
Biometrika (2014), xx, x, pp. 1–12

Variable selection in regression with compositional covariates

BY WEI LIN, PIXU SHI, RUI FENG AND HONGZHE LI

Department of Biostatistics and Epidemiology, Perelman School of Medicine,
University of Pennsylvania, Philadelphia 19104, U.S.A.

weilin1@mail.med.upenn.edu pixushi@mail.med.upenn.edu
ruifeng@mail.med.upenn.edu hongzhe@upenn.edu

SUMMARY

Motivated by research problems arising in analyzing gut microbiome and metagenomic data,
we consider variable selection and estimation in high-dimensional regression with compositional
covariates. We propose an `1 regularization methodology for the linear log-contrast model that
respects the unique features of compositional data. We formulate the proposed procedure as a
constrained convex optimization problem and introduce a coordinate descent method of multi-
pliers for efficient computation. In the high-dimensional setting where the dimensionality grows
at most exponentially with the sample size, model selection consistency and `∞ bounds for the
resulting estimator are established under conditions that are mild and interpretable for compo-
sitional data. The numerical performance of our method is evaluated by simulation studies and
its usefulness is illustrated by an application to a microbiome study relating body mass index to
human gut microbiome composition.

Some key words: Compositional data; Coordinate descent method of multipliers; High-dimensional regression; Lasso;
Log-contrast model; Model selection; Regularization; Sparsity.

1. INTRODUCTION

Compositional data, which consist of the proportions or percentages of a composition, appear
frequently in a wide range of applications; examples include geochemical compositions of rocks
in geology, household patterns of expenditures in economics, species compositions of biological
communities in ecology, and topic compositions of documents in machine learning, among many
others. The unique feature that the components of a composition must sum to one renders many
standard multivariate statistical methods inappropriate or inapplicable. Since the seminal work
of Aitchison (1982), methodological developments for compositional data analysis have resulted
in a fruitful line of research over the past decades, as thoroughly surveyed by Aitchison (2003).
The recently increasing availability of large compositional data sets, which are often of a high-
dimensional nature in the sense that the dimensionality is comparable to or much larger than the
sample size, poses new challenges to existing methodology. However, little formal attempt has
been made toward the principled analysis of such data. A typical example arises in metagenomic
studies of microbial communities based on 16S rRNA gene sequencing, where the relative abun-
dances of hundreds to thousands of bacterial taxa on a few tens to hundreds of individuals are
available for analysis; see, for example, Chen & Li (2013).

The aim of this paper is to address the variable selection problem in high-dimensional re-
gression with compositional covariates. To mitigate the difficulty with high dimensionality, it is
crucial to select parsimonious models that tend to improve the performance of statistical proce-
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dures and interpretability of the resulting inferences. Regularization methods for simultaneous
variable selection and estimation in linear regression and more general contexts have received
intense recent interest. In particular, the `1 regularization or lasso approach (Tibshirani, 1996)
has enjoyed widespread popularity, and its theoretical properties in high-dimensional regression
are now well understood; see, for example, Bühlmann & van de Geer (2011) for an overview.
Owing to the special nature of compositional data, however, the usual linear regression model is
inappropriate for our modeling purpose. In this paper we consider the linear log-contrast model
of Aitchison & Bacon-Shone (1984), which is particularly useful for regression analysis with
compositional covariates. Under this model the expected response does not depend on the total
amount of the basis from which a composition is obtained. This is the case in our microbiome
data example, where the number of sequencing reads varies drastically across samples and should
not play a role in predicting the response of interest such as body mass index.

We propose an `1 regularization methodology for variable selection and estimation in high-
dimensional linear log-contrast models. We formulate the proposed procedure as a constrained
convex optimization problem, develop efficient algorithms for computation, and provide strong
theoretical guarantees. Since the constraint in the problem couples the parameters, coordinate
descent methods for solving `1-regularized least squares problems (Friedman et al., 2007) are
not directly applicable. We therefore combine coordinate descent with the method of multipliers
to introduce an efficient algorithm for solving the optimization problem. To establish model
selection consistency and `∞ bounds for the resulting estimator, we impose conditions analogous
to the irrepresentability condition for linear regression in Zhao & Yu (2006). Our conditions,
however, differ from those for linear regression models in important ways, which account for the
compositional effect and adapt well to the dependence structure of compositional data.

