 4κnϵ, ρ). Let F be a flat, D ⊆ X, and ϕ ∈ QIEκ,C(D,X).

Parts (i) and (ii) are consequences of Lemma 3.7. Recall that ϕF,ϵ ∈ QIEκ,C+4κnϵ
(U0(F ),X),

so (iii) can be obtained from Theorem 3.9 by our choice of constants.
For (iv), consider x ∈ U2(F ). By Definition 3.1, for each y ∈ F ,

d(y, U1(F )) ⩽ max{ρ, ϵd(x, y)}. (3.29)

For each y1 ∈ F , define ϕ̃F,ϵ(y1) to be ϕF,ϵ(y2) for some y2 in U1(F ) closest to y1. We now verify

that ϕ̃F,ϵ is indeed a desired graded quasi-isometric embedding in (iv).
Let y1, z1 be points in F with d(x, y1) ⩾ d(x, z1) and y2, z2 be the points in U1(F ) closest to

y1, z1 chosen above, respectively. By (3.29) and d(x, y1) ⩽ d(x, z1) + d(y1, z1), we have

d(y1, y2) + d(z1, z2) ⩽ max{ρ, ϵd(x, y1)}+max{ρ, ϵd(x, z1)}
⩽ 0.1d(y1, z1) + 2max{ρ, ϵd(x, z1)}. (3.30)

Thus, d(y2, z2) ⩽ d(y1, z1)+ d(y1, y2)+ d(z1, z2) ⩽ 1.1d(y1, z1)+ 2max{ρ, ϵd(x, z1)}. Since ϕF,ϵ ∈
QIEκ,C+4κnϵ

(U0(F ),X), we have

d
(
ϕ̃F,ϵ(y1), ϕ̃F,ϵ(z1)

)
= d(ϕF,ϵ(y2), ϕF,ϵ(z2)) ⩽ κd(y2, z2) + C + 4κnϵ

⩽ 2κd(y1, z1) + 3κmax{ρ, ϵd(x, z1)}+ C + 4κnϵ

⩽ 2κd(y1, z1) + max{6κρ+ 2C + 8κnϵ, 6κϵd(x, z1)}. (3.31)

Here we use the inequality max{a, b} ⩽ a+ b ⩽ max{2a, 2b} for a, b ⩾ 0.
For the remaining inequality, by (3.30) we similarly have

d(y2, z2) ⩾ d(y1, z1)− d(y1, y2)− d(z1, z2) ⩾ 0.9d(y1, z1)− 2max{ρ, ϵd(x, z1)}.

Thus,

d
(
ϕ̃F,ϵ(y1), ϕ̃F,ϵ(z1)

)
= d(ϕF,ϵ(y2), ϕF,ϵ(z2)) ⩾ κ−1d(y2, z2)− C − 4κnϵ

⩾ 0.5κ−1d(y1, z1)−max{6κρ+ 2C + 8κnϵ, 6κϵd(x, z1)}. (3.32)

Since the choices of y1 and z1 are arbitrary, we obtain that ϕ̃F,ϵ is a (2κ, 6κϵ, 6κρ+ 2C + 8κnϵ)-
graded quasi-isometric embedding centered at x from (3.31) and (3.32). □
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4. Hyperplanes to hyperplanes

The aim of this section is to prove that each hyperplane is almost surely mapped near another
hyperplane, with uniform control of constants, as stated in Proposition 4.5. This statement is
crucial for showing that a boundary map induced by ϕ is well defined and for verifying properties
of the boundary map, see Section 5.

The general strategy of this section follows [Esk98]. We first utilize Proposition 3.3 to show
that each flat is almost surely mapped near a union of polyhedra. This result implies that each
hyperplane is almost surely mapped near another hyperplane, but without uniform control of
constants. We then verify that each flat is almost surely mapped near another flat, which implies
the uniform control of constants for hyperplanes. Throughout this section, we use several known
results on quasi-isometric embeddings between Euclidean spaces.

4.1. Transverse flats. Note that a linear map from Z2 into itself can be a quasi-isometry without
the property that each hyperplane is mapped close to another hyperplane. This phenomenon
suggests that one needs to treat hyperplanes as the intersection of two transverse flats. We first
make some choices for such pairs of transverse flats.

Notation (Choice of transverse flats). We call two flats transverse if their intersection is a hyper-
plane. For each flat F in X and each point x in F , we now fix a choice of two flats transverse to
F . Let F = L1 × L2 be a flat in X with Li ⊆ Ti for i ∈ {1, 2} and x = (x1, x2) be a point in F .
For such a pair F and x, we fix a choice of a bi-infinite geodesic L′

2 in T2 passing through x2 such
that L2 ∩ L′

2 = {x2}. Then we call the flat F ′ := L1 × L′
2 the transverse flat for F over T2 at x.

The choice, for the pair F and x, of the transverse flat for F over T1 at x is made analogously
for a fixed choice of L′

1. Denote the set of these two transverse flats of F = L1 × L2 at x by
TransF (x), which consists of two flats L1 × L′

2 and L′
1 × L2.

Suppose D is a subset of X, ϵ > 0, and ρ > 1/ϵ. We consider flats where D∩F satisfies certain
regularity, namely the flats where the relation (3.5) in Proposition 3.3 holds.

Definition 4.1. Define Fϵ,D,ρ to be the set of all flats F with the property that for each x ∈ F ,

lim inf
r→+∞

∣∣B(x, r) ∩ U ϵ,D,ρ2 (F )
∣∣/|B(x, r) ∩ F | ⩾ 1− ϵ. (4.1)

Here U ϵ,D,ρ2 (F ) is defined in (3.4). We now consider a subset of U ϵ,D,ρ2 (F ) that consists of the
points in F from which the regularity conditions are verified on F and on the chosen transverse
flats.

Definition 4.2. Suppose D ⊆ X. Let ϵ ∈ (0, 1) and ρ > 1/ϵ be constants. For F ∈ Fϵ,D,ρ, define

U ϵ,D,ρ3 (F ) := {x ∈ U2(F ) : F
′ ∈ Fϵ,D,ρ and x ∈ U2(F

′) for both F ′ in TransF (x)}.

In the remainder of this article, we often refer to U ϵ,D,ρ3 (F ) as U3(F ) when the choices of ϵ, D,
and ρ are clear.

Remark 4.3. It follows from the above definitions, Definition 3.1, (3.4), and Proposition 3.3

that U ϵ,D,ρi (F ) is increasing with respect to ϵ ∈ (0, 1), D, and ρ > 1/ϵ for each i ∈ {1, 2, 3}.

We first prove that the set U3(F ) has a large density.

Lemma 4.4. Suppose F is a flat, ϵ ∈ (0, 1/100), and D is a random subset of X. Then almost
surely for each ρ > 1/ϵ, we have F ∈ Fϵ,D,ρ, and for each x ∈ F ,

lim inf
r→+∞

|B(x, r) ∩ U3(F )|/|B(x, r) ∩ F | ⩾ 1− 3ϵ. (4.2)
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Proof. Since Fϵ,D,ρ and U3(F ) are monotone increasing in ρ, it suffices to verify our statement
for a fixed ρ > 1/ϵ.

Proposition 3.3 (ii) immediately implies F ∈ Fϵ,D,ρ almost surely. For each x ∈ F and each i ∈
{1, 2}, let Fi(x) ∈ TransF (x) be the chosen transverse flat such that Fi(x)∩F is a hyperplane in
Ti (cf. Definition 2.6). Write W := {x ∈ F : x /∈ U2(F1(x))} and W ′ := {x ∈ F : x /∈ U2(F2(x))}.
Then by definition U3(F ) = U2(F ) ∖ (W ∪W ′) almost surely. Thus, by symmetry and (4.1) it

suffices to prove that for each x in F , lim supr→+∞
|B(x,r)∩W |
|B(x,r)∩F | ⩽ ϵ almost surely.

Fix x ∈ F . By (3.4) and Definition 3.1,
{
E ⊆ X : x ∈ U ϵ,E,ρ2 (F )

}
is measurable. (Note

that there are only countably many balls in X.) Write p0 := P(x ∈ U2(F )). By the translation
invariance of Pp, p0 is independent of the choices of F and x. By Proposition 3.3 (ii),

1− ϵ ⩽ lim inf
r→+∞

E[|B(x, r) ∩ U2(F )|]/|B(x, r) ∩ F | = p0. (4.3)

In the remaining part of the proof, we parametrize the flat F by Z2 and identify x with the origin.
Suppose r > 10 is an integer. Write Br := B(x, r) ∩ F . For each n ∈ Z, define

Kn :=W ∩ {(y1, y2) ∈ F : y2 = n} and Hn(r) := |Kn ∩Br|.

By our definition of transverse flats, F1(y1, y2)∩F1(y
′
1, y

′
2) = ∅ for each pair of (y1, y2), (y

′
1, y

′
2) ∈ F

with y2 ̸= y′2. Thus for n ∈ Z, the random variables Hn(r) are independent.
Since 0 ⩽ Hn(r) ⩽ 2r + 1 and r > 10, for each n ∈ Z we have

E
[
(Hn(r)− E[Hn(r)])

2
]
⩽ 5r2 and E

[
(Hn(r)− E[Hn(r)])

4
]
⩽ 20r4.

Noting that |Br ∩W | =
∑r−1

n=−r+1Hn(r), by the above inequalities we have

E
[
(|Br ∩W | − E[|Br ∩W |])4

]
(4.4)

=
r−1∑

n=−r+1

E
[
(Hn(r)− E[Hn(r)])

4
]

+ 6
∑
n<m

E
[
(Hn(r)− E[Hn(r)])

2
]
· E

[
(Hm(r)− E[Hm(r)])

2
]
⩽ 40r5 + 600r6 ⩽ 700r6.

On the other hand, E[|Br ∩W |] = (1− p0)|Br|. So for each ϵ′ > 1− p0, by (4.4) and (3.8),

P(|Br ∩W | ⩾ ϵ′|Br|) ⩽ 700r6(ϵ′ + p0 − 1)−4|Br|−4 ⩽ 700(ϵ′ + p0 − 1)−4r−2.

Thus, by the Borel–Cantelli lemma, lim supr∈Z, r→+∞
|B(x,r)∩W |
|B(x,r)∩F | ⩽ ϵ′ almost surely. Since

lim supr→+∞
|B(x,r+1)∩F |
|B(x,r)∩F | = 1, this implies lim supt∈R, t→+∞

|B(x,t)∩W |
|B(x,t)∩F | ⩽ ϵ′ almost surely. This

finishes our proof by (4.3). □

For each D ⊆ X, define F ′
ϵ,D,ρ ⊆ Fϵ,D,ρ to be the set of flats F in Fϵ,D,ρ with the property that

(4.2) holds for all x ∈ F . In the remainder of this section, we consider a flat F ∈ F ′
ϵ,D,ρ and a

point x ∈ U3(F ). Lemma 4.4 provides a justification for this choice.
We clarify the notation of singular geodesic rays.

Notation. Consider the infinite geodesic rays that are contained in hyperplanes of flats: these are
rays of the form L1 × {x2} or {x1} × L2, where Li is a geodesic ray in Ti for each i ∈ {1, 2}.
We refer to them as singular geodesic rays, as they are contained in intersections of flats. We say
that L1 × {x2} (resp. {x1} × L2) is a singular geodesic ray in T1 (resp. T2).

In this terminology, for each hyperplane L ⊆ X and each point x ∈ L, L is equal to the union
of two singular geodesic rays emanating from x. Now we are ready to state the main result of
this section.
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Proposition 4.5 (Hyperplanes to hyperplanes). Given κ > 1, there exist constants ϵ′ ∈
(0, 1/100) and λ1 > 1 such that if C > 0, ϵ ∈ (0, ϵ′), and ρ > 1/ϵ, then there exists a constant
R0 > 0 such that for each D ⊆ X, each ϕ ∈ QIEκ,C(D,X), each F ∈ F ′

ϵ,D,ρ, each x ∈ U3(F ), and
each singular geodesic ray L1 in F emanating from x, there exists a unique singular geodesic ray

L′
1 emanating from ϕF,ϵ(x) = ϕ̃F,ϵ(x) such that

ϕ̃F,ϵ(L1) ∼λ1ϵ,ϕF,ϵ(x),R0
L′
1. (4.5)

Here ∼ϵ is the ϵ-equivalence defined in Definition 2.4. Furthermore, suppose L ⊆ F is a hyper-
plane passing through x and L = L1 ∪ L2, where Li is a singular geodesic ray emanating from x
for each i ∈ {1, 2}. Let L′

i, i ∈ {1, 2}, be the singular geodesic ray emanating from ϕF,ϵ(x) given
in (4.5). Then there exists some j ∈ {1, 2} such that L′

1 and L′
2 are both singular geodesic rays

in Tj, and there exists a unique hyperplane L′ ⊆ L′
1 ∪ L′

2 such that

ϕ̃F,ϵ(L) ∼λ1ϵ,ϕF,ϵ(x),R0
L′. (4.6)

Moreover, ϵ′ and λ1 can be chosen so that the choices of L′ and L′
1 are independent of the choice

of ρ. Here ϕ̃F,ϵ is the regularized grid map defined in Proposition 3.3.

The proof of Proposition 4.5, which involves a decent part of geometric considerations along
with constant estimates, occupies the remainder of this section. Here we divide the proof into
several geometric lemmas in a manner analogous to that of [Esk98]. Although the proofs of these
lemmas are complicated and lengthy, they are based on geometric ideas that are common in the
study of QI embeddings and follow a similar pattern.

In these proofs, we often consider the composition of a nearest-point projection to a nearby

flat with the regularized grid map ϕ̃F,ϵ. By earlier results in this article (e.g., Proposition 3.3),

such composition is close to ϕ̃F,ϵ and thus also a QI embedding. Then we apply previously known
properties of QI embeddings between Euclidean spaces (e.g., Lemma A.1 and Corollary A.2) to
derive the desired result.

Throughout these proofs, we also make use of other geometric properties without specifying
them. For instance, since QI embeddings are bi-Lipchitz on large scales, additive constants are
sometimes safely ignored. Other useful properties include certain distance estimates in X = T1×T2
(e.g., Lemma A.4) and elementary estimates in Z2.

4.2. Flats to finite unions of polyhedra. In this subsection, we verify that flats are mapped
near finite unions of polyhedra with a detailed proof. The result is stated in Lemma 4.7, which is
analogous to [Esk98, Lemma 3.6]. We first give a definition used in the statement of Lemma 4.7.

Definition 4.6. Let n ∈ N, x be a point in X, and F1, . . . , Fn be distinct flats in X. We

define a set of disjoint polyhedra {P1, . . . , Pn′} in X such that
⋃n′

ℓ=1 Pℓ =
⋃n
i=1 Fi, Pℓ contains no

hyperplane, and there exists a flat containing both x and Pℓ for each 1 ⩽ ℓ ⩽ n′.
For each pair of 1 ⩽ i < j ⩽ n, Fi ∩ Fj is a polyhedron if it is not empty. For each index

i ∈ {1, . . . , n}, we view the flat Fi as parametrized by Z2 as a subset of R2 and assume that
the nearest-point projection of x on Fi is parametrized as (0, 0). For each a ∈ R, denote by
Lv(a) := {(a, t) : t ∈ R} and Lh(a) := {(t, a) : t ∈ R} the vertical and horizontal lines in R2,
respectively. Let Kv := {Lv(a) : a − 1/2 ∈ Z} and Kh := {Lh(a) : a − 1/2 ∈ Z}. Then, by
the definition of polyhedra, for each index j ∈ {1, . . . , n} with j ̸= i, Fi ∩ Fj is bounded by at
most 2 lines in Kv and 2 lines in Kh as a subset of Fi. All such lines for all possible choices of
j together with the lines Lv(1/2) and Lh(1/2) subdivide Fi into at most 4n2 disjoint polyhedra.
Repeating this construction for all i ∈ {1, . . . , n}, we get a set of distinct nonempty polyhedra
{P1, . . . , Pn′} with n′ ⩽ 4n3 such that

n′⋃
ℓ=1

Pℓ =
n⋃
i=1

Fi.
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It is straightforward to verify that any two distinct polyhedra in the above set are disjoint and it
satisfies our conditions given above.

Note that the choice of {P1, . . . , Pn′} depends on the parametrization of the flats Fi. We call
such a set {P1, . . . , Pn′} a regular partition of {F1, . . . , Fn} with respect to x.

Lemma 4.7 (Flats to finite unions of polyhedra). Given κ > 1, there exist constants λ3 > 0
and ϵ3 ∈ (0, 1/100) such that if C > 0, ϵ ∈ (0, ϵ3), and ρ > 1/ϵ, then there exists a constant R3 > 0
such that if D ⊆ X, ϕ ∈ QIEκ,C(D,X), F ∈ Fϵ,D,ρ, x ∈ U2(F ), R > R3 is a real number, and{
P ′
1, . . . , P

′
m′
}

is a regular partition of the set of flats {F1, . . . , FM1} given in Proposition 3.3
with respect to ϕF,ϵ(x), then there exist a subset σR ⊆ {1, . . . , m′} and a collection of polyhedra
{Pi : i ∈ σR} such that

(i) IntF ′
i

(
P ′
i , λ3ϵR

)
⊆ Pi ⊆ P ′

i ⊆ B(Pi, 2λ3ϵR) for some flat F ′
i containing both P ′

i and

ϕF,ϵ(x).

(ii) ϕ̃F,ϵ(F ) ∩B(ϕF,ϵ(x), R) ⊆ B
(⋃

i∈σR Pi, λ3ϵR
)
.

(iii)
⋃
i∈σR Pi ∩B(ϕF,ϵ(x), R) ⊆ B

(
ϕ̃F,ϵ(F ), λ3ϵR

)
.

(iv) There exists a constant R′′
1 ⩾ R3 such that the set θR := {i ∈ σR : P ′

i is a chamber} is
independent of the choice of R ⩾ R′′

1.

Proof. Let κ > 1 and C > 0 be constants, D be a subset of X, and ϕ ∈ QIEκ,C(D,X). Let
M1 ∈ N and ϵ0 ∈ (0, 1/100) be the constants depending only on κ given in Proposition 3.3.

Let ϵ ∈ (0, ϵ0) be a constant whose exact choice is determined later and ρ > 1/ϵ. Consider a
flat F ∈ Fϵ,D,ρ and a point x ∈ U2(F ). For R > 0, let BR denote the ball B(ϕF,ϵ(x), R) in X. Let
F1, . . . , FM1 be the M1 flats given in Proposition 3.3 such that

ϕ̃F,ϵ(F ) = ϕF,ϵ(U1(F )) ⊆ B

(M1⋃
i=1

Fi,∆

)
, (4.7)

where ∆ is the constant and ϕ̃F,ϵ is the regularized grid map given in Proposition 3.3. Let
{P ′

ℓ}1⩽ℓ⩽m′ be a regular partition (cf. Definition 4.6) of {F1, . . . , FM1} with respect to ϕF,ϵ(x)
with

m′ ⩽ 4M3
1 and (4.8)

m′⋃
ℓ=1

P ′
ℓ =

M1⋃
i=1

Fi. (4.9)

Step 1. We first verify that ϕ̃−1
F,ϵ

(
ϕ̃F,ϵ(F ) ∩ BR+∆

)
⊆ B(x, 3κR − 2) for sufficiently large

R. Thus, the regularized grid map ϕ̃F,ϵ restricted on ϕ̃−1
F,ϵ

(
ϕ̃F,ϵ(F ) ∩ BR+∆

)
is a quasi-isometric

embedding to B
(⋃m′

ℓ=1 P
′
ℓ,∆

)
.

