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Abstract. We introduce a diffuse-interface Landau—de Gennes free energy for nematic liquid
crystals systems, with free boundaries, in three dimensions submerged in isotropic liquid, and a phase
field is introduced to model the deformable interface. The energy consists of the original Landau—
de Gennes free energy, three penalty terms, and a volume constraint. We prove the existence and
regularity of minimizers for the diffuse-interface energy functional. We also prove a uniform maximum
principle of the minimizer under appropriate assumptions, together with a uniqueness result for small
domains. Then, we establish a sharp-interface limit where minimizers of the diffuse-interface energy
converge to a minimizer of a sharp-interface energy using methods from I'-convergence. Finally, we
conduct numerical experiments with the diffuse-interface model and the findings are compared with
existing works.
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1. Introduction. Liquid crystals are an intermediate state between solids and
liquids, in which positional order is partially or completely lost, but molecular an-
isotropy is still present [11]. The simplest liquid crystal phase is the nematic phase
for which the constituent molecules have no positional order, but prefer to align
along certain locally preferred directions known as directors. Nematic liquid crystals
(NLCs) are endowed with direction-dependent physical, optical, and rheological prop-
erties [54]. NLCs exhibit intriguing morphology because of their molecular anisotropy,
especially when a droplet of undetermined shape interacts with a different material,
about which people have conducted many experiments. A special droplet morphology
of interest is the nematic tactoid, i.e., spindle-shaped droplets filled with NLC whose
directors align with the surface, which tends to emerge during the nematic-isotropic
(N-I) phase transition induced by temperature [33, 46, 58] or around rod-shaped bac-
teria as protective sheaths [57]. NLC droplets dispersed in polymer (known in the
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industry as polymer-dispersed liquid crystals) also show special opto-electric proper-
ties that inspire advances in the display industry [15, 34, 55, 63, 68]. The study of free
boundary NLC has also evoked insights into deformable anisotropic materials in other
disciplines of science [37, 42, 48]. These examples demonstrate the vast potential of
free boundary problems for NLCs in confinement.

We need two essential ingredients to construct mathematical models for NLC
problems with free boundaries: a degree of freedom to describe the free boundary,
and an NLC order parameter to describe the nematic directors or the long-range
orientational ordering in the NLC phase. For modeling NLCs, there are compet-
ing molecular-based and macroscopic models, e.g., the Onsager (molecular) model
based on orientational distribution function, the continuum Oseen—Frank (OF) model
for uniaxial NLC phases and where the NLC order parameter is a unit vector field
that models the single distinguished material direction, and the Landau-de Gennes
(LdG) model that describes the NLC phase in terms of the Q-tensor order parame-
ter, with five degrees of freedom that can describe uniaxial and biaxial NLC phases
(NLC phase with a primary and a secondary nematic director) [25, 61]. With regard
to modeling free boundaries, we quote existing methods from the field of shape and
topology optimization [14]. The popular methods include the surface mesh method
[5] that discretizes the free boundary with a finite-element mesh known as the inter-
face segregating different phases, and the diffuse-interface method [62] that employs
a smooth field (space-dependent function), known as the phase field, to describe the
phase separation and interfacial regions. In recent decades, there have been multi-
ple diverse approaches to modeling free boundary-value problems for NLC systems
[2, 13, 19, 21, 24, 32, 33, 38, 39, 43, 65, 67]. The common practice is to design en-
ergy functionals with respect to the shape and to the NLC order parameter, and
find the stable configuration with energy minimization methods. For instance, in
[2] the authors describe a deformable two-dimensional (2D) NLC confinement with
a finite-element mesh, and their energy functional consists of the LdG free energy
and a penalty function for Dirichlet boundary values; they numerically find that for
sufficiently strong penalty factors, the optimal shape converges to a tactoid, consis-
tent with experimental findings. The authors of [13] study the same problem with
the finite-element method as well, but they choose the OF free energy instead and
further penalize the energy functional with the perimeter of the free boundary; they
numerically find tactoids as the optimal shape when the penalty factors are large
enough. In [67], the authors use a phase field, ¢, to denote separation of an NLC and
a Newtonian fluid with ¢ = 1 for NLC and ¢ = —1 for fluid, respectively, and their
energy density consists of a boundary anchoring term, a mixing energy density of van
der Waals—Cahn—Hilliard form [6] to penalize the sharp phase separation (¢ & +1)
and smoothness of ¢, and finally the weighted OF free energy density masked by %
so that it is only integrated over the NLC phase; the authors numerically minimize
the energy and find multiple stable states, including one radially symmetric state and
one slightly elliptical bipolar state reminiscent of the tactoid. In [21], the authors
apply the OF model to study the 2D NLC droplet in the sharp-interface case, and
theoretically predict the spindle-shaped tactoid. In general, these shape/topology
optimization methods have been hugely successful for NLC free boundary-value prob-
lems and there is immense potential for further theoretical and numerical exploration.