2. VARIABLE SELECTION IN THE LINEAR LOG-CONTRAST MODEL

The log-contrast models were originally introduced by Aitchison & Bacon-Shone (1984)
for modeling experiments with mixtures, and has proved to be useful for a wide variety of
regression problems with a composition playing the role of covariate. Suppose that we ob-
serve an n-vector y of responses and an n× p matrix X = (xij) of covariates, with each row
of X lying in the (p− 1)-dimensional positive simplex Sp−1 = {(x1, . . . , xp) : xj > 0 for j =
1, . . . , p and

∑p
j=1 xj = 1}. Because of the unit-sum constraint, the p components of a compo-

sition cannot vary freely; thus, traditional methodology often requires the omission of certain
components to ensure identifiability and encounters intrinsic difficulties in providing sensible
interpretations for the regression parameters. To resolve the difficulties with the compositional
constraint, Aitchison & Bacon-Shone (1984) proposed to apply the celebrated log-ratio trans-
formation methodology (Aitchison, 1982) to the compositional covariates, resulting in the linear
log-contrast model

y = Zpβ∗\p + ε, (1)

where Zp = {log(xij/xip)} is the n× (p− 1) log-ratio matrix with the pth component taken as
the reference component, β∗\p = (β∗1 , . . . , β

∗
p−1)

T is the corresponding (p− 1)-vector of regres-

sion coefficients, and ε is an n-vector of independent noise distributed as N(0, σ2). By intro-
ducing a new coefficient β∗p = −

∑p−1
j=1 β

∗
j , model (1) can be more conveniently expressed in the
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symmetric form

y = Zβ∗ + ε,

p∑
j=1

β∗j = 0, (2)

where Z = (z1, . . . , zp) = (log xij) is the n× p design matrix and β∗ = (β∗1 , . . . , β
∗
p)T is the

p-vector of regression coefficients. We do not include an intercept in the model, since it can be
eliminated by centering the response and predictor variables. We are concerned with the high-
dimensional sparse setting, where the dimensionality p is comparable to or much larger than the
sample size n, while only a small portion of the regression coefficients are nonzero.

Applying the `1 regularization approach to model (2), we consider the constrained convex
optimization problem

β̂ = arg min
β

(
1

2n
‖y − Zβ‖22 + λ‖β‖1

)
subject to

p∑
j=1

βj = 0, (3)

where β = (β1, . . . , βp)
T, λ > 0 is a regularization parameter, and ‖ · ‖2 and ‖ · ‖1 denote the

`2 and `1 norms, respectively. The zero-sum constraint in problem (3) is crucial for the result-
ing estimator to enjoy interpretive advantages over a standard lasso estimator. Specifically, the
proposed estimator possesses the following desirable properties:

(i) (scale invariance) the estimator is unchanged under the transformation X 7→ TX for an
arbitrary diagonal matrix T = diag(t1, . . . , tn) with all ti > 0;

(ii) (permutation invariance) the estimator is invariant under any permutation π of the p com-
ponents, meaning that it is unchanged if π is applied to both the columns of X and the
components of β̂;

(iii) (selection invariance) the estimator is unchanged if one knew in advance which compo-
nents would be estimated as zero and applies the procedure to the subcomposition formed
by the remaining components.

Properties (i) and (iii) are due to the zero-sum constraint; they ensure that the inferences are in-
dependent of an arbitrary scaling of the basis from which a composition is obtained, and remain
unaffected by correctly excluding some or all of the zero components. Property (ii) is immedi-
ately seen from the symmetric formulation of problem (3), but would not be guaranteed by first
transforming the p components into a (p− 1)-dimensional feature space and then applying a
standard variable selection procedure.

Note that by eliminating the constraint with βp = −
∑p−1

j=1 βj , we can rewrite problem (3) as
the unconstrained problem

β̂\p = arg min
β\p

(
1

2n
‖y − Zpβ\p‖22 + λ‖Dβ\p‖1

)
,

where β\p = (β1, . . . , βp−1)
T, D = (Ip−1,−1p)

T ∈ Rp×(p−1), and Ir and 1r denote the r × r
identity matrix and the r-vector of 1s, respectively. This asymmetric form can be recognized as an
instance of the generalized lasso problem considered by Tibshirani & Taylor (2011); however, the
existing developments do not specialize in our case to give an appropriate algorithm or theory for
several reasons. First, eliminating one arbitrary component and applying a generic algorithm to
the (p− 1)-dimensional problem generally do not yield numerical solutions that are permutation
invariant. Second, a coordinate descent algorithm that is fast and applicable to a prespecified set
of λ values seems not yet available. Third, theory for the generalized lasso problem does not
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provide useful insights into the compositional constraint and its effect on variable selection. All
these insufficiencies call for the development of computational methods and theoretical results
that are relevant to the analysis of compositional data.