Define, for R > 0,

Cϵ := 2κC + 12κρ+ 4C + 16κnϵ + 2∆ and C ′(R) := 3
(
6κ2ϵR+ Cϵ

)
, (4.10)

where nϵ > 0 is defined in (3.1). Then for R > 2Cϵ
/(
κ2ϵ

)
, we have

C ′(R) < 20κ2ϵR. (4.11)

If in addition ϵ ∈
(
0, 1

/(
200κ2

))
, then C ′(R) < 0.1R. For such R and ϵ, if y ∈ X is a point with

d(x, y) ⩾ 3κR− 2, then

d
(
ϕ̃F,ϵ(x), ϕ̃F,ϵ(y)

)
⩾ d(x, y)/(2κ)− 6κϵd(x, y)− Cϵ > R+∆ (4.12)

since ϕ̃F,ϵ is a (2κ, 6κϵ, 6κρ+ 2C + 8κnϵ)-graded quasi-isometric embedding. Then

ϕ̃−1
F,ϵ

(
ϕ̃F,ϵ(F ) ∩BR+∆

)
⊆ B(x, 3κR− 2). (4.13)
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P ′
i

Int(P ′
i , r1)

V ′
i

R1

Vi

R0

ϕF,ϵ(x)

Figure 4.1. The sets P ′
i , Int(P

′
i , r1), V

′
i , and Vi

So since graded quasi-isometric embeddings are quasi-isometric embeddings on bounded sets, we

get from direct calculation that ϕ̃F,ϵ restricted to ϕ̃−1
F,ϵ

(
ϕ̃F,ϵ(F ) ∩ BR+∆

)
is a (2κ,C ′(R) − 4∆)-

quasi-isometric embedding to B
(⋃m′

ℓ=1 P
′
ℓ,∆

)
by Proposition 3.3 and (4.9).

Step 2. We now choose a suitable set σ of indices i. In the following steps, we show that

P ′
i ∩BR is close enough to ϕ̃F,ϵ(F ) ∩BR for each i ∈ σ.
Let R0 > Cϵ

/(
κ2ϵ

)
, r0 > 0, R1 ∈ (R0, 2R0), and r1 ∈ (r0, 2r0) be constants whose exact choices

are specified later. Let F ′
ℓ be a flat containing both ϕF,ϵ(x) and P

′
ℓ for each 1 ⩽ ℓ ⩽ m′. In the

remainder of this proof, we denote IntF ′
l
(U, · ) by Int(U, · ) when U ⊆ F ′

l .

For each index 1 ⩽ i ⩽ m′, consider the pair of sets V ′
i := P ′

i ∩BR1 and Vi := Int(P ′
i , r1)∩BR0 ,

where P ′
i is always viewed as a subset of the flat F ′

i equipped with the Euclidean metric when
we consider Int(P ′

i , · ) throughout this proof (cf. Definition 2.3). Note that if Int(P ′
i , r1) ̸= ∅,

Int(P ′
i , r1) is also a polyhedron and P ′

i ⊆ B(Int(P ′
i , r1), 2r1). A sketch displaying the relations

between these sets is given below. For each index 1 ⩽ i ⩽ m′, define ϕ′i := πV ′
i
◦ ϕ̃F,ϵ, where πV ′

i

denotes a projection sending each point in X to its nearest point in V ′
i . Define

W ′
i :=

{
y ∈ F : d

(
ϕ′i(y), ϕ̃F,ϵ(y)

)
⩽ ∆

}
. (4.14)

Then by (4.13), W ′
i ⊆ B(x, 3κR1−2) and thus ϕ′i is a (2κ,C ′(R1))-quasi-isometric embedding on

W ′
i . Consider the set of indices

σ := {i ∈ {1, . . . , m′} : ϕ′i(W
′
i ) ∩ Int(V ′

i , r1) ∩BR0 ̸= ∅}. (4.15)

Step 3. We now apply Corollary A.2 to show that
⋃
j∈σ Vj is contained in some neighborhood

of ϕ̃F,ϵ(F ) for suitable choices of R0, r0, R1, and r1.
We first claim that we may choose r1 in terms of R1 so that

Int
(
V ′
j , r1

)
⊆ B

(
ϕ′j
(
W ′
j

)
, ηC ′(R1)

)
(4.16)

for each j ∈ σ, where η > 2κ is the constant given in Lemma A.1 with (n, κ) set to be (2, 2κ).
Suppose j ∈ σ and y1 is a point inW

′
j such that ϕ′j(y1) ∈ Int

(
V ′
j , r1−ηC ′(R1)

)
. By (4.7) and (4.9),

for each y2 ∈ (B(x, 3κR1)∩F )∖W ′
j , there exists some 1 ⩽ j1 ⩽ m′ such that d

(
ϕ̃F,ϵ(y2), P

′
j1

)
⩽ ∆.

Since y1 ∈ W ′
j , we have d

(
ϕ̃F,ϵ(y1), Int

(
V ′
j , r1 − ηC ′(R1)

))
⩽ d

(
ϕ̃F,ϵ(y1), ϕ

′
j(y1)

)
⩽ ∆. Since

y2 /∈W ′
j , we have d

(
ϕ̃F,ϵ(y2), P

′
j1
∖ V ′

j

)
⩽ ∆. Then we have d

(
ϕ̃F,ϵ(y1), ϕ̃F,ϵ(y2)

)
⩾ d

(
Int

(
V ′
j , r1 −

ηC ′(R1)
)
, P ′

j1
∖ V ′

j

)
− 2∆ ⩾ r1 − ηC ′(R1)− 2∆. Thus,

d(y1, y2) ⩾ d
(
ϕ̃F,ϵ(y1), ϕ̃F,ϵ(y2)

)/
(2κ)− C ′(R1) ⩾ (r1 − ηC ′(R1)− 2∆)/(2κ)− C ′(R1). (4.17)
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Define, for each R > 0,

r(R) :=
(
8κη2 + 2

)
C ′(R) + 2∆ and take r1 := r(R1). (4.18)

Then since W ′
j ⊆ B(x, 3κR1 − 2) and η > 2κ, by (4.17), our choice of r1 implies d

(
y1, F ∖W ′

j

)
=

d
(
y1, (B(x, 3κR1) ∩ F )∖W ′

j

)
⩾

((
8κη2 + 2− η

)/
(2κ)− 1

)
C ′(R1) > 3η2C ′(R1). Thus,

ϕ′−1
j

(
Int

(
V ′
j , r1 − ηC ′(R1)

))
∩W ′

j ⊆ IntF
(
W ′
j , 3η

2C ′(R1)
)
. (4.19)

Then since Int
(
V ′
j , r1

)
is path-connected and B

(
Int

(
V ′
j , r1

)
, ηC ′(R1)

)
⊆ Int

(
V ′
j , r1 − ηC ′(R1)

)
,

by Corollary A.2 with (ψ,U, V ) taken to be
(
ϕ′j ,W

′
j , Int

(
V ′
j , r1

))
, (4.16) now follows from (4.19).

We then choose suitable constants to derive (4.24) from (4.16). Take r0 := r(R0) =
(
8κη2 +

2
)
C ′(R0)+2∆ and R1 := R0+4r(R0). The restriction R1 < 2R0 now translates into 4r(R0) < R0,

that is,

12
(
8κη2 + 2

)(
6κ2ϵR0 + Cϵ

)
+ 8∆ < R0. (4.20)

Define

ϵ′3 := min
{
ϵ0,

(
144κ2

(
8κη2 + 2

))−1}
, (4.21)

which depends only on κ. Define

R3 := 2Cϵ
/(
κ2ϵ

)
. (4.22)

Note that if ϵ ∈ (0, ϵ′3), then R3 > 144
(
8κη2 + 2

)
Cϵ. Then since Cϵ > ∆, if ϵ ∈ (0, ϵ′3) and

R0 > R3, we have 12
(
8κη2 + 2

)
6κ2ϵR0 < R0/2 and 12

(
8κη2 + 2

)
Cϵ + 8∆ < R0/2. Hence (4.20)

follows. Thus R1 < 2R0 and r1 < 2r0. So R1 = R0 + 4r0 > R0 + r1.
Then by our definition of the sets Vj and V

′
j , we have

Vj = Int
(
P ′
j , r1

)
∩BR0 = Int

(
P ′
j , r1

)
∩ Int(BR1 , r1) ∩BR0 = Int

(
V ′
j , r1

)
∩BR0 (4.23)

and then by (4.16), (4.14), and the fact that r0 > ηC ′(R1) + ∆ (see (4.18)),

Vj ⊆ B
(
ϕ′j
(
W ′
j

)
, ηC ′(R1)

)
⊆ B

(
ϕ̃F,ϵ(F ), ηC

′(R1) + ∆
)
⊆ B

(
ϕ̃F,ϵ(F ), r0

)
.

Then by our definition of Vj ,⋃
i∈σ

Int(P ′
i , r1) ∩BR0 =

⋃
i∈σ

Vi ⊆ B
(
ϕ̃F,ϵ(F ), r0

)
. (4.24)

We will set Pi := Int(P ′
i , r1), leading to Part (iii) for suitable choices of constants. For now, we

shift our attention to Part(ii).

Step 4. For the remaining part of the proof, we take ϵ ∈ (0, ϵ′3), R0 > R3, r0 := r(R0),
R1 := R0+4r0, and r1 := r(R1). For each i ∈ σ, define Pi := Int(P ′

i , r1). For 0 < v < R0/2, write

dv := min
{
v, max

y∈ϕ̃F,ϵ(F )∩BR1−v

{
d
(
y,

⋃
i∈σ

Int(P ′
i , r1) ∩BR1

)}}
. (4.25)

Here we use the convention that d(y, ∅) = +∞.

Let 0 < v < R0/2 be a constant and x0 ∈ ϕ̃F,ϵ(F ) ∩ BR1−v satisfy d
(
x0,

⋃
j∈σ Int

(
P ′
j , r1

)
∩

BR1

)
⩾ dv. For each 1 ⩽ j ⩽ m′, recall that F ′

j is a flat containing both P ′
j and ϕF,ϵ(x). Define

Yj := B
(
ϕ′j
(
W ′
j

)
, C ′(R1)

)
∩ F ′

j . (4.26)

In this step, we now obtain an upper bound for dv by estimating
∑m′

i=1|B(x0, dv) ∩ Yi| in terms
of dv.

On the one hand, we obtain an upper bound of
∑m′

i=1|B(x0, dv)∩Yi| in terms of dv. Recall that
for each index 1 ⩽ j ⩽ m′ we have ϕ′j

(
W ′
j

)
⊆ V ′

j . Hence for j ∈ σ, since B(x0, dv) ∩
⋃
i∈σ Vi ⊆

B(x0, dv) ∩
⋃
i∈σ(Pi ∩BR1) = ∅, we have

B(x0, dv) ∩ Yj ⊆
(
B
(
V ′
j , C

′(R1)
)
∩ F ′

j

)
∖ Vj .
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ϕF,ϵ(x)

B(x0, dv) ∩ F ′
j

R1 + C ′(R1)

R1 − 5r1

Figure 4.2. One of the possible cases

For j /∈ σ, since ϕ′j
(
W ′
j

)
∩ Vj = ϕ′j

(
W ′
j

)
∩ Int

(
V ′
j , r1

)
∩BR0 = ∅ by (4.23) and (4.15), we similarly

have Yj ⊆
(
B
(
V ′
j , C

′(R1)
)
∩ F ′

j

)
∖ Int(Vj , C

′(R1)).

Let 1 ⩽ j ⩽ m′ be an index. By R1 − 4r1 < R0 and our definition of Vj and V ′
j , we have

Int
(
V ′
j , 4r1

)
⊆ Vj , and thus

B(x0, dv) ∩ Yj ⊆
(
B
(
V ′
j , C

′(R1)
)
∩ F ′

j

)
∖ Int

(
V ′
j , 5r1

)
(4.27)

by combining the above estimates for j ∈ σ and j /∈ σ with C ′(R1) < r1 (cf. (4.18)). Recalling
V ′
j = P ′

j ∩BR1 , we have(
B
(
V ′
j , C

′(R1)
)
∩ F ′

j

)
∖ Int

(
V ′
j , 5r1

)
⊆

(
B
(
BR1 ∩ F ′

j , C
′(R1)

)
∖ Int

(
BR1 ∩ F ′

j , 5r1
))

∪
(
B
(
P ′
j , C

′(R1)
)
∖ Int

(
P ′
j , 5r1

))
∩ F ′

j

⊆
(
(BR1+C′(R1) ∖BR1−5r1) ∩ F ′

j

)
∪Mj , (4.28)

where Mj :=
⋃
L∈Ij B(L, 5r1+C

′(R1)+1)∩F ′
j . Here Ij denotes the set of hyperplanes bounding

P ′
j . For each L ∈ Ij , the intersection of B(L, 6r1) ∩ F ′

j and B(x0, dv) is contained in a (12r1 +

1)× (2dv + 1) or (2dv + 1)× (12r1 + 1) rectangle. Thus,

|Mj ∩B(x0, dv)| ⩽ 4(12r1 + 1)(2dv + 1) < 100r1dv. (4.29)

Here we first assume that dv > 100 and note that r1 > 100 by our choice of constants. By direct
elementary Euclidean area estimates (cf. Figure 4.2), we have∣∣((BR1+C′(R1) ∖BR1−5r1) ∩ F ′

j

)
∩B(x0, dv)

∣∣ ⩽ 2π(dv + 2)(5r1 + C ′(R1) + 2) < 50r1dv. (4.30)

Thus, by combining (4.27)–(4.30), we have

|B(x0, dv) ∩ Yj | ⩽
∣∣B(x0, dv) ∩

((
B
(
V ′
j , C

′(R1)
)
∩ F ′

j

)
∖ Int

(
V ′
j , 5r1

))∣∣ < 150r1dv.

Consequently,
m′∑
i=1

|B(x0, dv) ∩ Yi| ⩽ 150m′r1dv. (4.31)

On the other hand, we can also obtain a lower bound of
∑m′

i=1|B(x0, dv) ∩ Yi| in terms of dv.

Suppose x1 ∈ F ∩ ϕ̃−1
F,ϵ(x0) and Uj := B(x1, dv/(2κ)− 2C ′(R1)) ∩W ′

j . Since ϕ
′
j is a (2κ,C ′(R1))-

quasi-isometric embedding on W ′
j , we have ϕ′j(Uj) ⊆ B(x0, dv − C ′(R1)). Thus, by (4.26),

B
(
ϕ′j(Uj), C

′(R1)
)
∩ F ′

j ⊆ B(B(x0, dv − C ′(R1)), C
′(R1)) ∩ Yj ⊆ B(x0, dv) ∩ Yj .
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Then by Lemma A.3 with (ψ,U) set to be
(
ϕ′j , Uj

)
, writing ζ := 3−42−2κ−2, we have

|B(x0, dv) ∩ Yj | ⩾
∣∣B(

ϕ′j(Uj), C
′(R1)

)
∩ F ′

j

∣∣ ⩾ ζ|Uj |. (4.32)

Now since ϕ̃F,ϵ is a (2κ,C ′(R1) − 4∆)-quasi-isometric embedding on B(x, 3κR1) ∩ F and

B(x1, dv/(2κ)−2C ′(R1)) ⊆ B(x, 3κR1), we have ϕ̃F,ϵ(B(x1, dv/(2κ)−2C ′(R1))∩F ) ⊆ B(x0, dv−
C ′(R1)−∆). Since x0 ∈ BR1−v, v ⩾ dv (cf. (4.25)), and C ′(R1) > 0, we have

B(x0, dv − C ′(R1)−∆) ⊆ BR1−∆.

Thus, by (4.7), (4.9), (4.14), and V ′
i = P ′

i ∩ BR1 , we have B(x1, dv/(2κ) − 2C ′(R1)) ∩ F ⊆
ϕ̃−1
F,ϵ(BR1−∆)∩F ⊆

⋃m′

i=1W
′
i . So by (4.32) and (3.8), if dv ⩾ 8κC ′(R1) and ζ

′ := 3−42−6κ−4, then

m′∑
i=1

|B(x0, dv) ∩ Yi| ⩾ ζ

m′∑
i=1

|Ui| ⩾ ζ(dv/(2κ)− 2C ′(R1))
2 ⩾ ζ ′d2v. (4.33)

Thus by combining (4.15), (4.31), (4.33), and our assumption that dv > 100, we have

dv ⩽ max{100, 150m′r1/ζ
′, 8κC ′(R1)} = 150m′r1/ζ

′. (4.34)

Step 5. In this step, we complete the proof of Parts (ii) and (iii). We need to choose suitable
constants such that dv < v < R0/2. For R > 0, write

v(R) := 160m′r(R)/ζ ′ and v1 := v(R1) = 160m′r1/ζ
′. (4.35)

We now specify the choices of ϵ and λ3 so that v1 < R0/3 and 6dv1 < λ3ϵR. Define

λ3 := 3428105M3
1κ

6
(
8κη2 + 4

)
, (4.36)

which depends only on κ. Then by (4.8), r1 = r(R1), (4.18), (4.11), and (4.36), we have

1000m′r1/ζ
′ ⩽ 3428103κ4M3

1 r1 < 3428103κ4M3
1

(
8κη2 + 4

)
C ′(R1) < λ3ϵR1. (4.37)

Hence for ϵ ∈ (0, ϵ3), where

ϵ3 := min{ϵ′3, 1/λ3} (4.38)

depends only on κ, we have v1 = 160m′r1/ζ
′ < λ3ϵR1/6 < R1/6 < R0/3. Then by (4.34),

dv1 < v1, and thus by (4.25), 2v(R1 − v1) > v(R1), Pi = Int(P ′
i , r1), (4.37), and R1 − v1 >

R1 −R0/3 > R0/2, we have

ϕ̃F,ϵ(F ) ∩BR1−v1 ⊆ B(Pσ ∩BR1 , dv1 + 1)

⊆ B(Pσ, 150m
′r1/ζ

′ + 1) ⊆ B(Pσ, λ3ϵ(R1 − v1)),
(4.39)

where Pσ :=
⋃
i∈σ Pi. Since v1 > 4r0, we have R1 − v1 < R0, and thus (4.24) implies

Pσ ∩BR1−v1 ⊆ B
(
ϕ̃F,ϵ(F ), r0

)
⊆ B

(
ϕ̃F,ϵ(F ), λ3ϵ(R1 − v1)

)
. (4.40)

Now since f : R0 7→ R1 − v1 is an affine increasing map by R1 = R0 + 4r(R0), (4.18), (4.10),
(4.35), and our choice of ϵ, for each constant R > R3 there exists a constant R0 > R3 such that
R1 − v1 = R. Thus (4.39) and (4.40) hold with R1 − v1 replaced by R for all R > R3 (cf. (4.22)),
establishing Parts (ii) and (iii). Here σR is defined in (4.15) with R0 := f−1(R).