We propose a diffuse-interface model for NLC free boundary-value problems in
three dimensions, for nematic regions submerged in an isotropic liquid, using the LdG
framework to describe the NLC phase and a phase field to describe the deformable
shapes, respectively. Our approach is mainly inspired by [10, 20, 67]. The model is
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relatively new since we may be the first people to combine LdG theory with diffuse-
interface models for NLC free boundary-value problems. We choose the LdG model
because it is the most comprehensive continuum model for NLCs to date and is yet
more computationally tractable (with fewer degrees of freedom) than the molecular-
level Onsager model. The LdG Q-tensor order parameter contains information about
the macroscopic quantities of interest—the nematic director(s) and the degree of ori-
entational ordering about the director(s). The LdG model is a variational model
with an LdG free energy, defined in terms of the LdG Q-tensor, and the LdG energy
minimizers model the physically observable or experimentally relevant NLC config-
urations. The LdG theory can describe uniaxial and biaxial NLC phases, spatially
varying degrees of orientational order, defects of different dimensionalities (point, line,
or surface discontinuities of the director field [35, 60]) including nonorientable defects
of fractional degrees (+1/2 and —1/2 defects in two dimensions, arising from the in-
trinsic head-to-tail symmetry of the NLC phase), while the OF theory is limited to
uniaxial NLC phases with constant degrees of orientational ordering and cannot de-
scribe nonorientable point defects. Therefore, the LdG theory has been exceptionally
successful for describing structural transitions in confined NLC systems. The LdG
model has been widely studied in the mathematical literature, and there are multiple
theoretical results on the qualitative properties of LdG energy minimizers and LdG de-
fect structures [8, 29, 41]. LdG solution landscapes have also been extensively studied
on fixed domains in two and three dimensions and such studies give powerful insight
into the correlations between shape, geometry, boundary effects, and stable equilib-
ria; see, e.g., [26, 27, 28, 51, 52, 66]. Therefore, we believe that the LdG model has
huge potential for NLC free boundary-value problems. We choose the diffuse-interface
model to describe the deformable shape because the phase field can be defined on a
fixed grid [53, 62] while a surface mesh requires a full finite-element mesh [5]. The
degrees of freedom are therefore considerably lower for the phase field, since it only
involves a scalar function, but the finite-element mesh requires the spatial coordinates
of all nodes and the adjacency relations between them. Moreover, the boundary of the
deformable shape is identified by variations of the phase field, so topological changes
can be implemented, e.g., one region splitting into two or two regions merging into
one [9, 37, 67]. On the contrary, the surface mesh cannot describe topological changes
because the node adjacency relations are fixed.

Our work is presented as follows. In section 2, we define a diffuse-interface energy
functional E. composed of the classic LdG free energy in three dimensions, a mixing
energy in terms of the phase field ¢, an anchoring energy to account for anchoring con-
ditions on the N-I interface, and a void energy, along with a volume constraint on the
phase field ¢. The small parameter € > 0 models the thickness of the diffuse interface.
In section 3, we establish the solvability of this model, i.e., existence of minimizers of
E., with classical methods of calculus of variation [16]. In section 4, we discuss the
problem of minimizing F. with a fixed phase field. We obtain uniform bounds for the
energy minimizers, independent of €, and address technical challenges stemming from
the penalty terms, and we also demonstrate uniqueness of energy minimizers (with
fixed ¢) for sufficiently small domains. The uniqueness results follow from convex-
ity arguments in [36]. Our discoveries agree with well-known results for the classical
LdG energy on a fixed region. In section 5, we present our main contribution—the
limit of E. as € — 0, known as the sharp-interface limit, with I'-convergence [12] as
the primary tool. We prove that under appropriate assumptions, the convergence of
minimizers of F. to the minimizer of a sharp-interface functional, Fy, defined over
deformable regions, that also models the separation of nematic and isotropic phases.
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The technical challenges originate from the limits of the anchoring energy and that
the mixing and the anchoring energy are absorbed as a single boundary integral
in the sharp-interface energy. In section 6, we conduct numerical experiments on the
minimization of a reduced version of F. on a 2D domain. We adjust hyperparameters
to observe structural changes in the energy minimizer as a function of the penalty pa-
rameters and compare them with existing results on the literature, particularly shape
transitions from 2D NLC-filled discs to NLC tactoids as a function of the hyperpa-
rameters. The numerical work illustrates the computational efficiency of our model
and leads to several generalizations. We conclude with some perspectives in section 7.

2. Diffuse-interface Landau—de Gennes model. Let Q C R3 be a three-
dimensional (3D) region with Lipschitz boundary, where a blob of nematic liquid
crystals is surrounded by an isotropic liquid. The nematic and isotropic phases are
separated by the N-I interface. We propose a diffuse-interface LdG energy

(21) EE = ELdG + wa;nix + waE:nCh 4 CUUEVOid7

where wp,w,,w, are positive weights of the competing energy terms, and € > 0 is a
positive parameter in the second and third terms, respectively. The physical dimen-
sions of wp,wy,wq, which will be given later, ensure that all terms on the right-hand
side (RHS) of (2.1) have the dimension N-m, i.e., the dimension of energy. The diffuse-
interface LdG energy has four contributions: (a) LdG free energy of the nematic phase,
(b) mixing energy or interfacial energy associated with the N-I interface, (c) anchor-
ing energy on the N-I interface that promotes tangential anchoring of the nematic
molecules on the N-T interface, and (d) void energy (penalty) of the isotropic phase.