3. COMPUTATION

3·1. Optimization algorithm
Coordinate descent algorithms have been shown to be very efficient for solving large-scale

`1 regularization problems (Friedman et al., 2007). They are not directly applicable, however, to
problem (3) because the nondifferentiable `1 terms are inseparable under the zero-sum constraint.
Here we propose an efficient, easily implemented algorithm based on an iterative modification of
coordinate descent by combining it with the method of multipliers (or the augmented Lagrangian
method, Bertsekas, 1996, Ch. 2) to deal with the constraint.

To derive the algorithm, we first form the augmented Lagrangian for problem (3) as

Lµ(β, γ) =
1

2n
‖y − Zβ‖22 + λ‖β‖1 + γ

p∑
j=1

βj +
µ

2

( p∑
j=1

βj

)2

,

where γ is the Lagrange multiplier and µ > 0 is a penalty parameter. The method of multipliers
for problem (3) consists of the iterations

βk+1 ← arg min
β

Lµ(β, γk), γk+1 ← γk + µ

p∑
j=1

βk+1
j .

Define by α = γ/µ the scaled Lagrange multiplier. The above iterations can be more conve-
niently expressed as

βk+1 ← arg min
β

{
1

2n
‖y − Zβ‖22 + λ‖β‖1 +

µ

2

( p∑
j=1

βj + αk
)2}

, (4)

αk+1 ← αk +

p∑
j=1

βk+1
j . (5)

Now the `1 terms in (4) are separable and the subproblem can be solved by coordinate descent.
With the other components held fixed, the jth component of β is updated by

βk+1
j ← 1

vj + µ
Sλ

(
1

n
zT
j

(
y −

∑
i 6=j

βk+1
i zi

)
− µ

(∑
i 6=j

βk+1
i + αk

))
, (6)

where vj = ‖zj‖22/n and Sλ(t) = sgn(t)(|t| − λ)+ is the soft thresholding operator. Combining
(4)–(6) yields the following coordinate descent method of multipliers for solving problem (3).

Algorithm 1. Coordinate descent method of multipliers.

Step 1. Initialize β0 with 0 or a warm start, α0 = 0, µ > 0, and k = 0.

Step 2. For j = 1, . . . , p, 1, . . . , p, . . . , update βk+1
j by (6) until convergence.

Step 3. Update αk+1 by (5).

Step 4. k ← k + 1 and repeat Steps 2 and 3 until convergence. Output β̂ = βk+1.
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Minimization of subproblem (4), which is carried out in Step 2 of Algorithm 1, need not be
exact; it suffices to adopt a stopping criterion such that the minimization is asymptotically exact.
This results in a more efficient algorithm for which convergence is still ensured. We have the
following result regarding the convergence of Algorithm 1 with inexact minimization.

PROPOSITION 1. Assume that Step 2 of Algorithm 1 finds at iteration k an approximate
minimizer βk+1 such that Lµ(βk+1, γk) ≤ minβ Lµ(β, γk) + δk for all k, where δk ≥ 0 and∑∞

k=0

√
δk <∞. Then the sequence {βk} generated by Algorithm 1 is bounded. Moreover, ev-

ery cluster point of {βk} is an optimal solution of problem (3).

3·2. Tuning parameter selection
The regularization parameter λ can be selected by the generalized information criterion for

high-dimensional penalized likelihood proposed by Fan & Tang (2013). They showed that the
criterion with a uniform choice of the model complexity penalty identifies the true model with
probability tending to 1 when the dimensionality p grows at most exponentially with the sample
size n. For model (2) and our regularization method, we define

GIC(λ) = log σ̂2λ + (sλ − 1)
log log n

n
log(p ∨ n),

where σ̂2λ = ‖y − Zβ̂λ‖22/n, β̂λ is the regularized estimator, and sλ is the number of nonzero
coefficients in β̂λ. Because of the zero-sum constraint, the effective number of free parameters
is sλ − 1 for sλ ≥ 2. We then select the optimal λ by minimizing GIC(λ). Alternatively, one
can apply K-fold crossvalidation with K = 5 or 10 to choose λ, which tends to select a larger
model and trades off between model selection consistency and prediction accuracy. Although
crossvalidation is computationally more expensive, it is less parsimonious and can often yield a
more satisfactory performance in practice.

The penalty parameter µ that is needed to enforce the zero-sum constraint does not affect the
convergence of Algorithm 1 as long as µ > 0, and we take µ = 1 in all computations.