Step 6. We finally show that the set θR := {i ∈ σR : P ′
i is a chamber} is independent of the

choice of a sufficiently large R.

Claim. There exists a constant R′′
1 such that if R ⩾ R′′

1 , t ∈ [−1, 1], i ∈ θR, then i ∈ θ(1+tϵ)R.

If the claim is verified, then θR is independent of the choice of R ⩾ R′′
1 .

Proof of Claim. By geometry of flats there exists a constant RF > 0 such that for each
1 ⩽ i ⩽ m and each R > RF , P

′
i ∩ B(ϕF,ϵ(x), R) contains a ball on F ′

i of radius 0.4R if P ′
i is a

chamber. Define

R′′
1 := max{R3, 2RF /ϵ}. (4.41)
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Suppose R > R′′
1 , t ∈ [−1, 1], and i ∈ θR. Let f be the map given above and set R0 := f−1(R).

Write V ∗
i := Int(V ′

i , 5r1). Since x/2 < f(x) < x for each x > R3, to prove i ∈ θ(1+tϵ)R, by (4.15)
and our choices of constants, it suffices to verify

πVi
(
B(Vi,∆) ∩ ϕ̃F,ϵ(F )

)
∩ V ∗

i ∩BR1/2 ̸= ∅. (4.42)

By our choice of RF , R1 > 100r1, and elementary geometric considerations, there exists a point
z′ ∈ P ′

i such that B(z′, 0.1R1) ∩ F ′
i ⊆ Int(V ′

i , 5r1) ∩BR1/2. Since ηC
′(R1) < 0.1R1, by (4.16), we

have ϕ′i(W
′
i ) ∩B(z′, 0.1R1) ̸= ∅. By our definitions of Vi and W

′
i and geometric considerations,

ϕ′i(W
′
i ) ∩ V ∗

i = πV ′
i

(
B(V ′

i ,∆) ∩ ϕ̃F,ϵ(F )
)
∩ V ∗

i = πVi
(
B(Vi,∆) ∩ ϕ̃F,ϵ(F )

)
∩ V ∗

i .

By combining the above relations, we verify (4.42) and the claim holds. □

We have laid out the proof of Lemma 4.7 in full as a gentle illustration; the arguments from
Lemma 4.8 through Proposition 4.11 follow the same thread, albeit at great length, and we shall
therefore leave their detailed proofs to the reader’s indulgence.

4.3. Chambers to chambers. In this subsection, we present Lemma 4.8 to Proposition 4.11 as
a series of subsequent geometric lemmas. The final goal of these lemmas is to show that chambers
are mapped near chambers, as stated in Proposition 4.11.

Based on Lemma 4.7, it can be shown that hyperplanes are almost surely mapped near finite
unions of hyperplanes, as stated in the following lemma:

Lemma 4.8 (Hyperplanes to finite unions of hyperplanes). Given κ > 1, there exist
constants M ′ ∈ N, ϵ2 ∈ (0, 1/100), and λ2 > 1 such that if C > 0, ϵ ∈ (0, ϵ2), and ρ > 1/ϵ,
then there exists a constant R2 > 0 such that for each D ⊆ X, each ϕ ∈ QIEκ,C(D,X), each
F ∈ F ′

ϵ,D,ρ, each x ∈ U3(F ), and each hyperplane L ⊆ F passing through x, there exist hyperplanes
L1, . . . , LM ′ such that for each R > R2,

ϕ̃F,ϵ(L) ∩AR(ϕF,ϵ(x)) ⊆ B

(M ′⋃
i=1

Li, λ2ϵR

)
∩AR(ϕF,ϵ(x)), (4.43)

and moreover, if Proposition 3.3 (iii) holds for M1 = 1, then there exists a single hyperplane L0

such that ϕ̃F,ϵ(L) ∩AR(ϕF,ϵ(x)) ⊆ B(L0, λ2ϵR) ∩AR(ϕF,ϵ(x)).

Recall that ϕ̃F,ϵ is the regularized grid map defined in Proposition 3.3 and AR(ϕF,ϵ(x)) is the
annular domain defined in Definition 2.3. We use the concept of transverse flats and Lemma 4.7
to prove Lemma 4.8. Namely, if a hyperplane L is equal to the intersection of two transverse flats
F and F ′, then the image of L is near the union of the intersections of the polyhedra obtained
in Lemma 4.7 for F and F ′. Each such intersection is close to a hyperplane since its preimage
lies in some neighborhood of L. We also rely on negative curvature features of the space; in the
setting of this article, we would only need the simple geometric input from Lemma A.4.

The following statement can be deduced from Lemma 4.8 by geometry of singular geodesic
rays. It can be viewed as a weaker version of Proposition 4.5.

Lemma 4.9. Given κ > 1, let ϵ2 ∈ (0, 1/100) and λ2 > 1 be the constants given in Lemma 4.8.
If C > 0, D ⊆ X, ϕ ∈ QIEκ,C(D,X), ϵ ∈ (0,min{ϵ2, 1/(100κλ2)}), ρ > 1/ϵ, F ∈ F ′

ϵ,D,ρ, and

x ∈ U3(F ), then there exists R′
0 > 0 such that for each singular geodesic ray L ⊆ F emanating

from x, there exists a unique singular geodesic ray L′ emanating from ϕF,ϵ(x) such that

ϕ̃F,ϵ(L)∖B(ϕF,ϵ(x), R
′
0) ⊆ L′[3λ2ϵ]∖B(ϕF,ϵ(x), R

′
0).

We then derive the following lemma from Lemma 4.9. Roughly speaking, it states that the
preimages of walls of chambers are coarsely singular geodesic rays. The key geometric input in
this lemma is Lemma A.6.
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Lemma 4.10. Given κ > 1, there exist constants λ′1 > 1 and ϵ′1 ∈ (0, 1/100) such that if C > 0,
D ⊆ X, ϕ ∈ QIEκ,C(D,X), ϵ ∈

(
0, ϵ′1

)
, ρ > 1/ϵ, F ∈ F ′

ϵ,D,ρ, and x ∈ U3(F ), then there exists

a constant R′
1 > 0 such that for each j ∈ {1, 2} and each chamber C′ = L′

1 × L′
2 with apex at

ϕF,ϵ(x) that is Hausdorff equivalent to some polyhedron P ′
i , i ∈ θR′′

1
given in Lemma 4.7, there

exists a singular geodesic ray Lj ⊆ F emanating from x such that

L′
j ∖B(ϕF,ϵ(x), R

′
1) ⊆ ϕ̃F,ϵ(Lj)[λ

′
1ϵ]∖B(ϕF,ϵ(x), R

′
1).

It can now be verified that chambers are mapped near chambers based on Lemma 4.10.

Proposition 4.11 (Chambers to chambers). Given κ > 1, there exist constants ϵ′2 ∈ (0, 1/100)
and λ1 > 1 such that if C > 0, D ⊆ X, ϕ ∈ QIEκ,C(D,X), ϵ ∈ (0, ϵ′2), ρ > 1/ϵ, F ∈ F ′

ϵ,D,ρ,

x ∈ U3(F ), and C = L1 × L2 ⊆ F is a chamber with apex at x, then there exists a chamber
C′ = L′

1×L′
2 unique up to Hausdorff equivalence (cf. Definition 2.2) such that the following hold:

(i) ϕ̃F,ϵ(C) ∼λ1ϵ C
′.

(ii) There exist σ ∈ {id, (1, 2)} and R′
2 > 0 such that

ϕ̃F,ϵ(Li)∖B(ϕF,ϵ(x), R
′
2) ⊆ L′

σ(i)[λ1ϵ]∖B(ϕF,ϵ(x), R
′
2).

4.4. Hyperplanes to hyperplanes. Now we are ready to complete the proofs of Proposi-
tions 4.5 and 4.12 based on Proposition 4.11.

By utilizing [Wor06, Theorem 1.2], we are now able to deduce the following proposition from
Proposition 4.11. It is a strengthening of Proposition 3.3 (iii).

Proposition 4.12. Suppose κ > 1, C > 0, ϵ ∈ (0, ϵ′2), and ρ > 1/ϵ, where ϵ′2 ∈ (0, 1/100) is
the constant given in Proposition 4.11. Then there exists a constant ∆1 > 0 such that for each
D ⊆ X, each ϕ ∈ QIEκ,C(D,X), and each flat F ∈ F ′

ϵ,D,ρ, there exists a flat F ′ such that

ϕ̃F,ϵ(F ) = ϕF,ϵ(U1(F )) ⊆ B(F ′,∆1). (4.44)

Here U1(F ) is the subset of F defined in Section 3.

Proof. Suppose D ⊆ X, ϕ ∈ QIEκ,C(D,X), and F ∈ F ′
ϵ,D,ρ. Suppose x is an arbitrary point in

U3(F ). Let Ci, 1 ⩽ i ⩽ 4, denote the chambers in F with apex at x.

For each 1 ⩽ i ⩽ 4, let C′
i be the chamber such that ϕ̃F,ϵ(Ci) ∼λ1ϵ C′

i given in Proposi-
tion 4.11 (i). By Proposition 4.11 (ii), there exist singular geodesic rays L′

1, L
′
2 ⊆ T1 and

L′
3, L

′
4 ⊆ T2 emanating from ϕF,ϵ(x) such that each C′

i is equivalent to one of their products.
Thus, there exists a single flat F ′ and a constant R′

3 > 0 such that
⋃

1⩽i⩽4 C
′
i ∖B(ϕF,ϵ(x), R

′
3) =

F ′ ∖ B(ϕF,ϵ(x), R
′
3). Then ϕ̃F,ϵ(F ) ∖ B(ϕF,ϵ(x), R

′′
3) ⊆ F ′[2λ1ϵ] ∖ B(ϕF,ϵ(x), R

′′
3) for some con-

stant R′′
3 > 0 by Proposition 4.11, where λ1 > 0 is the constant depending only on κ given in

Proposition 4.11. Then clearly the limit set L
ϕ̃F,ϵ,ϕF,ϵ(x)

(2λ1ϵ) of ϕ̃F,ϵ (cf. Definition A.7) is equal

to {C′
i : 1 ⩽ i ⩽ 4}. Then by Remark A.8, the flats given in Proposition 3.3 can be chosen to be

{F ′} and we conclude our proof. □

Proof of Proposition 4.5. Let κ > 1 and C > 0 be constants. Let D be a subset of X and
ϕ ∈ QIEκ,C(D,X). Let ϵ′2 ∈ (0, 1/100) and λ2 > 0 be the constants given in Proposition 4.11
and Lemma 4.8, respectively. Let ϵ ∈ (0, ϵ′2), ρ > 1/ϵ, F ∈ F ′

ϵ,D,ρ, x ∈ U3(F ), and L ⊆ F be
a hyperplane passing through x. Let L = L1 ∪ L2, where L1 and L2 are singular geodesic rays

emanating from x. Let L′
i be the singular geodesic ray emanating from ϕF,ϵ(x) close to ϕ̃F,ϵ(Li)

given in Lemma 4.9 for each i ∈ {1, 2}.
By Proposition 4.12 and Lemma 4.8, there exist a hyperplane L′′ such that

ϕ̃F,ϵ(L)∖B(ϕF,ϵ(x), R2) ⊆ L′′[λ2ϵ]∖B(ϕF,ϵ(x), R2).
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Then for each i ∈ {1, 2}, L′
i ⊆ L′′ up to Hausdorff equivalence and d(L′′, ϕF,ϵ(x)) ⩽ 2R2. Thus,

there exists a hyperplane L′ ⊆ L′
1 ∪ L′

2 such that writing R′′
0 := 2ϵ−1R2, we have

ϕ̃F,ϵ(L)∖B(ϕF,ϵ(x), R
′′
0) ⊆ L′[λ2ϵ]∖B(ϕF,ϵ(x), R

′′
0).

We now use Lemma A.1 to show the other side holds as well. Define ϕL′ := πL′ ◦ ϕ̃F,ϵ, where
πL′ denotes the nearest-point projection from X to L′. Then ϕL′ is a (2κ, 4κλ2ϵR+6κR′′

0)-quasi-
isometric embedding on L ∩ B(x,R) for each R > R′′

0 . Let R′
0 := 6κR′′

0/(λ2κϵ) + R′′
0 . Then for

R > R′
0, ϕL′ is a (2κ, 5κλ2ϵR)-quasi-isometric embedding on L ∩ B(x,R). By Lemma A.1 with

(n, ψ) set to be (1, ϕL′), for R > R′
0 we have

L′ ∩B(ϕF,ϵ(x), R/η) ⊆ B(ϕL′(L ∩B(x,R)), 5ηκλ2ϵR) ⊆ B
(
ϕ̃F,ϵ(L ∩B(x,R)), 6ηκλ2ϵR

)
.

Write R0 := ηR′
0 which depends only on κ, C, ϵ, and ρ. If R > R0, denoting λ1 := 6κη2λ2, we

have

L′ ∩B(ϕF,ϵ(x), R) ⊆ B
(
ϕ̃F,ϵ(L), λ1ϵR

)
. (4.45)

Thus, we verify that (4.5) and (4.6) hold.

To verify the uniqueness, suppose ϕ̃F,ϵ(L1) ∼λ1ϵ,ϕF,ϵ(x),R0
L′
3 and ϕ̃F,ϵ(L1) ∼λ1ϵ,ϕF,ϵ(x),R0

L′
4.

Then we have L′
3 ∼3λ1ϵ L

′
4 and thus L′

3 = L′
4 for ϵ ∈ (0, ϵ′) where ϵ′ := min{1/(3λ1), 1/200, ϵ′′}

by geometry of geodesic rays (cf. Fact A.5). The statement that the choices of L′ and L′
1 are

independent of the choice of ρ immediately follows from the uniqueness. □

5. The boundary maps

The purpose of this section is to construct the boundary map induced by ϕ and show that it
factors through the boundaries of the two factor trees. We also investigate the regularity of the
map.

To fix notations, given a reference point e = (e1, e2) ∈ X, for each i ∈ {1, 2}, equip the tree
boundary ∂Ti with distance

dei(L1, L2) := (q + 1)−|L1∧L2|, (5.1)

where L1 and L2 are two geodesic rays in Ti emanating from ei and |L1 ∧L2| denotes the length
(i.e., cardinality) of their common prefix.

The product boundary X̂ can be seen as represented by chambers in X with apex at (e1, e2),

which can be identified as ∂T1 × ∂T2. We equip X̂ with the product metric de given by

de((ξ1, ξ2), (η1, η2))
2 = de1(ξ1, η1)

2 + de2(ξ2, η2)
2.

Next, we fix a choice of a countable set U ⊆ ∂T1 ∪ ∂T2 that is dense in both ∂T1 and ∂T2,
and define C := {L1 × L2 : L1 ∈ U ∩ ∂T1, L2 ∈ U ∩ ∂T2}. Then C is a countable dense set in
∂T1 × ∂T2. Note that by the continuity of the action of tree automorphisms on ∂Ti, for every
automorphism γ = (γ1, γ2), where γi ∈ Aut(Ti) for i ∈ {1, 2}, the image γ(C) is a countable
dense set of chambers with apex at γ(e1, e2).

Choose a countable set F of flats such that each chamber in C is contained in at least one flat
in F . By taking parallel translates, we assume e ∈ F for each F ∈ F . Denote by Ũ the set of
pairs (L,F ) where L ∈ U and F ∈ F is a flat containing L.

Let D be a random subset of X. Recall that F ′
ϵ,D,ρ is defined to be the set of flats F ∈ Fϵ,D,ρ

with the property that (4.2) holds for each x ∈ F . Then for each pair of constants ϵ ∈ (0, 1/100)
and ρ > 1/ϵ, the event

{
F ⊆ F ′

ϵ,D,ρ

}
is the intersection of a countable collection of events with

probability one (cf. Lemma 4.4). Thus F ⊆ F ′
ϵ,D,ρ almost surely.
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5.1. Choice of constants. Recall that the hypotheses of Proposition 4.5 require the origin x
of the singular geodesic ray to be contained in U3(F ). In this subsection, we prove that we may
choose suitable constants to satisfy this restriction. We first define an extended function crucial
to the statements of Theorems B, C, and D.

Definition 5.1. Suppose ϵ ∈ (0, 1), x ∈ X, and D ⊆ X. Denote by Fx the set of flats containing
x. Define, for each i ∈ {0, 1},

ρi(D,x, ϵ) := sup
{
LU0(F )

(
10−5−iϵ8, x

)
: F ∈ Fx

}
,

where L is defined in Definition 3.5. Here we follow the convention that the supremum of a set
not bounded above is +∞. We call ρ0(D,x, ϵ) the irregularity radius of D at x with parameter ϵ.

Clearly for each i ∈ {0, 1}, the function ρi(D,x, ϵ) is translation invariant, i.e., ρi(γ(D), γ(x), ϵ) =
ρi(D,x, ϵ) for each γ ∈ Aut(X). We first prove the following lemma on the tail distribution of
ρi(D,x, ϵ) which verifies that ρi(D,x, ϵ) is almost surely finite. It can be viewed as a strengthen-
ing of Lemma 3.7, in the sense that it holds simultaneously for all flats passing through a given
point.

Lemma 5.2. Let D be a random subset of X. Given ϵ ∈ (0, 1) and β ∈
(
10−9ϵ10, 1

)
, there exists

a constant ζβ > 0 such that for each x ∈ X and each ρ > 0, the map defined on {0, 1}X by
E 7→ sup

{
L
UE,ϵ
0 (F )

(
β, x

)
: F ∈ Fx

}
is measurable and

P
(
sup

{
L
UD,ϵ
0 (F )

(
β, x

)
: F ∈ Fx

}
> ρ

)
< ζ−1

β exp
(
−ζβρ2

)
.

In particular, for each i ∈ {0, 1}, the map defined on {0, 1}X by E 7→ ρi(E, x, ϵ) is measurable,
and

P(ρi(D,x, ϵ) > ρ) < ζ−1
i exp

(
−ζiρ2

)
(5.2)

for ζi := ζ10−5−iϵ8. Thus, almost surely ρi(D,x, ϵ) < +∞ for each i ∈ {0, 1} and each x ∈ X.

Proof. Let D be a random subset of X. Suppose ϵ ∈ (0, 1) and β ∈
(
10−9ϵ10, 1

)
. Write U0(F ) :=

UD,ϵ0 (F ). Suppose x = (x1, x2) ∈ X and F = L1 × L2 is a flat containing x. We first show that

P(|B(x, r) ∩ U0(F )| ⩽ (1− β)|B(x, r) ∩ F |) ⩽ exp
(
−r2I1

)
(5.3)

for some constant I1 > 0 and every sufficiently large r > 0. For the proof of this estimate, we use
a similar argument as in the proof of Lemma 3.7.

For each r > 0, denote Wr :=
{
(i, j) ∈ Z2 : Aϵij ∩B(x, r) ̸= ∅

}
, where Aϵij is the nϵ × nϵ square

in Z2 (as identified with F ) defined in (3.2). Note that |B(z, r)∩F | ⩽ n2ϵ |Wr| ⩽ |B(z, r+2nϵ)∩F |
for each z ∈ Z2. By (3.8), |Wr| ⩾ r2

/
n2ϵ . Moreover, if r > 5nϵ, then |Wr| ⩽ 10r2

/
n2ϵ .