(a) LdG energy. We work in the LdG framework and describe the nematic phase
by the tensor variable Q = ((Q%))3x3, which is a 3 x 3 symmetric traceless matrix.
The eigenvectors of the LdG Q-tensor model the nematic directors and the corre-
sponding eigenvalues contain information about the degree of orientational ordering
about the directors [11]. Nematics are broadly classified as follows: the isotropic
phase is modeled by Q = 0 so that there is no orientational ordering; Q is uniazial if
Q has two degenerate nonzero eigenvalues and there is a single distinguished nematic
director corresponding to the eigenvector with the nondegenerate eigenvalue; Q mod-
els a biaxial phase if there are three distinct eigenvalues and, hence, a primary and a
secondary nematic director. A uniaxial Q-tensor can be written as

st(n@n—;l),

where s € R and n € S? is the nematic director or the eigenvector corresponding to the
nondegenerate eigenvalue. The term EY4¢ in (2.1) is the classical LdG free energy [11]

(2.2) EMC[Q) = / (Fuu + Fy) o,
Q

with the one-constant elastic energy density
L
(2.3) Fu=3[vQP,

where L > 0 is the material-dependent elastic constant, |V Q|? £ Dk |Q% |>. The
bulk energy density is given by
A

(2.4) Fb(Q):EtrQ2— ?trQ3+%(trQ2)2,
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where A < 0 is a rescaled temperature and B,C > 0 are material-dependent con-
stants. We work with A <0 so that the minimizers of F} are a continuum of uniaxial
Q-tensors Q* = s, (n®n — 1I), with arbitrary unit vector n € S? and

B++VB?—24AC
(25) S+ = 10 .

The dimensions of A, B,C are N-m~2, and that of L is N, so that E™4C has the di-
mension N-m. The one-constant elastic energy density (2.3) is analytically attractive
and physically relevant for a large class of liquid crystal materials, but more general
forms exist [25, 45].

(b) Mixing energy. The term E™X in (2.1) is the mixing energy. It is the well-
known van der Waals—Cahn—Hilliard energy functional [6, 59] for the binary mixture
of two phases, in this case the nematic and isotropic phases, respectively:

(2.6) B[] = /Q [£[VoP + e ¢? (1 — ¢)?) de,

where ¢ is a phase field. ¢ has the length dimension m, so the term E™* has dimension
m?. We give the weight w, the dimension N-m™1, so that the term w, E™* in (2.1)
has the energy dimension N - m. Informally speaking, the continuous double-well
function W (¢) = ¢?(1 — ¢)? drives the separation of  into subdomains—the nematic
subdomain with ¢ ~ 1, the isotropic subdomain with ¢ ~ 0—while the gradient term
|[V|? smooths out ¢ to form a diffuse interface whose thickness is represented by
e > 0, the capillary width (see Figure 2.1). In the £ — 0 limit, the van der Waals—
Cahn—Hilliard energy approximates the perimeter of the interface in the sense of
I'-convergence (the sharp-interface limit) [44], so that it models the interfacial tension
as is common in numerous physical models [31, 40].

(c) Anchoring energy. The term E*"® in (2.1) enforces tangential anchoring
[11, 60] on the N-I interface and is defined by

2
(27) B2 (Qu0] = [ | (@) + 1) Vo s

Q 3
with s, defined inf (2.5). E2"°h also has dimension m?, and the weight w, has dimen-

sion N-m™!, so that the term w,E*? appearing in (2.1) has the energy dimension
N-m. E2* is minimized when QV¢ = —%*qu, i.e., when V¢ is an eigenvector

Fi1G. 2.1. Schematic figure of N-I mizing. As color changes from bright to dark (white to
grayish-red), phase changes from nematic (¢ =1) to isotropic (¢ =0) via diffuse N-I interface with
thickness O(g) surrounding the surface dD. (Color figures are available online.)
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of Q with negative eigenvalue —%. The vector V¢ approximates the normal vector
to the diffuse interface and this constraint requires that the leading nematic director
(eigenvector of Q with the largest positive eigenvalue) is orthogonal to V¢ or tangent
to the N-I interface. To keep this energy bounded in the (¢ — 0) sharp-interface limit,
the factor € is needed in (2.7). One can verify this fact by checking from Figure 2.1
that |V¢| = O(e~!) and that the size of its support is O(g), making the integral in
(2.7) approximately eO(e¢72) - O(e) = O(1) as required, in the € — 0 limit. This weak
anchoring energy has been applied elsewhere, e.g., [30] and [50].

(d) Void energy. The term EY°i¢ in (2.1) penalizes the isotropic phase (¢ ~ 0)
surrounding the nematic phase and is given by

void _ 1 _
(28) B(Quol = [ 0-02aP s,

where |Q|? = D |Q¥? is the Frobenius norm. E°'d has dimension m?, and the
weight w, has dimension N - m~2, so that the term w,E"°4 in (2.1) has the energy
dimension N - m. It is inspired by similar penalty terms in the studies of phase
separation in fluids [9, 20].