4. THEORETICAL PROPERTIES

We establish model selection consistency and `∞ bounds for the proposed estimator under
deterministic designs. We first introduce some notation. Let Zr denote the log-ratio matrix with
the rth component taken as the reference component, and Cr = n−1(Zr)TZr the corresponding
sample log-ratio covariance matrix. Let S = {j : β∗j 6= 0} denote the support of β∗, and s = |S|
the cardinality of S. For any subset J ⊂ {1, . . . , p} and j ∈ J , denote by Jc the complement of
J , and J\j = J \ {j}. We will use subsets to index a vector or matrix; for example, CrScS\r

is

the submatrix formed by the (i, j)th entries of Cr with i ∈ Sc and j ∈ S\r. Define by βmin =
minj∈S |β∗j | the minimum signal. Let ‖ · ‖∞ denote the `∞ or matrix ∞-norm, i.e., ‖A‖∞ =
maxi

∑
j |aij | for a matrix A = (aij).

We assume without loss of generality that p ∈ S. Central to guaranteed support recovery
through our `1 regularization method is the following condition.

Condition 1. There exists some ξ ∈ (0, 1] such that

‖CpScS\p
(CpS\pS\p

)−1{sgn(β∗S\p
)− sgn(β∗p)1s−1}+ sgn(β∗p)1p−s‖∞ ≤ 1− ξ. (7)

Also, our assumption for the minimum signal threshold involves the quantity ϕ defined by

ϕ = ‖DSS\p(CpS\pS\p
)−1(DSS\p)T‖∞. (8)
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Although the definitions of ξ and ϕ seem to depend on the choice of the reference component,
we show that this is not the case. Let Dr denote the matrix formed by interchanging the rth and
pth rows of D. The following proposition states the permutation invariance of ξ and ϕ.

PROPOSITION 2. For every r ∈ S\p, we have

CrScS\r
(CrS\rS\r

)−1{sgn(β∗S\r
)− sgn(β∗r )1s−1}+ sgn(β∗r )1p−s

= CpScS\p
(CpS\pS\p

)−1{sgn(β∗S\p
)− sgn(β∗p)1s−1}+ sgn(β∗p)1p−s,

(9)

Dr
SS\r

(CrS\rS\r
)−1(Dr

SS\p
)T = DSS\p(CpS\pS\p

)−1(DSS\p)T. (10)

Condition 1 is in the spirit of the irrepresentability condition for linear regression in Zhao &
Yu (2006), though important differences exist. It is worthwhile to compare Condition 1 with its
counterparts for two usual lasso estimators:

(i) the condition

‖CpScS\p
(CpS\pS\p

)−1 sgn(β∗S\p
)‖∞ ≤ 1− ξ (11)

for the lasso problem

β̂
(i)
\p = arg min

β\p

(
1

2n
‖y − Zpβ\p‖22 + λ‖β\p‖1

)
, (12)

which is a direct application of lasso to model (1);
(ii) the condition

‖CScS(CSS)−1 sgn(β∗S)‖∞ ≤ 1− ξ, (13)

where C = n−1ZTZ, for the lasso problem

β̂(ii) = arg min
β

(
1

2n
‖y − Zβ‖22 + λ‖β‖1

)
, (14)

which simply ignores the zero-sum constraint in problem (3).

Condition (11) lacks the permutation invariance of Condition 1, reflecting the fact that the pth
component is not regularized in problem (12) and hence no recovery guarantees can be provided.
Condition (13) is ideally suited to nearly orthogonal designs, but would be problematic for de-
signs with generally negative correlations such as those common in compositional data analysis.
In contrast, the extra term sgn(β∗p)1p−s in Condition 1 allows it to adapt well to the negative
correlations resulting from the compositional constraint.

To develop further intuition for Condition 1, we consider the illustrative example where the
covariate matrix X is generated from an orthogonal design W = (wij) with WTW = nI by the
transformation xij = ewij/

∑p
k=1 e

wik . This represents an extreme case where the dependence
among the components is purely due to the unit-sum constraint. In this example, we have Cp =
n−1(Zp)TZp = n−1DTWTWD = DTD = Ip−1 + 1p−11

T
p−1, and then

CpScS\p
= 1p−s1

T
s−1, (CpS\pS\p

)−1 = (Is−1 + 1s−11
T
s−1)

−1 = Is−1 − s−11s−11T
s−1.

Some straightforward calculation yields that the left-hand side of (7) equals

s−1|1T
s sgn(β∗S)| ≤ (s− 2)/s < 1,
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where the first inequality is due to the constraint 1T
sβ
∗
S = 0. This implies that Condition 1 holds,

and ξ can be taken close to 1 provided that the signals are nearly evenly divided between positive
and negative signs.

We are now ready to state our main result regarding the model selection consistency of the
proposed estimator. We assume without loss of generality that the columns of Z are normalized
such that maxj ‖zj‖2 ≤

√
n.