Denote Kr :=
∣∣{(i, j) ∈ Wr : Aϵij ∩ D = ∅

}∣∣. Then Kr is the sum of |Wr| i.i.d. Bernoulli(p1)
random variables, where p1 := (1 − p)n

2
ϵ . Write a := β/10. Then a > 2p1 by our choice of nϵ

(cf. (3.1)). Thus by the Bernstein inequality for Bernoulli random variables,

P(Kr ⩾ a|Wr|) ⩽ exp(−a|Wr|/8). (5.4)

For r > 5nϵ, if Kr < a|Wr|, since n2ϵ |Wr| < 10|B(x, r) ∩ F |, by (3.8) we have

|B(x, r) ∩ U0(F )| ⩾ |B(x, r) ∩ F | − n2ϵKr > (1− 10a)|B(x, r) ∩ F | = (1− β)|B(x, r) ∩ F |.
Thus, for r > 5nϵ, by |Wr| ⩾ r2

/
n2ϵ and (5.4), denoting I1 := 10−2n−2

ϵ β, we establish (5.3) as
follows:

P(|B(x, r) ∩ U0(F )| ⩽ (1− β)|B(x, r) ∩ F |) ⩽ P(Kr ⩾ a|Wr|) ⩽ exp
(
−r2I1

)
. (5.5)

For each r > 0, define an equivalence relation ≡r on the set Fx of flats containing x by F1 ≡r F2

if and only if B(x, r+2nϵ)∩F1 = B(x, r+2nϵ)∩F2. Let Fr be a complete set of representatives

induced by ≡r. Then simple estimates show that |Fr| ⩽ (q + 1)4(r+2nϵ+1). Again since we are
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working with Z2, we only consider r with r2 ∈ Z. Thus by Definition 3.5, sup
{
LU0(F )

(
β, x

)
:

F ∈ Fx
}
> ρ if and only if the event

⋃
r2∈Z,r>ρ

⋃
F∈Fr

{|B(x, r)∩U0(F )| ⩽ (1− β)|B(x, r)∩F |)}
occurs. Then the map defined on {0, 1}X by E 7→ sup

{
L
UE,ϵ
0 (F )

(
β, x

)
: F ∈ Fx

}
is measurable,

and by (5.5), for ρ > 5nϵ we have

P
(
sup

{
LU0(F )

(
β, x

)
: F ∈ Fx

}
> ρ

)
⩽

∑
r2∈Z,r>ρ

∑
F∈Fr

P(|B(x, r) ∩ U0(F )| ⩽ (1− β)|B(x, r) ∩ F |)

⩽
∑

r2∈Z,r>ρ

(q + 1)4(r+2nϵ+1) exp
(
−r2I1

)
< ζ−1

β exp
(
−ζβρ2

)
for some constant ζβ > 0 depending only on ϵ and β. □

Lemma 5.3. Suppose ϵ ∈ (0, 1) and ρ > 1/ϵ are constants. Suppose x ∈ X, D is a random subset

of X containing x, and F is a flat containing x. Almost surely, if x /∈ U ϵ,D,ρ2 (F ), then

LU0(F )

(
10−5ϵ8, x

)
⩾ LU1(F )

(
10−1ϵ3, x

)
⩾ ρ. (5.6)

Consequently, almost surely x ∈ U ϵ,D,ρ22 (F ) for each ρ2 ⩾ ρ0(D,x, ϵ).

Proof. Suppose x /∈ U ϵ,D,ρ2 (F ). Then by Definition 3.1, there exists some y ∈ F with d(y, x) ⩾ ρ
such that |B(y, ϵd(x, y)) ∩ U1(F )| ⩽ (1 − ϵ)|B(y, ϵd(x, y))|. Thus, by (3.9), we have |B(x, (1 +
ϵ)d(x, y)) ∖ U1(F )| ⩾ |B(y, ϵd(x, y)) ∖ U1(F )| ⩾ ϵ|B(y, ϵd(x, y))| ⩾ 10−1ϵ3|B(x, (1 + ϵ)d(x, y))|.
By Definition 3.5, this implies LU1(F )

(
10−1ϵ3, x

)
⩾ d(x, y) ⩾ ρ. By Lemma 5.2, there exists a

full-measure subset D of {0, 1}X where ρ0(E, y, ϵ) < +∞ for each y ∈ X and each E ∈ D. Now
if D ∈ D, (5.6) holds due to Lemma 3.6, whose finiteness assumption follows immediately from
Definition 5.1.

Then by Definition 5.1 and (5.6), for each y ∈ X, each E ∈ D containing y, and each t >

ρ0(E, y, ϵ), we have y ∈ U ϵ,E,t2 (F ). Since for each ρ2 > 0, U ϵ,E,ρ22 (F ) =
⋂
t>ρ2

U ϵ,E,t2 (F ) by

Definition 3.1, we verify that y ∈ U ϵ,E,ρ22 (F ) for each y ∈ X, each E ∈ D containing y, and each
ρ2 ⩾ ρ0(E, y, ϵ). □

The following proposition is an immediate consequence of Lemmas 5.3 and 5.2.

Proposition 5.4. Suppose ϵ ∈ (0, 1/100) and D is a random subset of X. Define ρ0 :=

max{ρ0(D, e, ϵ), 2/ϵ}. Then almost surely e ∈ U
ϵ,D∪{e},ρ
3 (F ) for each flat F ∈ F and each

ρ ⩾ ρ0.

Proof. Suppose ρ ⩾ ρ0. Let F ′ be the set of flats that are the chosen transverse flats at e of flats
in F (see Subsection 4.1). Since there are only countably many flats in F ∪ F ′, by Lemma 4.4
we have F ∪ F ′ ⊆ F ′

ϵ,D,ρ ⊆ Fϵ,D,ρ almost surely. Then the proposition follows from the fact that

ρ0(D, e, ϵ) ⩾ ρ0(D ∪ {e}, e, ϵ), Lemmas 5.2, 5.3, Definition 4.2, and Remark 4.3. □

5.2. Induced map on the singular rays. Suppose κ > 1, C > 0, and ϵ ∈ (0, ϵ′) are constants,
where ϵ′ ∈ (0, 1/100) is the constant depending only on κ given in Proposition 4.5. Suppose D
is a random subset of X. We write ρ0 := max{ρ0(D, e, ϵ), 2/ϵ} for the remainder of the section,
where ρ0(D, e, ϵ) is the irregularity radius defined in Definition 5.1.

To utilize Proposition 5.4, we define a random subset D′ ⊆ X and a map ϕ′ : D′ → X for the
rest of this section. Define D′ := D ∪ {e}. Let x be some point in D closest to e. Suppose
ϕ ∈ QIEκ,C(D,X), define ϕ′ : D′ → X as an extension of ϕ by setting ϕ′(e) := ϕ(x). Then ϕ′ is a
(κ,C + d(x, e)κ)-quasi-isometric embedding from D′ to X.

Then by Propositions 4.5 and 5.4, almost surely there exists a singular geodesic ray L′ ema-

nating from ϕ′(e) such that ϕ̃′F,ϵ(L) ∼λ1ϵ,ϕ′(e),R0
L′ for each ρ ⩾ ρ0, each ϕ ∈ QIEκ,C(D,X), and

each pair (L,F ) ∈ Ũ . Moreover, the map ϕ0 : Ũ → ∂T1 ∪ ∂T2 (defined for almost every D) given
by (L,F ) 7→ L′ is independent of the choice of ρ ⩾ ρ0.
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The purpose of this subsection is to prove the following lemma:

Lemma 5.5. Suppose κ > 1 is a constant and D is a random subset of X. Then there exists a
constant ϵ′4 ∈ (0, 1/100) such that almost surely, for each C > 0, each ϵ ∈ (0, ϵ′4), each ρ ⩾ ρ0, and
each ϕ ∈ QIEκ,C(D,X), for the map ϕ0 : (L,F ) 7→ L′ defined above, we have ϕ0(L,F1) = ϕ0(L,F2)
if F1, F2 ∈ F are two flats both containing L.

Lemma 5.5 shows that the image L′ is independent of the choice of the flat F up to equivalence.
The proof of the lemma relies on negative curvature features of the space, in the current situation,
we would only need the simple geometric input from Fact A.5.

The following lemma gives a distance estimate between regularized grid maps on different flats,
which is used several times in the remaining proofs of this section:

Lemma 5.6. Suppose κ > 1, C > 0, ϵ ∈ (0, ϵ0), and ρ > 1/ϵ are constants, where ϵ0 ∈ (0, 1/100)
is the constant depending only on κ given in Proposition 3.3. Then there exists a constant C ′

ϵ > 0
such that if x ∈ X, D ⊆ X, ϕ ∈ QIEκ,C(D,X), F1, F2 ∈ F ′

ϵ,D,ρ are two flats containing x, and

x ∈ U ϵ,D,ρ2 (Fi) for each i ∈ {1, 2}, then for each y1 ∈ F1 and each y2 ∈ F2, we have

κ−1d(y1, y2)− 9κϵ(d(x, y1) + d(x, y2))− C ′
ϵ ⩽ d

(
ϕ̃1(y1), ϕ̃2(y2)

)
⩽ κd(y1, y2) + 9κϵ(d(x, y1) + d(x, y2)) + C ′

ϵ,

where ϕ̃i denotes the regularized grid map of ϕ on Fi from Proposition 3.3 for each i ∈ {1, 2}.

Proof. This proof is an extension of the fact that the regularized grid map is close to the original
map ϕ.

Let κ > 1, C > 0, ϵ ∈ (0, ϵ0), and ρ > 1/ϵ be constants. Suppose x ∈ X, D ⊆ X, ϕ ∈
QIEκ,C(D,X), and F1, F2 ∈ F ′

ϵ,D,ρ are two flats containing x such that x ∈ U ϵ,D,ρ2 (Fi) for each

i ∈ {1, 2}. Suppose y1 ∈ F1 and y2 ∈ F2. Then for each i ∈ {1, 2}, by (3.7) in Proposition 3.3 (iv),
there exists a point y′i ∈ U1(Fi) such that

d(yi, y
′
i) ⩽ ρ+ ϵd(yi, x). (5.7)

By Definition 3.2, there exists a point y′′i ∈ D ∩ Fi such that d(y′i, y
′′
i ) ⩽ 2nϵ and ϕ̃i(y

′
i) = ϕ(y′′i ).

Thus, by (5.7),

d(y′′1 , y
′′
2) ⩽ d(y′′1 , y

′
1) + d(y′′2 , y

′
2) + d(y′1, y1) + d(y′2, y2) + d(y1, y2)

⩽ 2ρ+ 4nϵ + ϵ(d(y1, x) + d(y2, x)) + d(y1, y2).
(5.8)

Thus, by (5.7), (5.8), and the property of ϕ̃i from Proposition 3.3 (iv), we have

d
(
ϕ̃1(y1), ϕ̃2(y2)

)
⩽ d

(
ϕ̃1(y1), ϕ(y

′′
1)
)
+ d

(
ϕ̃2(y2), ϕ(y

′′
2)
)
+ d(ϕ(y′′1), ϕ(y

′′
2))

⩽ 2κ(d(y1, y
′
1) + d(y2, y

′
2)) + 6κϵ(d(y1, x) + d(y2, x)) + 12κρ+ 5C + 16κnϵ + κd(y′′1 , y

′′
2)

⩽ 9κϵ(d(y1, x) + d(y2, x)) + κd(y1, y2) + C ′
ϵ,

where C ′
ϵ := 18κρ+ 20κnϵ + 5C depends only on κ, C, ϵ, and ρ. The other half of the inequality

can be obtained analogously from (5.7) and (5.8). □

Proof of Lemma 5.5. Let κ > 1, C > 0, and ϵ ∈ (0, ϵ′) be constants, where ϵ′ ∈ (0, 1/100) is
the constant depending only on κ given in Proposition 4.5. Let D be a random subset of X and
ϕ ∈ QIEκ,C(D,X).

Suppose L is a hyperplane passing through e, and F1, F2 are two flats in F both containing
L. Let ρ0 > 1/ϵ be the constant given in Proposition 5.4. Since ϕ0 is independent of the choice
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L′
1

L′
2

y1
ϕ̃′F1,ϵ

(x)

ϕ̃′F2,ϵ
(x)

Figure 5.1

of ρ ⩾ ρ0, we set ρ := ρ0. Without loss of generality we assume F ⊆ F ′
ϵ,D′,ρ. Let L′

1 and L′
2 be

the singular geodesic rays emanating from ϕ′(e) such that

ϕ̃′F1,ϵ(L) ∼λ1ϵ,ϕ′(e),R0
L′
1 and ϕ̃′F2,ϵ(L) ∼λ1ϵ,ϕ′(e),R0

L′
2 (5.9)

given by Proposition 4.5 with ϕ set to be ϕ′, respectively.
We now use distance estimates to show that L′

1 = L′
2, as shown in Figure 5.1. Write C ′ :=

C + κd(e,D). Let Rt ⩾ R0 be a constant whose exact choice will be determined later. Let y1 be
an arbitrary point in L′

1 with d(y1, ϕ
′(e)) ⩾ 2Rt. Let x be a point in L such that

d
(
ϕ̃′F1,ϵ(x), y1

)
⩽ λ1ϵd(y1, ϕ

′(e)) (5.10)

given by Proposition 4.5. We first show that for suitable choices of Rt and ϵ,

d(x, e) ⩽ 3κd(y1, ϕ
′(e)). (5.11)

We argue by contradiction and assume that d(x, e) > 3κd(y1, ϕ
′(e)). In the remainder of the proof,

we take ϵ ∈
(
0,min

{
ϵ′, 1/(10λ1), 1/

(
103κ2

)})
. Then since ϕ̃′F1,ϵ

is a (2κ, 6κϵ, 6κρ0+2C ′+8κnϵ)-
graded quasi-isometric embedding,

(1 + λ1ϵ)d(y1, ϕ
′(e)) ⩾ d(y1, ϕ

′(e)) + d
(
ϕ̃′F1,ϵ(x), y1

)
⩾ d

(
ϕ̃′F1,ϵ(x), ϕ

′(e)
)

⩾ d(x, e)/(2κ)− 6κϵd(x, e)− 6κρ0 − 2C ′ − 8κnϵ

> 1.2d(y1, ϕ
′(e))− 6κρ0 − 2C ′ − 8κnϵ,

which is a contradiction if Rt > 10(6κρ0 + 2C ′ + 8κnϵ). Thus for such Rt and ϵ, (5.11) holds.
By (5.11) and Lemma 5.6, we have

d
(
ϕ̃′F1,ϵ(x), ϕ̃

′
F2,ϵ(x)

)
⩽ 18κϵd(x, e) + C ′

ϵ < 100κ2ϵd(y1, ϕ
′(e)) + C ′

ϵ, (5.12)

where C ′
ϵ is the constant given in Lemma 5.6 with C set to be C ′.

Thus, if Rt > 2C ′
ϵ +R0 and ϵ ∈

(
0,min

{
ϵ′, 1/(10λ1), 1

/(
103κ2

)})
, by (5.10) and (5.12),

d
(
ϕ̃′F2,ϵ(x), ϕ

′(e)
)
⩾ d(y1, ϕ

′(e))− d
(
ϕ̃′F1,ϵ(x), y1

)
− d

(
ϕ̃′F1,ϵ(x), ϕ̃

′
F2,ϵ(x)

)
> Rt ⩾ R0

and analogously d
(
ϕ̃′F2,ϵ

(x), ϕ′(e)
)
⩽ 2d(y1, ϕ

′(e)). Hence by (5.9),

d
(
ϕ̃′F2,ϵ(x), L

′
2

)
⩽ λ1ϵd

(
ϕ̃′F2,ϵ(x), ϕ

′(e)
)
⩽ 2λ1ϵd(y1, ϕ

′(e)).

Combining these estimates, for Rt > 10(6κρ0 + 2C ′ + 8κnϵ) + 2C ′
ϵ + R0 and λ′1 := 100κ2 + 4λ1,

we have

d(y1, L
′
2) ⩽ d

(
ϕ̃′F2,ϵ(x), L

′
2

)
+ d

(
ϕ̃′F1,ϵ(x), ϕ̃

′
F2,ϵ(x)

)
+ d

(
ϕ̃′F1,ϵ(x), y1

)
< (λ′1 − λ1)ϵd(y1, ϕ

′(e)) + C ′
ϵ.

By an analogous argument applied to d(y2, L
′
1) for each y2 ∈ L′

2, we deduce L′
1 ∼λ′1ϵ

L′
2. Thus,

for ϵ ∈ (0, ϵ′4) with

ϵ′4 := min
{
ϵ′, 1/(10λ1), 1

/(
103κ2

)
, 1/λ′1

}
, (5.13)

L′
1 = L′

2 follows from Fact A.5. □
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Remark 5.7. By Lemma 5.5, we now view ϕ0 as a well-defined map from U to ∂T1 ∪ ∂T2 given
by ϕ0(L) = L′, where L′ is the equivalence class of singular geodesic rays given in Lemma 5.5.

5.3. Continuity of ϕ0. In this subsection, we verify the Hölder regularity of ϕ0 on U , construct
its extension ϕ0 to ∂T1 ∪ ∂T2, and prove that ϕ0 maps each ∂Ti into itself up to a permutation.

We first show that ϕ0 maps each ∂Ti ∩U into ∂Ti up to a permutation. It is based on the fact

that the regularized grid map ϕ̃F,ϵ sends chambers to chambers (cf. Proposition 4.11).

Lemma 5.8. Suppose κ > 1, C > 0, and ϵ ∈ (0,min{ϵ′2, ϵ′4}), where ϵ′2 ∈ (0, 1/100) is the con-
stant depending only on κ given in Proposition 4.11 and ϵ′4 ∈ (0, 1/100) is the constant depending
only on κ given in Lemma 5.5. Suppose D is a random subset of X. Then almost surely, for each
ϕ ∈ QIEκ,C(D,X), there exists a permutation σ ∈ {id, (1, 2)} such that ϕ0(∂Ti ∩ U) ⊆ ∂Tσ(i) for
each i ∈ {1, 2}. Here ϕ0 is the map on U defined above.

Proof. Let ϕ ∈ QIEκ,C(D,X) and ρ0 > 1/ϵ be the constant given in Proposition 5.4. Fix ρ ⩾ ρ0.
Without loss of generality we assume F ⊆ F ′

ϵ,D′,ρ.
Let L1 ∈ ∂T1 ∩U and L2 ∈ ∂T2 ∩U be two singular geodesic rays emanating from e and define

the chamber C := L1 × L2. By our choice of F , there exists a flat F ∈ F such that C ⊆ F .