We impose the volume constraint

¢dx =V,
Q

to conserve the mass of NLCs with 0 < Vp < |Q] (|| is the volume of §2), and impose
homogeneous Dirichlet boundary conditions

Q|8§2:07 ¢|8Q:07

to model the isotropic phase surrounding the nematic phase.

The energy (2.1) can be nondimensionalized. Let 7 = A"'z, for all z € 2, where
A is a characteristic length scale associated with €. After substituting Z into the
integrals and dividing the entire energy by AL, we obtain

(2.9)
E-[Q, ¢] = EXIC + 0 AEP™ 4 @, AE2 4 o, N2 EVold

:/ [1|VQ|Q+,\2Fb(Q)] dof+@p5\/ {5V¢|2+1_¢2(1—¢)2 dz
Qo) 2 0(0) €
N _ S+ 2 32 1 21012 37
o [ (@) v wrran [ a-eriQPa

with the rescaled domain Q9 rescaled nondimensional constants

\2C
L

lI>

£
A

a W a Wa

VCL’ VOL’

and rescaled LdG bulk energy F, £ %Fb, subject to the rescaled volume constraint

a W

2
C )

, € , Wp Wy Wq

(2.10) odz =V,
0 0)

with Vo = A3V} satisfying 0 < V < |Q(0)|. B
In all subsequent discussions, we focus on the nondimensional functional E: (2.9),
which is almost identical to (2.1), except for the additional A in the leading coefficients
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and the bars above. For notational simplicity, we rewrite Q(°) as Q and drop bars
over all constants from (2.9) (note that the bar over Fj, is kept in order to differentiate
from the classical bulk energy Fp (2.4)). The four terms of (2.9) are identified with
the LdG energy E¥9C (2.2), the mixing energy E™* (2.6), the anchoring energy E2"<h
(2.7), and the void energy EV°id (2.8), respectively. We denote the admissible space
of the order parameters (Q, ¢) by

(2.11) o = {(Q,<z>) Qe Hy(%80), ¢ € Hy (), / ¢dxzvo},
Q
where Hg is the Sobolev space [1, 16, 22]
@12)  HO={ue @) [ [ +VuPlar <o, o =0},
Q

H}(£;V) is the Sobolev space with function values in a normed vector space V, and
finally,

(2.13) So={QeR*3:Q"=Q,trQ=0}

is the space of symmetric traceless 3 x 3 matrices.
If (Q, ¢) is a critical point of the functional (2.9), then this pair is a weak solution
to the corresponding Euler—Lagrange equations:

c
w2 (Vo Vo) (Q+ 1) + (Q+ 21) (Voo Vo)

AQ=\? KA +tr QZ) Q- g%(QQ)] +wueAi(1-9)2Q
(2.14)

and
(2.15)
Ag+ 22 div [(Q T S—*I)z v¢] Lo —1)@2e—1)+
Wp 3 g2

Wy A

mw— 1|Q* +¢,

where the projection operator is

trA
(2.16) Py(A)= A — %1,
maintaining the traceless constraint on Q, and ¢ € R is a Lagrangian multiplier
originating from the volume constraint (2.10). For a detailed calculation of (2.14) and
(2.15), please refer to Appendix A.

3. Existence of minimizers. We use the direct method in the calculus of varia-
tions [16] to prove the existence of a minimizer for the diffuse-interface LdG functional.

LEMMA 3.1. The functional E. (2.9) is weakly lower semicontinuous (w.l.s.c.) on
the Banach space (Q,¢) € H}(Q;8o) x HE(Q), which means that if Qr — Q, ¢ — ¢
are weakly convergent sequences in H},

liminf B [Qg, dx] = Ee[Q, ).
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Proof. As in [16, section 8.2, Theorem 1], for an integral energy functional of the
form

/ F(Vu,u,z)dz,
Q

where u: Q@ — R™ and F: R"™*" x R"™ x ) — R, if F' is uniformly bounded below and
convex with respect to its first argument, then the functional is w.l.s.c. with respect
to uw € H'(Q;R™). We look at the individual terms.

Examine the form (2.9) with u = (Q,¢) : @ — Sy x R. The energy density is
bounded from below because all terms are positive except for the LdG bulk energy
F,=C~'F, (2.4), which satisfies

(3.1) Fpy(Q)>mp > -0 VQES
for some number my;, € R that can be explicitly computed [45, equation (41)]. More-
over, the terms involving the gradients, which read

2

1 s
5IVQP + w2l Vol? +wire ‘ (Q + %I) Vo

are convex with respect to (VQ, V¢) since they are positive-definite quadratic poly-
nomials. Therefore, the energy density of E. (2.9) satisfies the criteria above and is
w.Ls.c. over the space H{(£;S80) x Hi(9). ad

PROPOSITION 3.2. The functional, E. in (2.9), has at least one global minimizer
(QZ,0%) in the admissible set of specified in (2.11).

Proof. The admissible set <7 (2.11) is nonempty since there always exists a smooth
¢ € Hy such that [, ¢ =Vj.