THEOREM 1. Assume that Condition 1 holds, the regularization parameter λ satisfies λ ≥
c1σ{(log p)/n}1/2/ξ for some constant c1 > 2

√
2, and the minimum signal satisfies βmin >

3ϕλ/2. Then, with probability at least 1− p−c2 for some constant c2 > 0, problem (3) has an
optimal solution β̂ that satisfies the following properties:

(i) (sign consistency) sgn(β̂) = sgn(β∗);
(ii) (`∞ loss) ‖β̂S − β∗S‖∞ ≤ 3ϕλ/2.

To understand the asymptotic implications of Theorem 1, assume for simplicity that ξ and ϕ
are constants. Then Theorem 1 implies that the proposed estimator is model selection consistent
and uniformly estimation consistent as long as log p = o(n). Taking the smallest possible λ, we
have the convergence rate ‖β̂S − βS‖∞ = OP ({(log p)/n}1/2). These rates parallel those for
the usual lasso estimator (Wainwright, 2009), but are established here under a different form of
the irrepresentability condition, which explicitly takes the zero-sum constraint into account.

5. NUMERICAL STUDIES

5·1. Simulations
We conducted simulation studies to compare the numerical performance of the proposed

method with two usual lasso estimators defined in (12) and (14), which we refer to as lasso
(i) and lasso (ii), respectively. In lasso (i), the reference component is taken at random from the
p components, and after β̂(i)\p is obtained, we let β̂(i)p = −1Tβ̂

(i)
\p . Note that both lasso (i) and the

proposed estimator satisfy the zero-sum constraint, whereas lasso (ii) does not.
We generated the covariate data in the following way. We first generated an n× p data matrix

W = (wij) from a multivariate normal distribution Np(θ,Σ), and then obtained the covariate
matrix X = (xij) by the transformation xij = ewij/

∑p
k=1 e

wik . The generated covariates thus
follow a logistic normal distribution (Aitchison & Shen, 1980). To reflect the fact that the compo-
nents of a composition in metagenomic data often differ by orders of magnitude, we let θ = (θj)
with θj = log(0·5p) for j = 1, . . . , 5 and θj = 0 otherwise. To describe different levels of cor-
relations among the components, we let Σ = (ρ|i−j|) with ρ = 0·2 or 0·5. We generated the
responses according to model (2) with β∗ = (1,−0·8, 0·6, 0, 0,−1·5,−0·5, 1·2, 0, . . . , 0)T and
σ = 0·5, so that three of the six nonzero coefficients were among the five major components and
the rest among the minor components.

We set (n, p) = (50, 30), (100, 200), and (100, 1000), and repeated 100 simulations for each
setting. The tuning parameter λ was selected by GIC as described in § 3·2. We used six per-
formance measures for comparisons. The prediction error ‖y − Zβ̂‖22/n was computed from
an independent test sample of size n. The estimation accuracy was assessed by the `q losses
‖β̂ − β∗‖q with q = 1, 2, and ∞. Two variable selection measures were the number of false
positives and the number of false negatives, where positives and negatives refer to nonzero and
zero coefficients, respectively. The means and standard errors of these performance measures for
three methods are reported in Table 1.
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Table 1. Means and standard errors (in parentheses) of various performance measures for
three methods based on 100 simulations

(n, p) Method PE `1 loss `2 loss `∞ loss FP FN

ρ = 0·2
(50, 30) Lasso (i) 0·43 (0·01) 1·16 (0·03) 0·19 (0·01) 0·25 (0·01) 5·44 (0·29) 0·00 (0·00)

Lasso (ii) 0·42 (0·01) 1·10 (0·03) 0·19 (0·01) 0·25 (0·01) 4·15 (0·28) 0·00 (0·00)
Proposed 0·42 (0·01) 1·05 (0·03) 0·18 (0·01) 0·24 (0·01) 3·57 (0·23) 0·00 (0·00)

(100, 200) Lasso (i) 0·45 (0·01) 1·25 (0·03) 0·24 (0·01) 0·27 (0·01) 4·94 (0·28) 0·00 (0·00)
Lasso (ii) 0·42 (0·01) 1·12 (0·02) 0·21 (0·01) 0·26 (0·01) 2·96 (0·23) 0·00 (0·00)
Proposed 0·41 (0·01) 1·07 (0·02) 0·19 (0·01) 0·24 (0·01) 3·03 (0·24) 0·00 (0·00)

(100, 1000) Lasso (i) 0·82 (0·05) 2·01 (0·07) 0·69 (0·06) 0·42 (0·02) 5·18 (0·27) 0·28 (0·08)
Lasso (ii) 0·66 (0·03) 1·68 (0·05) 0·52 (0·03) 0·38 (0·01) 2·84 (0·21) 0·13 (0·04)
Proposed 0·61 (0·02) 1·57 (0·04) 0·43 (0·03) 0·34 (0·01) 3·10 (0·22) 0·04 (0·02)