Then by Proposition 5.4, almost surely e ∈ U ϵ,D
′,ρ

3 (F ). Thus, by Proposition 4.11, there exist a

chamber C′ = L′
1 × L′

2, a constant R′
2 > 0, and σ ∈ {id, (1, 2)} such that ϕ̃′F,ϵ(C) ∼λ1ϵ C

′ and

ϕ̃′F,ϵ(Li)∖B(ϕ′(e), R′
2) ⊆ L′

σ(i)[λ1ϵ]∖B(ϕ′(e), R′
2) (5.14)

for each i ∈ {1, 2}. Recall that ϕ̃′F,ϵ(Li) ∼λ1ϵ,ϕ′(e),R0
ϕ0(Li). By Definition 2.4, this implies

ϕ̃′F,ϵ(Li)∖B(ϕ′(e), R0) ⊆ ϕ0(Li)[λ1ϵ]∖B(ϕ′(e), R0). (5.15)

We argue by contradiction and assume that ϕ0(Li) ̸= L′
σ(i). Then since ϕ0(Li) and L′

σ(i) are

both singular geodesic rays, we have d
(
L′
σ(i) ∖B(ϕ′(e), R), ϕ0(Li)∖B(ϕ′(e), R)

)
⩾ R−

∣∣ϕ0(Li)∩
L′
σ(i)

∣∣ − 1 for each R > 0. Since 5λ1ϵ
′
4 < 1 (cf. (5.13)), this implies ϕ0(Li)[λ1ϵ] ∩ L′

σ(i)[λ1ϵ] is

bounded by direct calculation, which contradicts (5.14) and (5.15). Thus, we have ϕ0(Li) = L′
σ(i).

That is, for each pair of (L1, L2), we obtain a permutation σ ∈ {id, (1, 2)} such that ϕ0(Li) ∈
∂Tσ(i) for each i ∈ {1, 2}. Since ϕ0(Li) does not depend on the choice of the other factor L3−i,
the choice of σ does not depend on the pair (L1, L2). □

We assume σ = id in Lemma 5.8 for the remainder of the article. Recall that ϕ̃′F,ϵ(L) ∼λ1ϵ,ϕ′(e),R0

ϕ0(L) as given in Proposition 4.5. Using Lemma 5.6, we now reformulate this relation to verify
the bi-Hölder continuity of ϕ0, as stated in the following lemma.

Lemma 5.9 (Bi-Hölder continuity of ϕ0). Given κ > 1, there exist constants T > 1 and
ϵ4 ∈ (0, 1/100) such that if D is a random subset of X, then almost surely for each C > 0, each
ϵ ∈ (0, ϵ4), and each ϕ ∈ QIEκ,C(D,X), there exists a constant c > 0 such that if i ∈ {1, 2} and
L1, L2 ∈ U ∩ ∂Ti, then

c−1dei(L1, L2)
T ⩽ dπi(ϕ′(e))(ϕ0(L1), ϕ0(L2)) ⩽ cdei(L1, L2)

1/T . (5.16)

Here ϕ′ ∈ QIEκ,C+κd(e,D)(D
′,X) is the map defined at the beginning of Subsection 5.2, and the

metrics dei and dπi(ϕ′(e)) are defined in (5.1).

Proof. We only prove the statement for i = 1. Let C > 0 be a constant, λ1 > 0 be the constant
given in Proposition 4.5, and ϵ ∈ (0,min{ϵ′2, ϵ′4}) be a constant, where ϵ′2, ϵ

′
4 ∈ (0, 1/100) are

the constants depending only on κ from Proposition 4.11 and Lemma 5.5, respectively. Define
C ′ := C + κd(e,D). Let ρ0 > 1/ϵ and R0 > 0 be the constants given in Propositions 5.4 and 4.5,
respectively. Suppose ρ ⩾ ρ0. Then without loss of generality we assume F ⊆ F ′

ϵ,D′,ρ and

e ∈ U ϵ,D
′,ρ

3 (F ) for each F ∈ F .
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Let ϕ ∈ QIEκ,C(D,X) and ϕ0 be the map defined on U in Remark 5.7. Let L1 and L2 be
two singular geodesic rays in ∂T1. For each i ∈ {1, 2}, let L′

i be the singular geodesic ray (from
Proposition 4.5) emanating from ϕ′(e) = (e′1, e

′
2) such that

ϕ̃′F,ϵ(Li) ∼λ1ϵ,ϕ′(e),R0
L′
i. (5.17)

Recall that L′
1 and L′

2 are both geodesic rays in T1 (cf. Lemma 5.8).
We first consider the first inequality of (5.16). Let x0 ∈ T1 be the last common vertex of

L1 and L2 and write u0 = (x0, e2). Then d(u0, e) = d(x0, e1) = |L1 ∧ L2| − 1. Let L3 be an
arbitrary singular geodesic ray in U emanating from e2. Let F1 and F2 be flats in F containing

the chambers L1 ×L3 and L2 ×L3, respectively. Let ϕ̃1 and ϕ̃2 denote the regularized grid maps
of ϕ′ defined in Proposition 3.3 on flats F1 and F2, respectively. Then by Lemma 5.6 with C set
to be C ′, we have

d
(
ϕ̃1(u0), ϕ̃2(u0)

)
⩽ 18κϵd(u0, e) + C ′

ϵ. (5.18)

Write Rt := R0+4(6κρ+2C ′+8κnϵ). If d(u0, e) ⩾ 3κRt, since ϕ̃i is a (2κ, 6κϵ, 6κρ+2C ′+8κnϵ)-
graded quasi-isometric embedding and 180κ2ϵ′2 < 1 , we have

d
(
ϕ̃i(u0), ϕ

′(e)
)
⩾ d(u0, e)/(2κ)− 6κϵd(u0, e)− 6κρ− 2C ′ − 8κnϵ > R0

for each i ∈ {1, 2}. Thus by (5.17), Definition 2.4, and our assumption that d(u0, e) ⩾ 3κRt,
there exist (y1, e

′
2) ∈ L′

1 and (y2, e
′
2) ∈ L′

2 such that for each i ∈ {1, 2},

d
(
ϕ̃i(u0), (yi, e

′
2)
)
⩽ λ1ϵd

(
ϕ̃i(u0), ϕ

′(e)
)

⩽ λ1ϵ(2κd(u0, e) + 6κϵd(u0, e) + 6κρ+ 2C ′ + 8κnϵ) < 3λ1κϵd(u0, e).
(5.19)

Define y3 ∈ T1 to be the confluent of y1 and y2 with respect to e′1, that is, the last common
vertex on the geodesic segments [e′1, y1] and [e′1, y2]. Then by (5.19) and (5.18),

d(y1, y3) ⩽ d(y1, y2) ⩽ d
(
ϕ̃1(u0), (y1, e

′
2)
)
+ d

(
ϕ̃2(u0), (y2, e

′
2)
)
+ d

(
ϕ̃1(u0), ϕ̃2(u0)

)
⩽ 6λ1κϵd(u0, e) + 18κϵd(u0, e) + C ′

ϵ.
(5.20)

If ϵ < min
{
1/(36λ1κ), 1

/(
72κ2

)}
, by (5.19) and the assumption that d(u0, e) ⩾ 3κRt, we have

d
(
e′1, y1

)
⩾ d

(
ϕ̃1(u0), ϕ

′(e)
)
− d

(
ϕ̃1(u0),

(
y1, e

′
2)
)

⩾ d(u0, e)/(2κ)− 6κϵd(u0, e)− (6κρ+ 2C ′ + 8κnϵ)− 3λ1κϵd(u0, e)

⩾ d(u0, e)/(3κ)− 3λ1κϵd(u0, e) > d(u0, e)/(4κ).

(5.21)

Therefore, by (5.20) and (5.21), if d(u0, e) ⩾ 3κRt, we have

|L′
1 ∧ L′

2| = d(y3, e
′
1) + 1 ⩾ d(e′1, y1)− d(y1, y3) + 1 ⩾ (1/(4κ)− 6λ1κϵ− 18κϵ)d(u0, e)− C ′

ϵ + 1

⩾ (1/(4κ)− 6λ1κϵ− 18κϵ)|L1 ∧ L2| − C ′
ϵ. (5.22)

If d(u0, e) < 3κRt, then |L1 ∧ L2| = d(u0, e) + 1 < 3κRt + 1. Thus the right-hand side of (5.22)
is at most 3κRt + 1. So in both cases,

|L′
1 ∧ L′

2| = d(y3, e
′
1) + 1 ⩾ (1/(4κ)− 6λ1κϵ− 18κϵ)|L1 ∧ L2| − C ′

ϵ − 3κRt. (5.23)

For the other inequality of (5.16), we use an analogous argument. Let z0 ∈ T1 be the last com-
mon vertex of L′

1 and L
′
2 farthest from e′1 and write w0 := (z0, e

′
2). Then d(z0, e

′
1) = d(w0, ϕ

′(e)) =
|L′

1 ∧ L′
2| − 1.

We assume first that d (w0, ϕ
′(e)) > Rt. Then by (5.17) there exist points x1 ∈ L1 and x2 ∈ L2

such that

d
(
ϕ̃1(x1), w0

)
⩽ λ1ϵd(w0, ϕ

′(e)) and d
(
ϕ̃2(x2), w0

)
⩽ λ1ϵd(w0, ϕ

′(e)). (5.24)
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Suppose d(w0, ϕ
′(e)) ⩾ 3κd(xi, e) for some i ∈ {1, 2}. Then since ϕ̃i is a graded quasi-isometric

embedding, by (5.24) and the assumption that d (w0, ϕ
′(e)) > Rt, for ϵ < min{1/(20λ1), 1/60},

d
(
ϕ̃i(xi), ϕ

′(e)
)
⩽ 2κd(xi, e) + 6κϵd(xi, e) + 6κρ0 + 8κnϵ + 2C ′

⩽ 0.95d(w0, ϕ
′(e)) < d(w0, ϕ

′(e))− d
(
ϕ̃i(xi), w0

)
,

which is clearly a contradiction. This, together with a similar argument as that for (5.11), shows
that for each i ∈ {1, 2},

d(w0, ϕ
′(e))/(3κ) < d(xi, e) < 3κd(w0, ϕ

′(e)). (5.25)

By Lemma 5.6, (5.24), and (5.25), we have

d(x1, x2) ⩽ κ
(
d
(
ϕ̃1(x1), w0

)
+ d

(
ϕ̃2(x2), w0

))
+ 9κ2ϵ(d(x1, e) + d(x2, e)) + κC ′

ϵ

⩽
(
2λ1κ+ 100κ3

)
ϵd(w0, ϕ

′(e)) + κC ′
ϵ.

(5.26)

Combining (5.25) and (5.26) with the fact that 2|L1 ∧L2| ⩾ d(x1, e)+d(x2, e)−d(x1, x2), we use
a similar argument as that for (5.23) (with (5.25) and (5.26) replacing (5.20) and (5.19)) to get

|L1 ∧ L2| ⩾
(
1/(4κ)−

(
2λ1κ+ 100κ3

)
ϵ
)
|L′

1 ∧ L′
2| − κC ′

ϵ −Rt. (5.27)

Combining (5.23) and (5.27) with (5.1), we obtain the statement for

T := 8κ, ϵ4 := min
{
ϵ′, ϵ′4, ϵ

′
2, 1

/(
20λ1κ

2 + 104κ4
)}
, and c := (q + 1)κC

′
ϵ+3κRt . (5.28)

□

Since ∂Ti is closed for each i ∈ {1, 2} and U is dense in both ∂T1 and ∂T2, we immediately
deduce the following proposition.

Proposition 5.10. In the setting of Lemma 5.9, almost surely there exists a unique bi-Hölder
continuous map ϕ0 : ∂T1∪∂T2 → ∂T1∪∂T2 that is an extension of ϕ0 and maps each tree boundary
into a tree boundary.

Equivalently, we have defined a map X̂ → X̂ on the product boundary that sends (ξ, η) ∈ X̂ to
(ϕ0(ξ), ϕ0(η)). That is, we have obtained a boundary map that is Hölder continuous and factors

through the projections X̂ → ∂Ti.

Remark 5.11. In the setting of Lemma 5.9, suppose F and F ′ are two flats such that ϕ̃F,ϵ(F ) ⊆
B(F ′,∆1) (cf. Proposition 4.12), i ∈ {1, 2}, L ⊆ F is a hyperplane in Ti, and x ∈ U3(F ) ∩ L.
Let L′ be the hyperplane given in Proposition 4.5 such that ϕ̃F,ϵ(L) ∼λ1ϵ,ϕF,ϵ(x),R0

L′. Then

L′ ∖B(ϕF,ϵ(x), R0) ⊆ (B(F ′,∆1))[λ1ϵ]. Since ϵ < 1/(2λ1), this implies πi(F
′) = πi(L

′).

6. The pullback factor maps

Recall that without loss of generality, we assume that σ = id in the setting of Lemma 5.8, i.e.,
ϕ0 maps the boundary ∂Ti of each factor tree into itself.

In this section, we complete the proofs of Theorems A and B by constructing factor maps
which are pullback maps on the boundary of each tree.

We first fix a choice of the constant ∆1 given in Proposition 4.12. Given constants κ > 1,
C > 0, ϵ ∈ (0, ϵ4), and ρ > 1/ϵ, denote by S(κ,C, ϵ, ρ) the set of constants ∆1 > 0 satisfying
(4.44) given in Proposition 4.12 (see (5.28) for the fact ϵ4 ⩽ ϵ′2). Then for 1/ϵ < ρ1 < ρ2 we have
S(κ,C, ϵ, ρ2) ⊆ S(κ,C, ϵ, ρ1). Thus, for the rest of the article, we fix the choice of ∆1 to be

∆1 := inf{∆+ 1 : ∆ ∈ S(κ,C, ϵ, ρ)}. (6.1)

The choice of ∆1 fixed this way is nondecreasing with respect to ρ and thus measurable in ρ.
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6.1. Finding the factor maps. By Proposition 4.12, each flat is almost surely mapped near
another flat. This suggests that we may treat points in X as intersections of flats. We first prove
a geometric lemma.

Lemma 6.1. Suppose D is a random subset of X, κ > 1, C > 0, ϵ ∈ (0, ϵ4), and ρ > 1/ϵ are
constants, where ϵ4 ∈ (0, 1/100) is the constant depending only on κ given in Lemma 5.9. Let
∆1 > 0 be the constant fixed in (6.1). Then there exists a constant ∆2 > 0 such that the following
holds almost surely:

Suppose ϕ ∈ QIEκ,C(D,X), x ∈ D, and F1 and F2 are two flats with F1 ∩ F2 = {x} and
x ∈ U3(F1) ∩ U3(F2). For each i ∈ {1, 2}, let F ′

i be the flat given in Proposition 4.12 such that
ϕ(D ∩ U1(Fi)) ⊆ B(F ′

i ,∆1). Set Q := {y ∈ F ′
1 : d(y, F ′

2) = d(F ′
1, F

′
2)}. Then there exists a point

x′ ∈ Q such that

ϕ(x) ∈ B(F ′
1,∆1) ∩B(F ′

2,∆1) ⊆ B(Q, 2∆1) ⊆ B(x′,∆2). (6.2)

Proof. We first obtain an upper bound estimate for the size of Q.

Claim. There exists a constant ∆2 > 0 such that for each i ∈ {1, 2}, we have |πi(Q)| ⩽
∆2 − 2∆1.

If the claim is verified, By Lemma A.4 (ii),

B(F ′
1,∆1) ∩B(F ′

2,∆1) ⊆ B(Q, 2∆1).

By Lemma A.4 (i), Q is a polyhedron and Q = π1(Q) × π2(Q). Then for each x′ ∈ Q and each
i ∈ {1, 2}, πi(Q) ⊆ B(πi(x

′), |πi(Q)|). Thus, Q ⊆ B(x′,max{|π1(Q)|, |π2(Q)|}) and we verify
(6.2).

Proof of Claim. By Lemma A.4 (i), we only need to prove |πi(F ′
1)∩ πi(F ′

2)| ⩽ ∆2 − 2∆1. Now
fix a choice of i ∈ {1, 2}. For each j ∈ {1, 2}, let Lj ⊆ Fj be the hyperplane in Ti passing through
x, and L′

j be the hyperplane given in (4.6) in Proposition 4.5 such that

ϕ̃F,ϵ(Lj) ∼λ1ϵ,ϕ(x),R0
L′
j . (6.3)

Then by Propositions 4.5 and 5.10, we have π3−i(L
′
1) = π3−i(ϕ(x)) = π3−i(L

′
2) and thus

|L′
1 ∩ L′

2| = |πi(L′
1) ∩ πi(L′

2)|. (6.4)

Let z be a point in L′
1 ∩L′

2 and write Rt := R0 +4κ(6κρ+2C +8κnϵ). Suppose d(z, ϕ(x)) > Rt.
Then by (6.3) for each j ∈ {1, 2} there exists a point xj ∈ Lj such that

d
(
ϕ̃Fj ,ϵ(xj), z

)
⩽ λ1ϵd(z, ϕ(x)). (6.5)

Recall that ϕ̃Fj ,ϵ is a (2κ, 6κϵ, 6κρ + 2C + 8κnϵ)-graded quasi-isometric embedding. Since ϵ <

ϵ4 ⩽ 1
/(

20λ1κ
2 + 104κ4

)
(see (5.28)), we can use a similar argument as that for (5.25) to get

d(z, ϕ(x))/(3κ) < d(xj , x) < 3κd(z, ϕ(x)). (6.6)

Thus, since F1 ∩ F2 = {x}, we have

d(x1, x2) = d(x1, x) + d(x, x2) > 2d(z, ϕ(x))/(3κ). (6.7)

On the other hand, by Lemma 5.6, (6.5), (6.6), and ϵ < 1
/(

40λ1κ
2 + 104κ4

)
, we have

d(x1, x2) ⩽ κd
(
ϕ̃F1,ϵ(x1), ϕ̃F2,ϵ(x2)

)
+ 9κ2ϵ((d(x1, x) + d(x2, x)) + κC ′

ϵ

⩽
(
2κλ1 + 54κ3

)
ϵd(z, ϕ(x)) + κC ′

ϵ ⩽ d(z, ϕ(x))/(10κ) + κC ′
ϵ. (6.8)

By (6.7) and (6.8), for d(z, ϕ(x)) > Rt we have d(z, ϕ(x)) < 2κ2C ′
ϵ. Then for a general z′ ∈ L′

1∩L′
2,

we have d(z′, ϕ(x)) ⩽ max
{
2κ2C ′

ϵ, Rt
}
< 2κ2C ′

ϵ +Rt.
So by Remark 5.11 and (6.4), we have |πi(F ′

1) ∩ πi(F
′
2)| = |πi(L′

1) ∩ πi(L
′
2)| = |L′

1 ∩ L′
2| <

4κ2C ′
ϵ + 2Rt + 1. Thus, denoting

∆2 := 2∆1 + 4κ2C ′
ϵ + 2Rt + 1 = 2∆1 + 4κ2C ′

ϵ + 2(R0 + 4κ(6κρ+ 2C + 8κnϵ)) + 1, (6.9)
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we verify our claim. □

We now construct the factor maps of ϕ on the subset of D where ρ0(D,x, ϵ) is bounded
uniformly (cf. Definition 5.1). We first state a fact as a direct consequence of the definition of
ρ0(D,x, ϵ).