Moreover, all the terms in E. are bounded from below (recall (3.1)), yielding the
following coercivity condition:

£1Q0)> [ [5IVQP +uelTof + omy| do
(3.2) Q

L
= 5 IV QI +wpel VEllZ: + A my|Q.

The weak lower semicontinuity of E. over the feasible set is guaranteed by Lemma
3.1 since the admissible set &7 is a closed subspace of H}(;S0) x Hg (£2). Therefore,
the existence of a global minimizer follows from the direct method in the calculus of
variations. ]

COROLLARY 3.3. For each fized ¢ € H}, the w.l.s.c. and coercivity argument
still applies with respect to the variable Q. Hence, there exists a Q-minimizer, Q. €
HY(Q;80), such that

Q. =Q. (¢) = argmin Es[Qa Qﬂ

QeH} (£80)

4. Maximum principle on a fixed domain. In this section, we prove that
for a fixed ¢, the critical points of E. with respect to Q (referred to as Q-critical
points above) are bounded in L* uniformly, as ¢ — 0. The maximum principle and
uniqueness results have been studied thoroughly in the LdG framework (see [36, 41]),
but results for the diffuse-interface model (2.1) involve different techniques, especially
when dealing with the anchoring penalty (2.7).
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4.1. Uniform maximum principle. Before introducing the uniform maximum
principle, we improve the regularity of Q, with the LP theory of second-order elliptic
equations [22]. Let

W) = {u € (@) [ulfyn, =Y [ IVFuP < oo}
k=07

be the general Sobolev spaces.

LEMMA 4.1. If ¢ € WH(Q), then a Q-critical point, Q. € H}(Q;8o) of E:[-, 9]
(2.9), is in W2P for all p< oo and in CH% for all a < 1. Since Q. is a weak solution,
continuity means that Q. is equal to a CH* function a.e.

Proof. By definition, the critical point Q, is a solution of (2.14). Examining the
RHS, we find that it is a cubic polynomial of Q (because of the bulk energy derivative),
and its coefficients, excluding constants, are determined by ¢, V¢, which in turn are
uniformly bounded by assumption.

If Q. € LP(Q2), then the RHS of (2.14) is in LP/3(Q). Therefore, by the L? theory
of elliptic equations [22], Q. € W25 if p> 3. This enables us to improve the regularity
of Q. through a chain of Sobolev embeddings.

In our case, we have Q. € H{, which implies that Q. € L% from the Sobolev
embedding theorem in three dimensions. Using the arguments above iteratively, we
obtain Q. € W?2? for all p < oo, and with one extra step of embedding, this yields
Q. eCh for all a < 1. a

Under stronger smoothness assumptions, we prove that Q-critical points of the
nondimensional energy (2.9) are uniformly bounded. The bound is uniform in the
sense that it is independent of the capillary width e.

THEOREM 4.2. Let ¢. € WH(Q) be a phase field with the following extra as-
sumptions.

(i) ¢ €10,1] for all x.

(i) We assume that there exists a C? vector field n. defined on Q satisfying

In.| <1,
Incllc2 ) < My < oo

for some uniform constant My, such that within the diffuse interface

F.={2€Q:0<e¢(zx) <1}
it holds that
(4.1) Ve =|Voe|n,.
Suppose Qe is a Q-critical point of E.[-,¢:] (2.9). Then for any fized Mg > A, there
exists a uniform constant M determined by A, B,C,wy,, Ao and the bound My, but
independent of €, such that

sup |Qc| < MA™3.
e

The bound is given in the a.e. sense.
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Proof. In the following proof, we drop the subscript € for notational simplicity.
Take the dot product of Q + an ® n with the Euler-Lagrange equation (2.14),
where « is a number yet to be determined. Recall the operator & as defined in (2.16).

(4.2)
(Q+an®n): AQ

=) (Q+an®n): [(ngtrQ?) Q- gz@o(Qz)}

(1)
+ w1 - 9)?(Q+an®n): Q
)

+ waAe (Q+an@n): 2 (Voo Vo) (Q+ %*I) +(Q+ %1) (Voo Vo).

(ITI)

For the LHS (left-hand side) of (4.2), we compute

(Q+an®n): AQ=(Q+an®n): A(Q+aon®n) — (Q+an®n): A(an @ n)
1
=54(Q+n@nf*) - [V(Q+an@n)?
—ao(Q+aon®n): A(n®n).
We have used the elementary equality A : AA = 1A(|A]?)—|VA]? (A=Q+an®n).
It is well-defined in the weak sense because Q + an®n € C° N H' by the regularity

estimate from Lemma 4.1.
For the RHS of (4.2), we compute the three terms separately. The first term is

(I)=(Q+on®n): [(gﬂer) Q- g <Q2 - tr§2l)]

2
= (é +trQ2> (trQ2 +an-Qn)— g (trQ3 +a|Qn|* - atr?)Q) .

The second term equals
(IN=trQ*+ atrn®nQ)=trQ*+an- Qn.
We have extensively used the equality tr AB =trBA.