ρ = 0·5
(50, 30) Lasso (i) 0·46 (0·01) 1·55 (0·05) 0·35 (0·03) 0·33 (0·01) 6·70 (0·32) 0·08 (0·04)

Lasso (ii) 0·43 (0·01) 1·40 (0·04) 0·30 (0·02) 0·31 (0·01) 5·00 (0·30) 0·02 (0·01)
Proposed 0·42 (0·01) 1·32 (0·04) 0·28 (0·02) 0·30 (0·01) 4·81 (0·27) 0·02 (0·01)

(100, 200) Lasso (i) 0·62 (0·03) 2·11 (0·07) 0·75 (0·06) 0·48 (0·02) 7·16 (0·39) 0·33 (0·08)
Lasso (ii) 0·47 (0·01) 1·60 (0·04) 0·45 (0·03) 0·37 (0·01) 4·61 (0·27) 0·09 (0·05)
Proposed 0·45 (0·01) 1·54 (0·03) 0·40 (0·02) 0·36 (0·01) 4·60 (0·29) 0·01 (0·01)

(100, 1000) Lasso (i) 1·51 (0·08) 3·70 (0·08) 2·32 (0·11) 0·81 (0·02) 3·39 (0·23) 2·55 (0·12)
Lasso (ii) 0·94 (0·05) 2·72 (0·08) 1·40 (0·08) 0·62 (0·02) 2·44 (0·20) 1·29 (0·13)
Proposed 0·91 (0·07) 2·59 (0·08) 1·25 (0·09) 0·59 (0·02) 3·73 (0·29) 0·99 (0·13)

PE, prediction error; FP, number of false positives; FN, number of false negatives.

As seen from Table 1, the lasso (i) estimator has inferior performance in almost all settings,
since the reference component is not regularized and is always included in the selected model.
The lasso (ii) estimator performs better than lasso (i), but always violates the zero-sum con-
straint in finite samples. The proposed estimator performs slightly better than lasso (ii) in terms
of prediction and estimation. The variable selection performance of the proposed estimator is
comparable to lasso (ii) with low to moderate dimensionality, but it tends to select fewer false
negatives at the cost of slightly increased false positives in high dimensions. This is reasonable
because missing important variables is more influential than including unimportant variables
with shrunk coefficients. A potential remedy for the violation of the zero-sum constraint in the
lasso (ii) estimator would be to refit the unpenalized linear log-contrast model with the constraint
using the selected variables, which is also useful for reducing the bias caused by the `1 penalty.
In the Supplementary Material, we compare the performance of the two-step procedures formed
by adding a refitting step to lasso (ii) or the proposed method, confirming the advantages of our
method in the more challenging settings.

5·2. Application to gut microbiome data
Gut microbiome composition is considered an important factor that affects energy extraction

from the diet and contributes to human health and diseases such as obesity. We illustrate the
proposed method by an application to the data set reported in Wu et al. (2011), where a cross-
sectional study of 98 healthy volunteers was carried out at the University of Pennsylvania for
investigating long-term dietary effect on gut microbiome composition. Stool samples were col-
lected on these subjects and DNA samples were analyzed by 454/Roche pyrosequencing of 16S
rRNA gene segments of the V1–V2 region. The pyrosequences were denoised to yield an av-
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Fig. 1. Analysis of gut microbiome data. (a) Selection probabilities with bootstrapped crossvalidation for 87 genera
that belong to eight phyla. Selections with a positive sign and a negative sign are shown by dark grey blocks and

light grey blocks, respectively; only four major phyla are indicated. (b) Fitted versus observed values of BMI.

erage of 9265, with standard deviation 3864, reads per sample. After taxonomic assignment of
the denoised sequences, 3068 operational taxonomic units were combined into 87 genera that
appeared in at least one sample. Since the number of sequencing reads varies greatly across
samples, these count data should not be used directly in a standard regression analysis, and we
transformed them into compositional data after replacing zero counts by the maximum rounding
error 0·5 (Aitchison, 2003, § 11·5). Demographic information including body mass index (BMI)
was also collected on these subjects. We are interested in identifying a subset of important genera
whose subcomposition is associated with BMI.