Fact 6.2. Suppose ϵ ∈ (0, 1) and R > 1/ϵ are constants. Let x be a point in X and fix i ∈ {0, 1}.
Suppose D1 and D2 are two subsets of X such that ρi(Dj , x, ϵ) ⩽ R for each j ∈ {1, 2} and
D1 ∩ B(x,R + 2nϵ) = D2 ∩ B(x,R + 2nϵ). By the definition of U0(F ) (cf. (3.3)), we have

U
ϵ,Dj

0 (F ) ∩ B(x,R) = U
ϵ,Dj∩B(x,R+2nϵ)
0 (F ) ∩ B(x,R) for each flat F containing x and each j ∈

{1, 2}. Thus by Definition 5.1, we obtain ρi(D1, x, ϵ) = ρi(D2, x, ϵ).

Definition 6.3. Suppose D ⊆ X, ϵ ∈ (0, 1), and ρ > 0. Define D′
ϵ,ρ := {x ∈ D : ρ0(D,x, ϵ) ⩽ ρ}

and D̂′
ϵ,ρ := {x ∈ D : ρ1(D,x, ϵ) ⩽ ρ}. We call the set D′

ϵ,ρ the regular-core of D with parameter
(ϵ, ρ).

Note that D̂′
ϵ,ρ ⊆ D′

ϵ,ρ by Definitions 5.1 and 3.5.

Suppose x ∈ X and D is a random subset of X. We verify that for each ϵ ∈ (0, 1) and each

ρ > 0, the events
{
x ∈ D′

ϵ,ρ

}
and

{
x ∈ D̂′

ϵ,ρ

}
have positive probability. Fix ϵ ∈ (0, 1). By (5.2)

in Lemma 5.2, there exists a constant ρ2 > 1/ϵ such that P(ρ1(D,x, ϵ) ⩽ ρ2) > 0. By Fact 6.2,
we know that conditional on ρ1(D,x, ϵ) ⩽ ρ2, if B(x, ρ2 + 2nϵ) ⊆ D, then ρ1(D,x, ϵ) = 0. Thus,
by the Fortuin–Kasteleyn–Ginibre inequality (see e.g., [Gri12, Chapter 2.2]), for each ρ > 0,

P
(
x ∈ D′

ϵ,ρ

)
⩾ P

(
x ∈ D̂′

ϵ,ρ

)
⩾ P(ρ1(D,x, ϵ) ⩽ ρ2, B(x, ρ2 + 2nϵ) ⊆ D)

⩾ P(ρ1(D,x, ϵ) ⩽ ρ2)P(B(x, ρ2 + 2nϵ) ⊆ D) > 0.
(6.10)

Based on the argument above, conditional on x ∈ D′
ϵ,ρ, almost surely we have that if F is a

flat containing x, then x ∈ U3(F ) by Lemma 5.3, Definitions 4.1, 4.2, and Proposition 3.3.

Let ϵ ∈ (0, 1) be a constant. For each ρ > 0, each D ⊆ X, and each ϕ ∈ QIE(D,X), define the
nonempty set Pϵ(ρ,D, ϕ) which consists of the pairs (ψ1, ψ2) of maps ψ1 : T1 → T1 and ψ2 : T2 →
T2 which satisfies that for each i ∈ {1, 2} and each zi ∈ πi

(
D′
ϵ,ρ

)
, there exists z ∈ D′

ϵ,ρ ∩ π−1
i (zi)

such that ψi(zi) = πi(ϕ(z)). The following corollary can be derived from Lemma 6.1.

Corollary 6.4. In the setting of Lemma 6.1, almost surely for each ϕ ∈ QIEκ,C(D,X), each pair
(ψ1, ψ2) ∈ Pϵ(ρ,D, ϕ), and each x = (x1, x2) ∈ D′

ϵ,ρ, we have

d((ψ1(x1), ψ2(x2)), ϕ(x)) ⩽ N. (6.11)

Here N := 6∆2, where ∆2 > 0 is the constant defined in (6.9).

Proof. Suppose ϕ is a (κ,C)-quasi-isometric embedding and (ψ1, ψ2) ∈ Pϵ(ρ,D, ϕ). By symmetry
it suffices to verify that d(ψ1(x1), π1(ϕ(x))) ⩽ 3∆2 for each x = (x1, x2) ∈ D′

ϵ,ρ. Since for each

x1 ∈ π1
(
D′
ϵ,ρ

)
, ψ1(x1) = π1(ϕ(x

′)) for some x′ = (x1, x
′
2) ∈ D′

ϵ,ρ, it suffices to prove that if
x = (x1, x2) and y = (x1, y2) are two points in D′

ϵ,ρ, then

d(π1(ϕ(x)), π1(ϕ(y))) ⩽ 3∆2.

Let L1 and L2 be two bi-infinite geodesics in T1 such that L1 ∩ L2 = {x1}. Let L3, L4, L5,
and L6 be bi-infinite geodesics in T2 such that L3 ∩ L4 = {x2} and L5 ∩ L6 = {y2}. Write
(F1, F2, F3, F4) := (L1 × L3, L2 × L4, L1 × L5, L2 × L6). For each i ∈ {1, 2, 3, 4}, let F ′

i be the
flat given in Proposition 4.12 such that ϕ(D ∩ U1(Fi)) ⊆ B(F ′

i ,∆1) and write L′
i := π1(F

′
i ) ⊆ T1.

Then since x ∈ U3(F1)∩U3(F2) and y ∈ U3(F3)∩U3(F4) almost surely, by applying Lemma 6.1
to (x, F1, F2) and (y, F3, F4), there exist x′1 ∈ F ′

1 and x′2 ∈ F ′
3 with d(x′1, F

′
2) = d(F ′

1, F
′
2) and

d(x′2, F
′
4) = d(F ′

3, F
′
4) such that

ϕ(x) ∈ B(x′1,∆2) and ϕ(y) ∈ B(x′2,∆2). (6.12)
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Then by Lemma A.4 (i), we have π1(x
′
1) ∈ {z ∈ L′

1 : d(z, L′
2) = d(L′

1, L
′
2)} and π1(x

′
2) ∈ {z ∈

L′
3 : d(z, L′

4) = d(L′
3, L

′
4)}. Note that by Proposition 5.10 and Remark 5.11, L′

i only depends on
π1(Fi). Thus, L

′
1 = L′

3 and L′
2 = L′

4. Then by Lemma A.4 (i) and (6.2), we have

π1(x
′
1) ∈ {z ∈ L′

1 : d(z, L
′
2) = d(L′

1, L
′
2)} = π1(Q) ⊆ B(π1(x

′
2),∆2)

for Q := {y ∈ F ′
1 : d(y, F ′

2) = d(F ′
1, F

′
2)}, and thus d(π1(x

′
1), π1(x

′
2)) ⩽ ∆2. Therefore, we have

d(π1(ϕ(x)), π1(ϕ(y)) ⩽ 3∆2 by (6.12). □

6.2. Properties of the factor maps. We now prove, based on Corollary 6.4, that ψ1 and ψ2

are indeed quasi-isometric embeddings for a suitable choice of ρ, as stated in Proposition 6.6.
The property is based on the following definition.

Definition 6.5. Let ϵ ∈ (0, 1) be a constant. Suppose D is a random subset of X and x ∈ X. By
Lemma 5.2 with β set to be 10−6ϵ8, the set Sϵ := {ρ > 0 : P(ρ1(D,x, ϵ) > ρ) < ϵ} is nonempty.
Let ρ′ϵ := infρ∈Sϵ ρ. Define ρϵ := max

{
ρ′ϵ + 1, 2/ϵ

}
.

Suppose D is a random subset of X. In the setting of Definition 6.5, consider D′
ϵ,ρ and D̂′

ϵ,ρ as
defined in Definition 6.3. Then by Definition 6.5 and the FKG inequality, for each ρ ⩾ ρϵ and
each y ∈ X, we have

P
(
y ∈ D′

ϵ,ρ

)
⩾ P

(
y ∈ D̂′

ϵ,ρ

)
= P(y ∈ D, ρ1(D,x, ϵ) ⩽ ρ)

⩾ P
(
y ∈ D

)
P(ρ1(D,x, ϵ) ⩽ ρ) ⩾ p(1− ϵ).

(6.13)

We now state the main result of this subsection.

Proposition 6.6. Suppose κ > 1, C > 0, and ϵ ∈ (0, ϵ4) are constants, where ϵ4 ∈ (0, 1/100) is
the constant given in Lemma 5.9. Suppose D is a random subset of X. Let ρϵ be the constant
defined in Definition 6.5. Then the following almost surely hold for each ϕ ∈ QIEκ,C(D,X):

(i) If (ψ1, ψ2) ∈ Pϵ(ρϵ, D, ϕ), then (ψ1, ψ2) ∈ Pϵ(ρ,D, ϕ) for each ρ ⩾ ρϵ.

(ii) Let Nϵ be the constant N in Corollary 6.4 with ρ set to be ρϵ. Then for all i ∈ {1, 2},
xi, yi ∈ Ti, and (ψ1, ψ2) ∈ Pϵ(ρϵ, D, ϕ), we have

κ−1d(xi, yi)− C − 2Nϵ ⩽ d(ψi(xi), ψi(yi)) ⩽ κd(xi, yi) + C + 2Nϵ. (6.14)

To prove Proposition 6.6, we first prove some properties of D′
ϵ,ρ.

Lemma 6.7. Suppose ϵ ∈ (0, 1), ρ > 1/ϵ, R1 > 0, and ζ ∈ (0, 1) are constants. Suppose D is
a random subset of X, Then there exists a constant R2 > R1 such that if R > R2, x, y ∈ X,
d(x, y) > R, and S ⊆ B(x,R1), then

P
(
y ∈ D′

ϵ,ρ

∣∣D ∩B(x,R1) = S
)
⩾ (1− ζ)P

(
y ∈ D′

ϵ,ρ

)
. (6.15)

Proof. Let A be the event {D ∩B(x,R1) = S}. We choose a constant Rζ > ρ such that

P(ρ0(D, y, ϵ) > Rζ) < ζP(A)(1− p) (6.16)

by (5.2) in Lemma 5.2. Define S :=
{
E ∩ B(y,Rζ + 2nϵ) : E ⊆ X, ρ0(E, y, ϵ) ⩽ Rζ , y /∈ E′

ϵ,ρ

}
.

Then by Fact 6.2, given E ⊆ X with ρ0(E, y, ϵ) ⩽ Rζ , we have that

y /∈ E′
ϵ,ρ if and only if E ∩B(y,Rζ + 2nϵ) ∈ S. (6.17)

Thus, by (6.17) and Definition 6.3, we deduce that

P(D ∩B(y,Rζ + 2nϵ) ∈ S)
= P(D ∩B(y,Rζ + 2nϵ) ∈ S, ρ0(D, y, ϵ) ⩽ Rζ) + P(D ∩B(y,Rζ + 2nϵ) ∈ S, ρ0(D, y, ϵ) > Rζ)

⩽ P
(
y /∈ D′

ϵ,ρ, ρ0(D, y, ϵ) ⩽ Rζ
)
+ P(ρ0(D, y, ϵ) > Rζ) = P

(
y /∈ D′

ϵ,ρ

)
. (6.18)
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If d(y, x) > Rζ +R1+2nϵ, we have that D∩B(x,R1) and D∩B(y,Rζ +2nϵ) are independent.
This implies that the events A and {D ∩B(y,Rζ + 2nϵ) ∈ S} are independent. Thus, by (6.17),
(6.16), (6.18), and the fact that P

(
y ∈ D′

ϵ,ρ

)
⩽ P(y ∈ D) ⩽ p, we have

P
(
y ∈ D′

ϵ,ρ,A
)
= P(A)− P

(
y /∈ D′

ϵ,ρ, A, ρ0(D, y, ϵ) ⩽ Rζ
)
− P

(
y /∈ D′

ϵ,ρ, A, ρ0(D, y, ϵ) > Rζ
)

⩾ P(A)− P(D ∩B(y,Rζ + 2nϵ) ∈ S, A)− P(ρ0(D, y, ϵ) > Rζ)

⩾ P(A)− P(D ∩B(y,Rζ + 2nϵ) ∈ S)P(A)− ζP(A)(1− p)

⩾ P(A)− P
(
y /∈ D′

ϵ,ρ

)
P(A)− ζP(A)(1− p) ⩾ (1− ζ)P

(
y ∈ D′

ϵ,ρ

)
P(A).

Therefore, (6.15) holds with R2 := Rζ +R1 + 2nϵ. □

Corollary 6.8. Suppose ϵ ∈ (0, 1/100) and ρ ⩾ ρϵ are constants, where ρϵ is the constant defined
in Definition 6.5. Suppose D is a random subset of X. Suppose x1 and x2 are two points in T1.
Then almost surely there exists a point y in T2 such that (x1, y) ∈ D′

ϵ,ρ and (x2, y) ∈ D′
ϵ,ρ. The

same statement holds for T2.

Proof. It suffices to prove the statement for distinct x1 and x2 in T1. Write Sy := {(x1, y), (x2, y)}
for each y ∈ T2. Let y0 be an arbitrary point in T2 and write u0 := (x1, y0) ∈ X.

Claim. There exists a sequence of points {yj}j∈N in T2 such that for each j ∈ N0,

P
(
Syj+1 ⊆ D′

ϵ,ρ

∣∣D ∈ Aj

)
⩾ p2(1− 6ϵ), (6.19)

where Aj :=
{
E ⊆ X : Syk ̸⊆ E′

ϵ,ρ for each k ∈ {0, 1, . . . , j}
}
. We note that since D′

ϵ,ρ ⊆ D,

P(D ∈ Aj) ⩾ P(Syk ̸⊆ D for each k ∈ {0, 1, . . . , j}) > 0. (6.20)

Proof of Claim. We verify the claim by giving a recursive construction of {yi}i∈N. Assume that
the points y0, y1, . . . , yj have been chosen for some j ∈ N0. Write dj := maxk∈{0, 1, ..., j} d(u0, (x2, yk)).
By (5.2) in Lemma 5.2 and (6.20), there exists a constant Rj > ρ+ dj such that

P(D ∈ Ej) ⩽ 2(j + 1)ζ−1
0 exp

(
−ζ0(Rj − dj)

2
)
< p2ϵP(D ∈ Aj), (6.21)

where Bj := B(u0, Rj + 2nϵ) and Ej := {E ⊆ X : ρ0(E, (xi, yk), ϵ) > Rj − dj for some i ∈
{1, 2} and some k ∈ {0, 1, . . . , j}}. Define Sj := {E ∩Bj : E ∈ Aj ∖ Ej}.

Then by Fact 6.2, given E ⊆ X with E /∈ Ej , we have that

E ∈ Aj if and only if E ∩Bj ∈ Sj . (6.22)

By separately considering the cases D ∈ Ej and D /∈ Ej , and by (6.22) and (6.21), we have

P(D ∩Bj ∈ Sj) ⩾ P(D ∈ Aj)− P(D ∈ Ej) ⩾ (1− ϵ)P(D ∈ Aj). (6.23)

By Lemma 6.7, there exists R′
j > Rj + 2nϵ such that for each w ∈ X with d(w, u0) > R′

j ,

P
(
w ∈ D′

ϵ,ρ

∣∣D ∩Bj ∈ Sj
)
⩾ (1− ϵ)P

(
w ∈ D′

ϵ,ρ

)
. (6.24)

Fix w ∈ X with d(w, u0) > R′
j > Rj + 2nϵ. Recall that P

(
w ∈ D′

ϵ,ρ

)
⩾ p(1− ϵ) by (6.13). Thus,

by (6.24) and the independence between the events {w ∈ D} and {D ∩Bj ∈ Sj}, we have

P(ρ0(D,w, ϵ) > ρ |w ∈ D, D ∩Bj ∈ Sj) = 1−
P
(
w ∈ D′

ϵ,ρ, D ∩Bj ∈ Sj
)

P(w ∈ D, D ∩Bj ∈ Sj)

⩽ 1−
(1− ϵ)P

(
w ∈ D′

ϵ,ρ

)
P(D ∩Bj ∈ Sj)

P(w ∈ D)P(D ∩Bj ∈ Sj)
⩽ 1− p(1− ϵ)2

p
⩽ 2ϵ. (6.25)

Since d(w, u0) > Rj + 2nϵ, we have w /∈ Bj . Thus, by (6.25),

P(ρ0(D ∪ {w}, w, ϵ) > ρ |D ∩Bj ∈ Sj) = P(ρ0(D,w, ϵ) > ρ |w ∈ D, D ∩Bj ∈ Sj) ⩽ 2ϵ. (6.26)
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Choose yj+1 ∈ T2 so that d(yj+1, y0) > R′
j . Let C1 and C2 be the events {ρ0(D, (x1, yj+1), ϵ) >

ρ} and {ρ0(D, (x2, yj+1), ϵ) > ρ}. Thus, as in (6.26), we similarly have that for each i ∈ {1, 2},
P
(
Ci

∣∣Syj+1 ⊆ D, D ∩Bj ∈ Sj
)
= P

(
ρ0
(
D ∪ Syj+1 , (xi, yj+1), ϵ

)
> ρ

∣∣D ∩Bj ∈ Sj
)
. (6.27)

By the independence between
{
Syj+1 ⊆ D

}
and {D ∩Bj ∈ Sj}, (6.27), and (6.26), we have

P
(
Syj+1 ⊆ D′

ϵ,ρ

∣∣D ∩Bj ∈ Sj
)

= P
(
Syj+1 ⊆ D

∣∣D ∩Bj ∈ Sj
)(
1− P

(
C1 ∪ C2

∣∣Syj+1 ⊆ D, D ∩Bj ∈ Sj
))

⩾ P
(
Syj+1 ⊆ D

)(
1−

2∑
i=1

P
(
Ci

∣∣Syj+1 ⊆ D, D ∩Bj ∈ Sj
))

= p2
(
1−

2∑
i=1

P
(
ρ0
(
D ∪ Syj+1 , (xi, yj+1), ϵ

)
> ρ

∣∣D ∩Bj ∈ Sj
))

⩾ p2(1− 4ϵ),

(6.28)

where the last inequality utilizes the monotonicity of ρ0 and (6.26). By (6.22), (6.23), (6.28), and
(6.21),

P
(
Syj+1 ⊆ D′

ϵ,ρ, D ∈ Aj

)
⩾ P

(
Syj+1 ⊆ D′

ϵ,ρ, D ∩Bj ∈ Sj , D /∈ Ej
)

⩾ P(D ∩Bj ∈ Sj)P
(
Syj+1 ⊆ D′

ϵ,ρ

∣∣D ∩Bj ∈ Sj
)
− P(D ∈ Ej)

⩾ (1− ϵ)P(D ∈ Aj)p
2(1− 4ϵ)− P(D ∈ Ej) ⩾ p2(1− 6ϵ)P(D ∈ Aj).

This verifies (6.19), and consequently the claim follows. Then limi→+∞ P
(⋃i

j=0

{
Syj ⊆ D′

ϵ,ρ

})
=

1− P(D ∈ A0)
∏+∞
j=0 P

(
Syj+1 ̸⊆ D′

ϵ,ρ

∣∣D ∈ Aj

)
= 1. □

Corollary 6.9. In the setting of Corollary 6.8, almost surely πi
(
D′
ϵ,ρ

)
= Ti for each i ∈ {1, 2}.