Suppose first that 2 € T, so by the assumption (4.1), we have Vo (z)=|Vo(z)|n(x).
Then we write

(111) = V6P (Q+an@n): 7, [(non) (Q+ %*1) +(Q+ %*1) (m@n)]
=2|V¢|*(Q +an®n): X [(n@ n) (Q + %I)}

using n ® n = ﬁV(b ® V¢ and that Q is symmetric. The image of &y has zero
trace and hence the product is unchanged if we add %*I to Q + an ® n. Letting
Q=Q+ %31 (sotrQ=sy), we get
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(I11)=2|V¢[*(Q +on ®n) : Z((n @ n)Q)
(n® n)Q —

200 — s ~ }
n- .

=2|Vo*(Q+an®@n):

20" | 1Quf + 22

Setting a = % eliminates the term 222 (n- Qn), which leads us to

(1[1):2‘(Q+%+1)v¢2, zeT.

If £ ¢ T, then ¢ is a constant in a neighborhood of z, so V¢ (z) =0 and the third term
equals zero. Therefore, we have

(I11) > 0.

Then, substituting the above in (4.2), and removing all positive terms on the
RHS, we get the following inequality satisfied by the function |Q + an @ n|? on the
entire 2. This is known as a subsolution condition.

(4.3) ~A(|Q+an®n]?) +27(Q) <0.
The function T(Q) is defined to be

(4.4)
T(Q)=TM(Q) + X°T?(Q),
T(l)(Q) =a(Q+an®n): A(n®n),

TO(Q) = (rQ)? ~ 2 trQ* + a(tr Q?)(n- Qm) +

+a (g + wy (1 —gb)2> n-Qn.

3A+ Ba

2 B 2
3 trQ Ca|Qn|

Despite the complexity of its expression, T(Q) is basically a fourth order polyno-
mial in terms of Q, with uniformly bounded coefficients and a strictly positive leading
term, \2(tr Q2)2. Therefore, there exists a number Ry depending on A, B,C, A\, w, and
the C%-norm, My, from assumption (ii), such that

(4.5) T(Q) 20 v|Q|> R

Note that ow = % is also determined by A, B, C' according to (2.5).

Finally, we use some standard techniques as in [36, Appendix 2] for an example.
Define the cut-off

wk:max{\Q+cm®n\27k,0}

such that ¢ € H} () for k > a? because Q|sq =0 and that |an ® n|? < o?. By the
chain rule, we also have

2 2
(4.6) vwk:{v(QJfO‘n@n ), 1Q+on®n|*>Ek,

0, |Q+aon®n|? <k.
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Multiplying both sides of (4.3) with ¢y, integrating by parts, and eliminating positive
terms, we get an inequality

(4.7) /QV(|Q+an®n|2)~V1/)kdx+2/gwkT(Q)dx§0, k> a?

By (4.6), the first term of the LHS of (4.7) is simply [, |V4x|>. The second term of
(4.7) is supported on the region where 1, # 0, i.e., |Q + an®n|? > k. By the triangle
inequality of the Frobenius norm,

Q[ >|Q+an@n|—|an®n[=[Q+on®n| - a.
We choose k > (Ro +a)? to ensure |Q| > Ry whenever ), is nonzero. Thus, according
to (4.5), T(Q) is positive on the support of ¥, and
/ [Vipy|? da < 0=, =0,
Q
i.e., |Q + an ® n| is uniformly bounded by k for all k£ > (Ro + «)?. Therefore, using
the triangle inequality on Q and an ® n again, we get

(4.8) sup |Q| < Ro + 2a,
€N

which is the uniform bound we desired.

Evidently, the bound (4.8) depends on the choice of Ry, which ensures the posi-
tivity of T(Q) for all |Q| > Ry. Hence, to complete the proof, we also need to study
the dependence of Ry (4.5) on \. Closely observing the expressions of 7() and 7(?)
(4.4) and noting that their coeflicients are controlled by a uniform bound dependent
on A, B,C,w,, My but not on X\, we get

TO(Q) > ~C1(1Q|+1),
T(Q) > 1/Ql -

with constants Cy,C5 >0 depending on A, B, C,w,, My. TW is affine in Q and T
is degree-4 in Q with leading term (tr Q*)2. In order that 7(Q) > 0, it suffices to
force the lower bound to be positive, i.e.,

1
7O 27 5 32 (2IQI4 —02) Q1) >0,

Multiply both sides by /\%, and this reduces to checking that
1
3AIQI - CLATQI = AT - Cant

The RHS can be bounded in terms of Cy, Cy, Ag for all A < Ag. The LHS is a degree-4
polynomial of |/\% Q| as a whole. By the elementary property of polynomial functions,
there exists C5 > 0 depending on C7,Cy, A\g, such that the inequality holds whenever
IA3Q| > Cs, ie., |Q > CsA™3. Therefore, we take Ry = C3A~3 in the uniform bound
(4.8) and get

sup Q| < C3A ™% +2a < MA™3 WYA< )\
x€Q

2
with M = C3 4 2aA§ dependent on A, B,C, L,w,, Ao, My as desired. 0
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Remark 4.3. We construct a typical example of n.. Take h(x), the signed distance
function (SDF) [44] to a smooth region D representing the droplet, such that the level
set {h =0} equals 0D, that |[Vh|=1 a.e., and that h(z) is smooth in a neighborhood
of D as long as 9D is smooth [22]. We let ¢. be an approximation to the tanh
function, also known as the standing wave [18]:

0, h <=2/,

linear connection, —2\/e <h<—y/¢,
1 h(x))

z)=< = | 1—tanh , b <+/e,

o) =4 5 (1 2 <2

linear connection, Ve<h<2ye,
1, h>2./c.