We applied the proposed method to this data set with BMI as the response, and used a refitted
version of tenfold crossvailidation to choose the tuning parameter, where the prediction error for
each sample split was computed with the refitted coefficients obtained after model selection and
without penalization. To obtain stable selection results, we generated 100 bootstrap samples and
applied the same crossvalidation procedure to select the genera. The selection probabilities of
87 genera with bootstrapped crossvalidation are shown in Fig. 1(a). Four genera were selected
over 70 times out of the 100 bootstrap replicates. We also followed the approach of stability
selection (Meinshausen & Bühlmann, 2010) to assess the stability of the selected genera, where
100 subsamples of size n/2 were taken to compute the selection probabilities. All four genera
had a selection probability greater than 0·85, indicating that the selection results are quite stable.
These four genera along with their selection probabilities and refitted coefficients are presented
in Table 2. A plot of the fitted versus observed values of BMI in Fig. 1(b) shows that the model
with four selected genera fits the data reasonably well except for five obese subjects.

Since our simulations have demonstrated that the lasso (i) estimator is inferior in all respects,
we compare our method only with the lasso (ii) estimator. With selection probabilities above the
cutoff value of 0·7, three genera were selected by lasso (ii) with bootstrapped crossvalidation,
which coincide with three of the four previously selected genera except Alistipes. To compare
the prediction performance of the two methods, we randomly divided the data into a training set
of 70 subjects and a test set of 28 subjects, and used the fitted model chosen by crossvalidation
based on the training set to evaluate the prediction error on the test set. The prediction error
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Table 2. Selection probabilities and refitted coefficients of four
selected genera in the gut microbiome data

Selection probability Refitted
Phylum Genus Boot. CV Stab. Sel. coefficient
Bacteroidetes Alistipes 0·72 0·89 −0·76
Firmicutes Clostridium 0·90 0·96 −1·35
Firmicutes Acidaminococcus 0·80 0·92 0·61
Firmicutes Allisonella 0·92 0·87 1·50

Boot. CV, bootstrapped crossvalidation; Stab. Sel., stability selection.

averaged over 100 replicates was 30·30 for the proposed method and 30·55 for lasso (ii), with
standard errors 0·97 and 1·04, respectively, suggesting that the prediction performance of the
proposed method is slightly better than or similar to that of lasso (ii).

It is interesting to contrast the variable selection results at the phylum level: the proposed
method selected both Bacteroidetes and Firmicutes as associated with BMI, whereas lasso (ii)
selected only the Firmicutes. Thus, our method seems more consistent with the previous find-
ing that the relative proportion of Bacteroidetes to Firmicutes is decreased in obese mice and
humans by comparison with lean subjects (Ley et al., 2005, 2006). One biological explanation
for the finding as suggested by metagenomic and biochemical analyses is that the Firmicutes-
enriched microbiome holds a greater metabolic potential than the Bacteroidetes-enriched micro-
biome for more efficient energy harvest from the diet, which in turn contributes to changes in
energy balance and subsequent weight gain (Turnbaugh et al., 2006). Furthermore, our selection
results at the genus level indicate that obesity may be associated with changes in gut microbiome
composition at a finer taxonomic level than previously thought.

6. DISCUSSION

The linear log-contrast model assumes that the absolute amounts of the covariate components
have no effect on the response. We have adopted this modeling approach in the microbiome data
analysis because the total amount of the microbiome cannot be reliably measured in experiments.
Nevertheless, if such measurements are available, it would be worthwhile to assume a more
flexible model in which the total amount also plays a role in affecting the response. To this end,
one may consider the semiparametric varying-coefficient log-contrast model

yi = β0(ai) +

p∑
j=1

βj(ai) log xij + εi,

p∑
j=1

βj(ai) = 0,

with ai being the total amounts. This reduces to model (2) when all the coefficients β0, . . . , βp are
constants. A regularized estimation procedure for this model could be developed by combining
the ideas of our approach and the kernel lasso method in Wang & Xia (2009).

Another possible extension of our method for microbiome data analysis would be to take into
account the phylogenetic relationships among the bacterial taxa. Under the biologically plausible
assumption that phylogenetically close taxa tend to have similar effects on the clinical trait, one
can combine the `1 penalty in our regularization problem with a Laplacian penalty that encour-
ages smoothness among the regression coefficients of closely related taxa on the phylogenetic
tree (Chen et al., 2013). Such an extension is likely to increase the power of identifying important
taxa that are relatively rare but phylogenetically close.
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APPENDIX

Proof of Theorem 1. Let Ŝ = {j : β̂j 6= 0} denote the support of β̂. If p ∈ Ŝ, the optimality conditions
for problem (3) can be written as

−n−1(Zp

Ŝ\p
)T(y − Zpβ̂\p) + λ{sgn(β̂Ŝ\p

)− sgn(β̂p)1s−1} = 0, (A1)