Proof. By Corollary 6.8, for each i ∈ {1, 2} and each xi in Ti, there exists a full-measure subset
Dxi ⊆ {0, 1}X such that if E ∈ Dxi , then xi ∈ πi

(
E′
ϵ,ρ

)
. Thus, D :=

⋂
i∈{1, 2}

(⋂
xi∈Ti Dxi

)
has full

measure. Therefore, for each E ∈ D and each i ∈ {1, 2}, πi
(
E′
ϵ,ρ

)
= Ti. □

Now we are ready to prove Proposition 6.6.

Proof of Proposition 6.6. Statement (i) follows from Corollary 6.9 and the fact that D′
ϵ,ρϵ ⊆

D′
ϵ,ρ for each ρ ⩾ ρϵ.
To prove statement (ii), let x1, y1 ∈ T1 be distinct points in T1. By Corollary 6.8, almost

surely there exists a point z ∈ T2 such that x := (x1, z) and y := (y1, z) are both in D′
ϵ,ρϵ . Then

by Corollary 6.4, almost surely we have

d((ψ1(x1), ψ2(z)), ϕ(x)) ⩽ Nϵ and d((ψ1(y1), ψ2(z)), ϕ(y)) ⩽ Nϵ.

Since κ−1d(x, y) − C ⩽ d(ϕ(x), ϕ(y)) ⩽ κd(x, y) + C, we conclude our proof for i = 1 by the
triangle inequality. The proof for i = 2 is the same. □

6.3. Rigidity of the QI embedding ϕ. In this subsection, we finish the proofs of Theorems A
and B.

Proof of Theorem B. Fix ϵ := ϵ4/2, where ϵ4 is the constant in Lemma 5.9. Let ρϵ be the
constant in Definition 6.5. For each ρ ⩾ ρϵ, denote N(ρ) to be the constant N in Corollary 6.4
with respect to ρ. Denote ⌈ρ⌉ := min{n ∈ Z : n ⩾ ρ}, and let D(ρ) be the set of E ⊆ X
with the property that for each ϕ ∈ QIEκ,C(E,X), if (ψ1, ψ2) ∈ Pϵ(ρϵ, E, ϕ), then for each
z = (z1, z2) ∈ E′

ϵ,ρ, we have d((ψ1(z1), ψ2(z2)), ϕ(z)) ⩽ N(⌈ρ⌉).
By Proposition 6.6 (i) and Corollary 6.4, D(ρ) has full measure for each ρ ⩾ ρϵ. Define

E :=
⋂
ρ⩾ρϵ D(ρ). Note that for each pair (ρ1, ρ2) of constants with ρ1 > ρ2 ⩾ ρϵ and ⌈ρ1⌉ = ⌈ρ2⌉,

we have D(ρ1) ⊆ D(ρ2). Then E =
⋂
ρ⩾ρϵ D(ρ) =

⋂
k⩾ρϵ,k∈ZD(k). Thus, E has full measure.
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We define R(D,x) for each x ∈ X and each D ⊆ X as follows. Set ρ̃ := max{ρϵ, ρ0(D,x, ϵ)},
and define

R(D,x) := N(ρ̃+ 1) = 6∆2(ρ̃+ 1), (6.29)

where ∆2(ρ̃+1) is the constant ∆2 in Lemma 6.1 with ρ set to be ρ̃+1 (see (6.9)), and N(ρ̃+1) =
6∆2(ρ̃+ 1) follows from Corollary 6.4. It follows from Lemma 5.3 that R(D,x) is almost surely
finite for each x ∈ X.

By Definition 6.3, we have x ∈ D′
ϵ,ρ̃. Then d((ψ1(x1), ψ2(x2)), ϕ(x)) ⩽ N(⌈ρ̃⌉) ⩽ N(ρ̃ + 1) =

R(D,x) by our definition of E . Thus, the third statement follows from Proposition 6.6 (ii) and
the fact that E has full measure.

By Lemma 5.2, for each x ∈ X, the map E 7→ ρ0(E, x, ϵ) is measurable. By Definitions 5.1
and 3.5, ρ0(E, x, ϵ) is translation invariant, and for each x ∈ X, ρ0(E, x, ϵ) is nonincreasing with
respect to E. Then the measurability, the translation invariance, and the monotonicity follow
from (6.29) and (6.9). □

Next we verify that points in X are close to D′
ϵ,ρ, which implies Theorem A, as precisely stated

in the following lemma.

Lemma 6.10. Let D be a random subset of X. Suppose e ∈ X, ϵ ∈ (0, 1) and ρ ⩾ ρϵ are
constants, where ρϵ is the constant defined in Definition 6.5. Then almost surely there exists a
constant Re > 0 such that for each x ∈ X with d(x, e) ⩾ Re, we have B(x, ϵd(e, x)) ∩D′

ϵ,ρ ̸= ∅.

We first state a fact on the cardinality of certain maximal subsets.

Fact 6.11. Suppose t > 0 and x = (x1, x2) ∈ X. Then for the balls B(x1, t) in T1, B(x2, t) in
T2, and B(x, t) in X, we have qt−1 ⩽ |B(x1, t)| = |B(x2, t)| ⩽ qt+1 and qt−1 ⩽ |B(x, t)| ⩽ q2t+2.
Moreover, suppose A ⊆ X and S is a maximal subset of A with pairwise distance at least t. Then
A ⊆ B(S, t) by maximality. Thus |S| ⩾ |A|/|B(x, t)|.

Proof of Lemma 6.10. Let D be a random subset of X. Suppose x ∈ X and r > 20nϵ. Let
Sx,r be a maximal subset of B(x, r) with pairwise distances at least 0.4r and Ax,r be the event
{ρ0(D, z, ϵ) ⩽ 0.1r for each z ∈ Sx,r}. Then we have |Sx,r| ⩾ q0.2r−3 by Fact 6.11 and P(Ax,r) > 0
by the FKG inequality and (6.10). By Fact 6.2, for each y ∈ Sx,r, conditional on Ax,r, the event{
y ∈ D′

ϵ,ρ

}
is independent of D ∖ B(y, 0.1r + 2nϵ). Thus, conditional on Ax,r, since r > 20nϵ,

the events
{
y ∈ D′

ϵ,ρ

}
, y ∈ Sx,r are independent. Then

P
(
B(x, r) ∩D′

ϵ,ρ = ∅
∣∣Ax,r

)
⩽ P

(
Sx,r ∩D′

ϵ,ρ = ∅
∣∣Ax,r

)
=

∏
y∈Sx,r

P
(
y /∈ D′

ϵ,ρ

∣∣Ax,r

)
Combining this with the FKG inequality and (6.13), we have

P
(
B(x, r) ∩D′

ϵ,ρ = ∅
∣∣Ax,r

)
⩽

∏
y∈Sx,r

P
(
y /∈ D′

ϵ,ρ

)
⩽ (1− p+ pϵ)|Sx,r| ⩽ (1− p+ pϵ)q

0.2r−3
. (6.30)

We then estimate the probability of Ax,r. By Lemma 5.2, there exists ζ > 0 such that for each
z ∈ Sx,r, P(ρ0(D, z, ϵ) > 0.1r) < ζ−1 exp

(
−10−2ζr2

)
. Thus, since |Sx,r| ⩽ q2r+2 by Fact 6.11,

P(Ac
x,r) < |Sx,r|ζ−1 exp

(
−10−2ζr2

)
⩽ q2r+2ζ−1 exp

(
−10−2ζr2

)
. (6.31)

By separately considering Ax,r and Ac
x,r, and also by (6.30), (6.31), and the fact that |{y ∈ X :

d(y, e) = R}| ⩽ q2R+2 for each R > 0 (cf. Fact 6.11), we have∑
R>0:R2∈Z

∑
y∈X:d(y,e)=R

P
(
B(y, ϵd(e, y)) ∩D′

ϵ,ρ = ∅
)

⩽
∑

R>0:R2∈Z

∑
y∈X:d(y,e)=R

(
P
(
B(y, ϵd(e, y)) ∩D′

ϵ,ρ = ∅
∣∣Ay,ϵR

)
+ P

(
Ac
y,ϵR

))
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⩽
∑

R>20ϵ−1nϵ:R2∈Z

q2R+2
(
(1− p+ pϵ)q

0.2ϵR−3
+ q2ϵR+2ζ−1 exp

(
−10−2ζϵ2R2

))
+K < +∞,

where K :=
∑

0<R⩽20ϵ−1nϵ:R2∈Z
∑

y∈X:d(y,e)=R
(
P
(
B(y, ϵd(e, y)) ∩ D′

ϵ,ρ = ∅
∣∣Ay,ϵR

)
+ P

(
Ac
y,ϵR

))
.

Then we conclude our proof by the Borel–Cantelli lemma. □

Now Theorem A follows from Corollary 6.4, Proposition 6.6, and Lemma 6.10.

Proof of Theorem A. Let κ > 1, C > 0, and ϵ ∈ (0, ϵ4) be constants, where ϵ4 ∈ (0, 1/100) is
the constant depending only on κ given in Lemma 5.9. Let D be a random subset of X. Fix e ∈ X.
Let ρϵ, Nϵ, and Re be the constants from Definition 6.5, Proposition 6.6 (ii), and Lemma 6.10.
Suppose ϕ ∈ QIEκ,C(D,X) and (ψ1, ψ2) ∈ Pϵ(ρϵ, D, ϕ).

Suppose x = (x1, x2) ∈ D. Then there exists a point z ∈ X with d(z, x) ⩽ Re + 1 and
d(z, e) > Re. By Lemma 6.10, almost surely there exists a point y = (y1, y2) ∈ D′

ϵ,ρϵ such that
d(y, z) ⩽ ϵd(z, e). Hence

d(x, y) ⩽ d(x, z) + d(y, z) ⩽ Re + 1 + ϵ(Re + 1 + d(x, e)) < 2Re + 2 + ϵd(x, e). (6.32)

Thus, since ϕ is a (κ,C)-quasi-isometric embedding, almost surely we have

d(π1(ϕ(x)), π1(ϕ(y))) ⩽ κd(x, y) + C < κϵd(x, e) + κ(2Re + 2) + C. (6.33)

By Corollary 6.4 and Proposition 6.6 (ii), almost surely we have d(π1(ϕ(y)), ψ1(y1)) ⩽ Nϵ and
d(ψ1(y1), ψ1(x1)) ⩽ κd(x, y) + C + 2Nϵ. Thus, by (6.33) and (6.32), almost surely

d(π1(ϕ(x)), ψ1(x1)) ⩽ d(π1(ϕ(x)), π1(ϕ(y))) + d(π1(ϕ(y)), ψ1(y1)) + d(ψ1(y1), ψ1(x1))

⩽ 2κϵd(x, e) + 2κ(2Re + 2) + 2C + 3Nϵ.

By symmetry, therefore, almost surely

d(ϕ(x1, x2), (ψ1(x1), ψ2(x2))) ⩽ 8κRe + 4C + 6Nϵ + 8κ+ 4κϵd(x, e). (6.34)

Let Ee be the full measure subset of {0, 1}X of E ⊆ X with the property that (6.34) holds for all
ϵ ∈ (0, ϵ4) ∩Q. Then (1.1) holds for each E ∈ Ee and each ϵ ∈ (0, 1). □

Remark 6.12. Let κ > 1, C > 0 be constants, and D be a random subset of X. Let ρϵ be the
constant defined in Definition 6.5. Then the proofs of Theorems A and B show that almost surely
for each ϕ ∈ QIEκ,C(D,X), if (ψ1, ψ2) ∈ Pϵ(ρϵ, D, ϕ), then (ψ1, ψ2) satisfies (1.1) in Theorem A
and (1.2) in Theorem B for corresponding D and ϕ.

7. Nonexistence of QI embeddings between independent samples

Now we conclude the proof of Theorems C and D based on the preceding results.
For each D ⊆ X, recall that ρ0(D,x, ϵ) and ρ1(D,x, ϵ) are defined in Definition 5.1 which char-

acterize the irregularity of D seen from x. The field R(D,x) in Theorem B is mainly determined
by ρ0(D,x, ϵ). In this section, we focus our attention on the properties of D′

ϵ,ρ = {x ∈ D :

ρ0(D,x, ϵ) ⩽ ρ} and D̂′
ϵ,ρ = {x ∈ D : ρ1(D,x, ϵ) ⩽ ρ} (see Definition 6.3). These sets consist

of the points in D where regularity is observed. We first prove a probabilistic estimate on the

cardinality of D′
ϵ,ρ and D̂′

ϵ,ρ used in the proof of Theorems C and D.
In the remainder of this section, we use Bi( · , · ) to denote balls in Ti for each i ∈ {1, 2}.

Lemma 7.1. Suppose κ > 1, C > 0, ϵ ∈ (0, 1), and ρ ⩾ ρϵ are constants, where ρϵ is given in
Definition 6.5. Let D be a random subset of X. Then for each pair of constants R1 > r > 0 and
each ξ ∈ (0, 1), there exists a constant R2 > 0 such that if x = (x1, x2) ∈ X, R ⩾ R2, and I is
a maximal subset of either B1(x1, R1) × B2(x2, R) or B1(x1, R) × B2(x2, R1) such that distinct
points in I have pairwise distance at least r, then

P
(∣∣I ∩D′

ϵ,ρ

∣∣ ⩾ p(1− 2ϵ)|I|
)
⩾ 1− ξ and P

(∣∣I ∩ D̂′
ϵ,ρ

∣∣ ⩾ p(1− 2ϵ)|I|
)
⩾ 1− ξ.
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Proof. Recall that D̂′
ϵ,ρ ⊆ D′

ϵ,ρ (see Definition 6.3). Then it suffices to prove the lemma for D̂′
ϵ,ρ

and I ⊆ B1(x1, R1) × B2(x2, R), and we perform a variance estimate. Let R1 > r > 0 and
ξ ∈ (0, 1) be constants. For each x ∈ X, define a random variable ax := 1{x∈D̂′

ϵ,ρ}
as the indicator

of the event
{
x ∈ D̂′

ϵ,ρ

}
. Write p1 := P(ax = 1). By the transition invariance of ρ1(D,x, ϵ), p1 is

independent of the choice of x ∈ X, and by (6.13), we have p1 ⩾ p(1− ϵ).
For each pair of points x, y ∈ X, let Bxy be the event {max{ρ1(D,x, ϵ), ρ1(D, y, ϵ)} ⩽ d(x, y)/2}

and write pxy := P(Bxy). Then by Fact 6.2, if x and y satisfy d(x, y) > 2ρ+4nϵ, then conditional
on Bxy, ax and ay are independent. We then have by direct computation that E[(ax−p1/pxy)(ay−
p1/pxy) | Bxy] = 0. Thus, by separately considering Bxy and Bcxy, we have

|Cov(ax, ay)| ⩽ E[(ax − p1)(ay − p1) | Bxy] + (1− pxy) = (p1/pxy − p1)
2 + (1− pxy). (7.1)

By (5.2) in Lemma 5.2, we have pxy > 1 − 2ζ−1e−ζd(x,y)
2/4 for some constant ζ > 0. Then for

each ξ ∈ (0, 1), there exists a constant N1 > 0 such that for each pair of points x, y ∈ X with
d(x, y) ⩾ N1, we have |Cov(ax, ay)| < 2−1ξϵ2p2. Then by Fact 6.11, we now have

E
[(∣∣I ∩ D̂′

ϵ,ρ

∣∣− E
[∣∣I ∩ D̂′

ϵ,ρ

∣∣])2]
=

∑
x,y∈I,d(x,y)⩽N1

E[(ax − p1)(ay − p1)] +
∑

x,y∈I,d(x,y)>N1

E[(ax − p1)(ay − p1)]

⩽ |I|q2N1+3 + |I|22−1ξϵ2p2.

By Fact 6.11 and our hypothesis on I, we have |I| ⩾ qR1+R−2r−4. Thus, E
[(∣∣I ∩ D̂′

ϵ,ρ

∣∣ − E
(∣∣I ∩

D̂′
ϵ,ρ

∣∣))2] ⩽ ξϵ2p2|I|2 for sufficiently large R2. Then since E
(∣∣I ∩ D̂′

ϵ,ρ

∣∣) = p1|I| ⩾ p(1− ϵ)|I|, by
Chebyshev’s inequality (see e.g. [Dur19, Theorem 1.6.4]), we have

P
(∣∣I ∩ D̂′

ϵ,ρ

∣∣ < p(1− 2ϵ)|I|
)
⩽ (ϵp|I|)−2E

[(∣∣I ∩ D̂′
ϵ,ρ

∣∣− E
[∣∣I ∩ D̂′

ϵ,ρ

∣∣])2] ⩽ ξ. □

Next we prove the statement of Theorem C. The heuristic is that the splitting structure of ϕ
given in Theorem B preserves the product structure of X. For a given finite area A := B1(x1, R1)×
B2(x2, R2), there are not so many choices for ϕ|A’s when ϕ varies in QIE(D1,X), compared with
the probability of {ϕ(D1 ∩A) ⊆ D2}, whose decay rate is exponential with respect to |A|. Then
the Borel–Cantelli lemma allows to conclude nonexistence of QI embedding almost surely.

Proof of Theorem C. By Proposition 5.10, every ϕ ∈ QIE(D1,X) either preserves the bound-
ary of each factor tree or exchanges them. By symmetry, we assume that ϕ preserves the boundary
of each factor tree.

Let κ > 1, C > 0, ϵ ∈ (0, ϵ4), and ρ > ρϵ be constants, where ϵ4 and ρϵ are the constants given
in Lemma 5.9 and Definition 6.5, respectively. Let Nϵ be the constant given in Proposition 6.6.
Let D1 and D2 be independent random subsets of X, and write D′

1 := (D1)
′
ϵ,ρ. Consider a point

x = (x1, x2) ∈ D′
1. For each y = (y1, y2) ∈ X, let M(y) be the set of maps ϕ : D1 → X with

ϕ(x) = y. Since QIEκ,C(D1,X) ⊆
⋃
y∈XM(y), and X is a countable set, to prove Theorem C, it

suffices to verify that for each y = (y1, y2) ∈ X,

P(QIEκ,C(D1, D2) ∩M(y) = ∅) = 1.

Fix y = (y1, y2) ∈ X. Let R2 > R1 > 12κNϵ + 4κC + 2 be two constants whose exact choices

are to be determined later. Write r := 12κNϵ + 4κC + 2. Define D̃2 := B(D2, Nϵ). Consider a
large fixed area A := B1(x1, R1)×B2(x2, R2) ⊆ X. We will estimate the probability of the event
that there exists ϕ ∈ QIEκ,C(D1,X) ∩M(y) such that ϕ(A ∩D′

1) ⊆ D2.
Let S be the set of pairs (φ1, φ2) of maps satisfying the following properties:

(i) φi : Ti → Ti is a (κ,C + 2Nϵ)-quasi-isometric embedding for each i ∈ {1, 2}.
(ii) d(φi(xi), yi) ⩽ Nϵ for each i ∈ {1, 2}.
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Suppose ϕ ∈ QIEκ,C(D1,X) ∩ M(y). By Corollary 6.4 and Proposition 6.6 (ii), if (ψ1, ψ2) ∈
Pϵ(ρϵ, D1, ϕ), then almost surely (ψ1, ψ2) ∈ S.