Such a sequence is known to approximate minimizers of the van der Waals—Cahn-
Hilliard energy (our mixing energy). We can take n. = —((z)Vh, where {(x) >0 is
a smooth cutoff function that equals 1 near 0D and equals zero outside of a fixed
neighborhood of 9D, within which A is smooth. Since the definition of n. is not
related to ¢, its C? norm is obviously uniform with respect to . By definition, V¢, is
supported on the region {|h| <2/}, an area of size O(+/€) near dD, so the support
of V¢, is contained inside the region where ( =1 when € — 0. Since ¢, is a decreasing
function of h, V¢, is parallel to —Vh. Therefore, when € — 0, the desired relation

Ve = ||VV¢;LE|‘ - (=Vh) =|V¢e|n. holds within the support of V..

4.2. Uniqueness on small domains. An immediate consequence of the max-
imum principle is the uniqueness of the critical points when A is sufficiently small.

PROPOSITION 4.4. Under the assumptions of Theorem 4.2, there exists a Ay >0
depending on Q,A,B,C, L,w, and the bound My such that for all A < A1, the Q-
eritical point of E.[-,¢] (2.9) is unique.

Proof. Following the approach of Lemma 8.2 from [36, Appendix 2], we only need
to prove the strict convexity of the energy functional F. on the closed convex set

Xy= {Q € H} (9;Sp) :sup Q| < M)\g}’
z€Q

where M = M(A,B,C, L,w,, o, My) is the constant stated in Theorem 4.2, with
Ao = 1. By definition, X contains all critical points of the energy. We highlight the
dependence on A since the bound changes as A — 0. It suffices to check that

E.[Q+h,¢|+E.[Q—-h,¢
5[ ]2 5[ ]zEe[Q;(b]
for any Q € X, and h € H}(£;S), and that the strict inequality holds when h #
0. Since the void energy and the anchoring energy are positive-definite quadratic
polynomials with respect to Q, they are both convex, and one needs to check the
LdG energy alone:

£H0Q)= [ [5IVQP+ 2R as

The mixing energy is fixed by the fixed choice of ¢ for Q-critical points of E.[-, ¢].
Then, strong convexity of EC is equivalent to the positivity of the second-order
central difference

A(Q,h) = E"€[Q + h] + E*°|Q — h] - 2EM9(Q]
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for all Q € X and h € H(€;8p) \ {0}. From the expression of E*4¢ we compute
AQ)= [ [VhF
Q

e / [étth 22 x(Q0?) +2(rQh)? + 1 Q7 trh? + ;<trh2)2] :
Q

Since |Q| < M A~3, we estimate a lower bound of A(Q,h) by removing all positive
terms and amplifying Q to its largest norm. We get
|A] 2B

A(Q,h)z/ \Vh|2da:—/\2/ [trh2+-M)\§trh2} dz
Q Q C C

2/ |Vh|?dz — M'A%/ Ih|?dz,
Q Q
where the constant M’ is scaled from M by a constant related to %, g. We note
that the factor A2 absorbs the unbounded A~ (as A — 0) from the uniform maximum
value introduced in Theorem 4.2.

Poincaré’s inequality [22] implies that

1
Vh|?dz > / h|? dz,
/Q| | C4(22) Q| |

so there exists a Ay = min{\o, (C4M’)~%} such that when A < Ay, the quantity
A(Q,h) is always strictly positive for all h # 0. Therefore, E*? is strictly convex
on X, and the uniqueness of Q-critical points follows naturally. 0

5. Sharp-interface limit. The limiting behavior of F.[Q, ¢] (2.9) in the ¢ — 0
limit is known as the sharp-interface limit. A famous result of the sharp-interface limit
concerns the van der Waals—Cahn—Hilliard functional (as used in our mixing energy
(2.6)), which states that it converges to the interface perimeter, as a I'-limit in the
€ — 0 limit [44, 56]. We are interested in the sharp-interface limit because it guarantees
that solving the continuous diffuse-interface problem (e.g., the van der Waals—Cahn—
Hilliard functional) approximates the difficult-to-compute sharp-interface problems
(e.g., interface perimeter).

Our main result is as follows.