‖n−1(Zp

Ŝc
)T(y − Zpβ̂\p) + λ sgn(β̂p)1p−s‖∞ ≤ λ, (A2)

where β̂p = −1T
p−1β̂\p. The idea of the proof is to define an event that occurs with high probability and,

conditioning on that event, find some β̂ with the desired properties such that (A1) and (A2) hold.
For J ⊂ {1, . . . , p}, let ZJ denote the submatrix formed by the jth columns of Z with j ∈ J . By the

union bound and the classical Gaussian tail bound, we have

P{‖n−1(ZS)Tε‖∞ ≥ λ/2} ≤
∑
j∈S

P{|n−1zT

j ε| ≥ λ/2} ≤ s exp{−nλ2/(8σ2)}

and, since Π ≡ I − n−1Zp
S\p

(Cp
S\pS\p

)−1(Zp
S\p

)T is a projection matrix and has spectral norm at most 1,

P{‖n−1(Zp
Sc)

Tε− Cp
ScS\p

(Cp
S\pS\p

)−1n−1(Zp
S\p

)Tε‖∞ ≥ λξ} = P{‖n−1(Zp
Sc)

TΠε‖∞ ≥ λξ}

≤
∑
j∈Sc

P{|n−1(zj − zp)TΠε| ≥ λξ} ≤ (p− s) exp{−nλ2ξ2/(8σ2)},

where we have used the normalization assumption maxj ‖zj‖2 ≤
√
n. Thus, with probability at least

1− p exp{−nλ2ξ2/(8σ2)}, the following inequalities hold:

‖n−1(ZS)Tε‖∞ ≤ λ/2, ‖n−1(Zp
Sc)

Tε− Cp
ScS\p

(Cp
S\pS\p

)−1n−1(Zp
S\p

)Tε‖∞ ≤ λξ. (A3)

In what follows, we condition on the event that (A3) holds and analyze the optimality conditions (A1) and
(A2) using deterministic arguments.

First, we take β̂Sc = 0. Substituting y = Zp
S\p

β∗S\p
+ ε and replacing Ŝ by S, we write (A1) as

β̂S\p − β
∗
S\p

= (Cp
S\pS\p

)−1[n−1(Zp
S\p

)Tε− λ{sgn(β̂S\p)− sgn(β̂p)1s−1}]. (A4)

Now define β̂S\p by (A4) with sgn(β̂S\p) and sgn(β̂p) replaced by sgn(β∗S\p
) and sgn(β∗p), respectively.

By (A3), (A4), and the triangle inequality, we have

‖β̂S − β∗S‖∞ = ‖DSS\p(Cp
S\pS\p

)−1[n−1(Zp
S\p

)Tε− λ{sgn(β̂S\p)− sgn(β̂p)1s−1}]‖∞
≤ ‖DSS\p(Cp

S\pS\p
)−1(DSS\p)T‖∞‖n−1(ZS)Tε‖∞

+ λ‖DSS\p(Cp
S\pS\p

)−1(DSS\p)T‖∞
≤ ϕλ/2 + ϕλ = 3ϕλ/2 < βmin

by assumption. This implies that sgn(β̂S) = sgn(β∗S), and hence we have found a β̂ such that the desired
properties and (A1) hold.
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It remains to verify that β̂ also satisfies (A2). Substituting y = Zp
S\p

β∗S\p
+ ε and (A4), we write

n−1(Zp
Sc)

T(y − Zpβ̂\p) + λ sgn(β̂p)1p−s

= n−1(Zp
Sc)

Tε− Cp
ScS\p

(β̂S\p − β
∗
S\p

) + λ sgn(β∗p)1p−s

= n−1(Zp
Sc)

Tε− Cp
ScS\p

(Cp
S\pS\p

)−1n−1(Zp
S\p

)Tε

+ Cp
ScS\p

(Cp
S\pS\p

)−1λ{sgn(β∗S\p
)− sgn(β∗p)1s−1}+ λ sgn(β∗p)1p−s.

By (A3), Condition 1, and the triangle inequality, we have

‖n−1(Zp
Sc)

T(y − Zpβ̂\p) + λ sgn(β̂p)1p−s‖∞
≤ ‖n−1(Zp

Sc)
Tε− Cp

ScS\p
(Cp

S\pS\p
)−1n−1(Zp

S\p
)Tε‖∞

+ λ‖Cp
ScS\p

(Cp
S\pS\p

)−1{sgn(β∗S\p
)− sgn(β∗p)1s−1}+ sgn(β∗p)1p−s‖∞

≤ λξ + λ(1− ξ) = λ,

which verifies (A2) and completes the proof. �
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