Suppose (φ1, φ2) ∈ S and G ⊆ X. Let I be a maximal subset of A such that distinct points
in I have pairwise distances at least r. Then by property (i) of φ1 and φ2, the map φ1 × φ2 is
a (2κ, 2C + 4Nϵ)-quasi-isomeric embedding, and then it is injective on I and distinct points in
(φ1 × φ2)

(
G′
ϵ,ρϵ ∩ I

)
have distance no less than r(2κ)−1 − 2C − 4Nϵ > 2Nϵ. Thus, the events of

the inclusion in D̃2 of each individual point in (φ1 ×φ2)
(
G′
ϵ,ρϵ ∩ I

)
are independent. Then, since

P
(
z ∈ D̃2

)
⩽ p2 := 1− (1− p)q

2Nϵ+2
for each point z ∈ X (cf. Fact 6.11), we have

P
(
(φ1 × φ2)

(
G′
ϵ,ρϵ ∩A

)
⊆ D̃2

)
⩽ P

(
(φ1 × φ2)

(
G′
ϵ,ρϵ ∩ I

)
⊆ D̃2

)
⩽ p

|G′
ϵ,ρϵ

∩I|
2 . (7.2)

Let E denote the event that |I ∩D′
1| ⩾ p(1− 2ϵ)|I|. By Lemma 7.1, if R2 > 0 is sufficiently larger

than R1, then

P(E) ⩾ 1− ϵ. (7.3)

On the other hand, we estimate the cardinality of the set Φ := {(φ1×φ2)|A : (φ1, φ2) ∈ S}. We
only need to count the possible choices of φi(zi) for each i ∈ {1, 2} and each zi ∈ Bi(xi, Ri) when
(φ1, φ2) ∈ S. By property (ii) and Fact 6.11, there are at most qNϵ+1 < qκ+C+2Nϵ+1 choices of
φi(xi). Since φi ∈ QIEκ,C+2Nϵ

(Ti, Ti), it maps neighboring points to points with distance at most

κ+ C + 2Nϵ. Then the image of each point in B(xi, Ri) under φi has no more than qκ+C+2Nϵ+1

choices if the image of one of its neighbors has been determined. Then by Fact 6.11, there are

at most q(κ+C+2Nϵ+1)qRi+1
choices of the map φi|Bi(xi,Ri). Thus, the cardinality of Φ is at most

M := q(κ+C+2Nϵ+1)(qR1+1+qR2+1). Moreover, by Fact 6.11, |I| ⩾ ξqR1+R2−2 for ξ := q−2r−2. Then
by Corollary 6.4, Proposition 6.6 (ii), (7.2), and (7.3), we have

P(QIEκ,C(D1, D2) ∩M(y) ̸= ∅) ⩽ P(∃ϕ ∈ QIEκ,C(D1,X) ∩M(y) such that ϕ(A ∩D′
1) ⊆ D2)

⩽ P(Ec) + P
(
∃ϕ ∈ QIEκ,C(D1,X) ∩M(y) such that ϕ(A ∩D′

1) ⊆ D2

∣∣ E )
⩽ P(Ec) + P

(
∃(φ1, φ2) ∈ S, (φ1 × φ2)(D

′
1 ∩A) ⊆ D̃2

∣∣ E )
⩽ P(Ec) +M max

{
P
(
(φ1 × φ2)(D

′
1 ∩A) ⊆ D̃2

∣∣ E) : (φ1, φ2) ∈ S
}

⩽ ϵ+Mp
p(1−2ϵ)|I|
2 ⩽ ϵ+ q(κ+C+2Nϵ+1)(qR1+1+qR2+1)p

p(1−2ϵ)ξqR1+R2−2

2 ⩽ 2ϵ,

where the last inequality holds for sufficiently large R2 and R1. Since the choice of ϵ ∈ (0, ϵ4) is
arbitrary, QIEκ,C(D1, D2) is empty almost surely. □

We now prove Theorem D on the structure of self QI embeddings. The proof differs from that
of Theorem C in the sense that for a self QI embedding f : D → D, we no longer have the
independence between two samples D1 and D2. Instead, we utilize our definition of R(D,x) to
obtain a similar probabilistic estimate when d(x, ϕ(x)) is large.

Proof of Theorem D. For simplicity of exposition, we assume that the map ϕ does not inter-
change the two factor trees in Theorem B (iii). The proof for the other half is analogous.

Let κ > 1, C > 0, ϵ := ϵ4/2, ρ := ρϵ, and N := Nϵ be constants, where ϵ4 is the constant
depending only on κ in Lemma 5.9, and ρϵ and Nϵ are from Definition 6.5 and Proposition 6.6 (ii).
For each x = (x1, x2) ∈ X and each y = (y1, y2) ∈ X, let S(x, y) be the set of pairs (φ1, φ2)
satisfying the following properties :

(i) φi : Ti → Ti is a (κ,C + 2N)-quasi-isometric embedding for each i ∈ {1, 2}.
(ii) φi(xi) = yi for each i ∈ {1, 2}.
Define ϵa := 1.1ϵ and ϵb := 1.2ϵ. For each E ⊆ X, write Ẽ := B(E,N), E‡ := Ê′

ϵ,ρ, and E† :=

E′
ϵ,ρ (see Definition 6.3), and define Ec :=

{
x ∈ E : sup

{
L
Uϵ,E
0 (F )

(
10−6ϵ8c , x

)
: F ∈ Fx

}
⩽ ρ

}
for

c ∈ {a, b}. Then by Definition 5.1 E‡ ⊆ Ea ⊆ Eb ⊆ E† for each E ⊆ X.
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LetD be a random subset of X. LetQ(x, y) denote the event that there exists (φ1, φ2) ∈ S(x, y)
such that (φ1 × φ2)(D†) ⊆ D̃.

Claim. There exists λ > 0 such that if x, y ∈ X satisfies d(x, y) ⩾ λ, then P(Q(x, y)) = 0.

If the claim is proved, let D be the full-measure subset of {0, 1}X where Q(x, y) does not
happen for each pair of x, y ∈ X with d(x, y) ⩾ λ. By Corollary 6.4 and Proposition 6.6 (ii), for

almost every E in D, if ϕ ∈ QIEκ,C(E,E) and (ψ1, ψ2) ∈ Pϵ(ρϵ, E, ϕ), then (ψ1×ψ2)(E†) ⊆ Ẽ and
(ψ1, ψ2) ∈ S(z, (ψ1(z1), ψ2(z2))) for each z = (z1, z2) ∈ E, and thus d(z, (ψ1(z1), ψ2(z2))) < λ.

Therefore, by Remark 6.12 and Theorem B, almost surely for all ϕ ∈ QIEκ,C(D,D), z ∈ D,
and (ψ1, ψ2) ∈ Pϵ(ρϵ, D, ϕ), we have d(ϕ(z), z) ⩽ d(z, (ψ1(z1), ψ2(z2))+d(ϕ(z), (ψ1(z1), ψ2(z2)) ⩽
λ+R(D, z). This verifies Theorem D.

Proof of Claim. Let λ > 0 be a constant whose exact choice is determined later. Suppose
x = (x1, x2), y = (y1, y2) ∈ X with d(x, y) ⩾ λ. By symmetry, assume d(x1, y1) ⩾ 2−1λ. Let
R2 > R1 > r > 12κN +4κC+2 be constants whose exact choices are determined later. Consider
A := B1(x1, R1)×B2(x2, R2) ⊆ X. Then as in the proof of Theorem C, the cardinality of the set

Φ := {(φ1 × φ2)|A : (φ1, φ2) ∈ S} is at most M := q(κ+C+2N+1)(qR1+1+qR2+1).

Suppose (φ1, φ2) ∈ S(x, y). We first estimate P
(
(φ1 × φ2)(I ∩Db) ⊆ D̃ ∩ I ′

)
.

Let I be a maximal subset of A such that distinct points in I have pairwise distances at least
r, and write I ′ := (φ1 × φ2)(I). By Fact 6.11, we deduce |I| ⩾ qR1+R2−2r−4. As in the proof of
Theorem C, the map φ1 × φ2 is injective on I and points in I ′ have pairwise distances at least
r(2κ)−1 − 2C − 4N > 2N . Moreover,

d(I, I ′) ⩾ d(B(x1, R1), φ1(B(x1, R1)) > 2−1λ− 2κR1 − C − 2N (7.4)

by our assumption that (φ1, φ2) ∈ S(x, y) and d(x1, y1) ⩾ 2−1λ. Note that p2 := P
(
z ∈ D̃

)
⩽

1− (1− p)q
2N+2

for each z ∈ X (cf. Fact 6.11). Then for each K ⊆ I, by the independence of the

inclusion in D̃ of each individual point in a collection of points with pairwise distances > 2N ,

P
(
(φ1 × φ2)(K) ⊆ D̃

)
= p

|K|
2 . (7.5)

For each J ⊆ X, let GaJ , GbJ , and HJ denote the events {Da ∩ I ⊆ J}, {Db ∩ I ⊆ J}, and{
D̃ ∩ I ′ = J

}
, respectively. Let E1 and E2 denote the events {|D‡ ∩ I| ⩾ p(1 − 2ϵ)|I|} and

{|Da ∩ I| ⩾ p(1− 2ϵ)|I|}, respectively. Fix ζ ∈ (0, 1). By Lemma 7.1, for sufficiently large R2,

P(E1) ⩾ 1− ζ. (7.6)

To apply an analogous argument as in the proof of Theorem C, we need to remove the condi-
tional HJ ′ by altering the constants. Thus, we now verify that for suitable choices of constants
and each J ⊆ I,

P
(
GbJ , E1

∣∣HJ ′
)
⩽ P(GaJ , E2), (7.7)

where J ′ := (φ1 × φ2)(J). Define independent random subsets Dα := D ∩ B(I ′, N) and Dβ :=

D ∖B(I ′, N). Then for each J ⊆ I, we have HJ ′ =
{
D̃α ∩ I ′ = J ′} and

P
(
GbJ , E1

∣∣HJ ′
)
⩽ P

(
(Dβ)b ∩ I ⊆ J, |(Dβ ∪B(I ′, N))‡ ∩ I| ⩾ p(1− 2ϵ)|I|

∣∣ D̃α ∩ I ′ = J ′).
= P((D ∖B(I ′, N))b ∩ I ⊆ J, |(D ∪B(I ′, N))‡ ∩ I| ⩾ p(1− 2ϵ)|I|).

(7.8)

We choose r := 106ϵ−8κN and λ := 2r + 4κR1 + 4κC for the remainder of the proof. Then
direct estimate on the sizes of balls yields |B(z,R) ∩ B(I ′, N) ∩ F | ⩽ 10−6ϵ8|B(z,R) ∩ F | for
each z ∈ I, each flat F containing z, and each R > 0, by (7.4) and the fact that points in I ′

have pairwise distances greater than r(2κ)−1 − 2C − 4N . This, with simple estimates, implies
(D ∪ B(I ′, N))‡ ∩ I ⊆ Da ∩ I ⊆ (D ∖ B(I ′, N))b ∩ I using Definitions 3.5, 5.1, and 6.3. Thus,
combining (7.8), we get (7.7).
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Thus, by (7.7) and (7.5),

P
(
(φ1 × φ2)(I ∩Db) ⊆ D̃ ∩ I ′, E1

)
=

∑
J⊆I

P
(
GbJ , E1

∣∣HJ ′
)
P(HJ ′) ⩽

∑
J⊆I

P(GaJ , E2)P(HJ ′)

=
∑
J⊆I

∑
K⊆J :|K|⩾p(1−2ϵ)|I|

P(Da ∩ I = K)P(HJ ′)

=
∑

K⊆I:|K|⩾p(1−2ϵ)|I|

P(Da ∩ I = K)P
(
(φ1 × φ2)(K) ⊆ D̃

)
⩽ p

p(1−2ϵ)|I|
2 .

Therefore, by (7.6),

P(Q(x, y)) ⩽ P(Ec1) + P
(
∃(φ1, φ2) ∈ S(x, y) such that (φ1 × φ2)(I ∩Db) ⊆ D̃ ∩ I ′, E1

)
⩽ ζ +Mp

p(1−2ϵ)|I|
2 ⩽ ζ +Mp

p(1−2ϵ)qR1+R2−2r−4

2 ⩽ 2ζ,

where the last inequality holds if R1 > r satisfies − ln(p2)p(1−2ϵ)qR1−2r−5 ⩾ (κ+C+2N+2) ln(q)
and R2 is sufficiently large. Since ζ ∈ (0, 1) is arbitrary, the claim follows. □

Appendix A. Geometric estimates

This section lists several geometric lemmas and facts used in Section 4. The first three lemmas
are discrete versions of well-known results on QI embeddings between Euclidean spaces.

Lemma A.1 (Local packing). For each n ∈ N and each κ > 1, there exists a constant η > κ
such that if C > 1, R > 0, x ∈ Zn, and ψ ∈ QIEκ,C(B(x,R) ∩ Zn,Zn), then

B(ψ(x), R/η) ⊆ B(ψ(B(x,R) ∩ Zn), ηC),

where B(x,R) denotes the ball of radius R in Rn.

The following corollary is an immediate consequence of Lemma A.1.

Corollary A.2 (Packing of metric interiors). Let n ∈ N, κ > 1, and C > 1 be constants. Let
η be the constant given for n and κ in Lemma A.1. Let U, V be subsets of Zn and ψ : U → Zn
be a (κ,C)-quasi-isometric embedding. Suppose V equipped with the induced graph structure
(of Zn) is connected, and ψ−1(B(V, ηC) ∩ Zn) is a nonempty subset of IntZn

(
U, 3η2C

)
. Then

V ⊆ B(ψ(U), ηC).

We also need the following lemma as a discrete version of the volume bounds for quasi-isometric
embeddings between Euclidean spaces.

Lemma A.3. Let κ > 1 and C > 1 be constants. Let U be a finite subset of Z2 and let ψ : U → Z2

be a (κ,C)-quasi-isometric embedding. Then |B(ψ(U), C)| ⩾ 3−4κ−2|U |.

The next lemma is about the geometry of polyhedra in X (see Definition 2.8).

Lemma A.4. Suppose P1 and P2 are nonempty polyhedra in X. Define Q1 := {y ∈ P1 : d(y, P2) =
d(P1, P2)}. Then the following hold for each i ∈ {1, 2}:

(i) Q1 = π1(Q1) × π2(Q1) and Q1 is a nonempty polyhedron. Moreover, πi(Q1) = {y ∈
πi(P1) : d(y, πi(P2)) = d(πi(P1), πi(P2))}, and if |πi(Q1)| > 1 then πi(Q1) = πi(P1) ∩
πi(P2).

(ii) For each R > 0, B(πi(P1), R)∩B(πi(P2), R) ⊆ B(πi(Q1), R), and consequently, B(P1, R)∩
B(P2, R) ⊆ B(Q1, 2R).
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Proof. For each i ∈ {1, 2}, we have Pi = π1(Pi) × π2(Pi), where πj(Pi) is a nonempty path-
connected subset of a geodesic in Tj for each j ∈ {1, 2}. So d(P1, P2)

2 = d1(π1(P1), π1(P2))
2 +

d2(π2(P1), π2(P2))
2. Thus for each i ∈ {1, 2}, we have πi(Q1) ⊆ Li, where Li := {y ∈ πi(P1) :

d(y, πi(P2)) = d(πi(P1), πi(P2))}. Moreover, Li is a path-connected subset of a geodesic in Ti by
geometry of trees. Note that for each point x ∈ L1 × L2, we have d(x, P2) = d(P1, P2). Thus,

Q1 = L1 × L2 = π1(Q1)× π2(Q1) (A.1)

is a polyhedron. We also have πi(Q1) = πi(P1)∩πi(P2) if |πi(Q1)| > 1 by geometric considerations.
To prove property (ii), it suffices to prove that for each i ∈ {1, 2} and each R > 0, we have

B(πi(P1), R) ∩B(πi(P2), R) ⊆ B(πi(Q1), R).

Fix i ∈ {1, 2} and R > 0. Suppose x1 ∈ B(πi(P1), R) ∩ B(πi(P2), R) and let x2 be the point
in πi(P1) closest to x1. If x2 ∈ πi(Q1), we have d(x1, πi(Q1)) ⩽ d(x1, x2) < R. If x2 /∈ πi(Q1),
then by (A.1) and the simple connectivity of Ti, it is not difficult to see that d(x1, πi(P2)) =
d(x1, x2)+d(x2, πi(Q1))+d(πi(Q1), πi(P2)), and consequently d(x1, πi(Q1)) ⩽ d(x1, πi(P2)) < R.
In both cases we have x1 ∈ B(πi(Q1), R) and we finish our proof. □

Fact A.5 (Geometry of singular geodesic rays). Let L1 and L2 be two singular geodesic
rays such that L1 ∼a L2 for some constant a ∈ (0, 1). Then L1 and L2 are Hausdorff equivalent.

The following geometric lemma is a discrete version of [Esk98, Lemma 3.10].

Lemma A.6. Given κ > 1, there exists a constant β > 1 such that the following holds:

Suppose U and V are subsets of Z2. Let B( · , · ) denote a ball in R2. Suppose ψ is a (κ,C)-
quasi-isometry from U to V with C > 1. Suppose V ⊆ B(ψ(U), C), V ′ ⊆ V , U ′ := ψ−1(V ′),
and B(V ′, 9κ+C) is a simply connected subset of R2. Suppose there exist constants m2 > 0 and
C ′ > 1 such that for every hyperplane L ⊆ Z2, there exist hyperplanes L′

1, . . . , L
′
m2

such that

ψ(L ∩ U) ⊆ B
(
L′
1 ∪ · · · ∪ L′

m2
, C ′). (A.2)

Then for every hyperplane L ⊆ Z2, there exists a hyperplane L′ ⊆ Z2 such that ψ(L ∩ U ′) ∩
IntZ2(V ′, β(C + C ′)) ⊆ B(L′, β(C + C ′)). Conversely, for every hyperplane L′ ⊆ Z2, there exists
a hyperplane L ⊆ Z2 such that ψ−1(L′ ∩ IntZ2(V ′, β(C + C ′))) ⊆ B(L, β(C + C ′)).

Since limit sets do not play a key role in this article, we present here its definition as a special
case of [Wor06].

Definition A.7. Suppose δ ∈ (0, 1), x ∈ X and ψ : R2 → X. We call Xx(δ) =
(⋃

L∈Lx
L[δ]

)c
the δ-nondegenerate space from x, where Lx denotes the set of hyperplanes passing through

x. Then a δ-limit point of ψ from x is a boundary point C ∈ X̂ such that there exists a path
γ : [0,+∞) → ψ−1(Xx(δ)) escaping every compact set such that limt→+∞ ψ(γ(t)) = C. The set
of all δ-limit points of ψ from x, denoted by Lψ,x(δ), is called the δ-limit set of ψ from x.

Remark A.8. Note that for each pair of opposite points in X̂, there exists a unique flat F
containing them up to Hausdorff equivalence. It is shown in [Wor06, Section 5] that the set of
flats in Theorem 3.9 (i.e., [Wor06, Theorem 1.2]) can be obtained from the pairs of opposite
points in Lψ,x(δ) in this way.
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