THEOREM 5.1. Let (QX,¢F) € & be a minimizer of E. (2.9) in its admissible
space (2.11). We make the following assumptions as € — 0.
(i) We assume that {QX} is a sequence of uniformly bounded continuous func-
tions that H'-weakly converge to Qo € C°N H{.
1, x € Do, .
n
0, xT ¢ .D()7
LY, where Dy CC §) (the abbreviation for Dy C Q and Do C ) is a smooth
region such that |Do| = V.
Then, (Qo, Do) minimizes the energy functional

(ii) We assume that {¢:} converges to the indicator function 1D0={

ElQ.0l= [ [519QE 4 ¥A@)| sty [ QR
(5.1) ¢ P

1 . [1 +=|(Q+3) uﬂ : dS(x)

3 Wp
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among all tensor functions Q € C° N HE and regions D CC Q with smooth boundary
satisfying |D| = Vy, where v represents the unit normal vector of OD.

Remark 5.2. The sharp-interface limit (5.1) also comprises the LdG free energy
and penalty factors on the void, the perimeter, and the weak anchoring on 0D. The

first integral is identical to E*44[Q], and the second is identical to EV°'4[Q, Ip] (2.8),

where Ip is the indicator function of D. Using the elementary inequality 11?';‘ <

V14|22 <1+ |z|, we find that
P(D)+1/ﬁ/ [CE==P
1< Wp JoD 3

/BD {1+Zj‘; (Q+53+1)u]2rd5(x) .

Thus, the boundary integral is the sum of the perimeter and an L' anchoring penalty.

5.1. Proof by I'-convergence. Theorem 5.1 is proven in the framework of
I’-convergence, which is composed of an upper bound estimate and a lower bound
estimate [12].

We rewrite the diffuse-interface functional (2.9) as

(5.2)  E.[Q,¢] = EYC[Q] + w,\2EV(Q, ¢] + pr/Q [caq(Ve) + e 'W(9)] d,

where W (s) = s%(1—s)? is the double-well function, and the sharp-interface functional
(5.1) as

(5.3) EO[Q,D]:ELdG[Q]+wv>\2EV°id[Q,ID]+%)\ / laq(v)|? dS(z).
oD

Note that the expressions (5.2) and (5.3) share the LdG and void energy, as well as a
quadratic form aq(-) : R* — R defined to be

(@+21)e|, cer,

(5.4) aq (&) = ¢ + :%

suggesting the required connection between E. and Ej.
We first present a compactness result.

ProrosITION 5.3. Work with the same assumptions as in Theorem 5.1. Then,
for any sequence {(Qu,6.)),
(a) if EM9[Q.] is bounded for all e, then {Q.} is weak precompact in H};
(b) if E™X[¢.] is bounded for all e, then {¢.} is precompact in L*, and any cluster
point of {¢p:} takes binary values 0 and 1;
(c) denote by

(5.5) O(s) = /OS vV Wi(s)ds.

If E™X[¢.] and EMQ.,¢.] are bounded for all ¢, then V®(¢.)dx and
Q.VO(¢p.)dx are weak-x precompact as Radon measures on ). The weak-
* precompactness of a Radon measure sequence {p,} on Q means that there
exists a subsequence {un, } and another measure p such that pi,, 2o, e,
for any function f € C§°(Q),

| 1@ @~ [ 1) duta)
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Especially, if E-[Qe, ¢c| is uniformly bounded for all e, then all of the above holds.
Then, we state the I'-convergence of F. to Ey.

PROPOSITION 5.4. Work with the same assumptions as in Theorem 5.1, and the
following properties hold for all continuous Q € H and smooth regions D CC §
satisfying |D| = V.

(a) For all sequences ¢. — Ip (Ip is the indicator function of D) in L', and

Q. — Q in H}, with Q. continuous and bounded by a constant independent

of g,
(5.6) liminf F. [Q., ¢:] > Fo[Q, D].
e—0
(b) There exists a sequence ¢. — Ip in L' satisfying the volume constraint (2.10)
such that
(5.7) limsup E.[Q, ¢.] < Eo[Q, D].

e—0

The lower and upper limits of Proposition 5.4 rely on the following claims.
e Claim (I): For all sequences ¢. — Ip in L' and Q. — Q in L%,

(5.8)
liminf (E*[Q.] +w, A’ B*N[Q., ¢2]) > EXE[Q) + w, A2 EY(Q, Ip).

e Claim (IT): For all ¢, — Ip a.e. with 0 < ¢, <1, it holds that

(5.9)  lim (E*C[Q] + w, N2 E¥(Q, ¢.]) = EMC[Q] + w, N2 EY4(Q, Ip).

e—0

e Claim (III): For all sequences ¢. — Ip in L' and Q. — Q in H} with a
uniform bound independent of ¢,

. _ 1 1
(5.10) hgi}(?f/ﬂ [caq. (Vo:) +e 1W(¢SE)] dx > 3 /8D laq(v)|Z dS(x).

e Claim (IV): There exists a sequence ¢. — Ip a.e. with 0 < ¢. <1 and the
volume constraint (2.10) such that

(5.11) limsup/Q [caq(Ve) +e "W (¢.)] dx < %/8D |aQ(y)|% dS(x).

e—0

Obviously, Claims (I) and (II) concern the convergence of the first two terms of
(5.2) and (5.3), while Claims (IIT) and (IV) are about the final term. For technical
reasons, we note that the sequences in Claims (II) and (IV) have Q fixed, and that the
sequences in Claim (IV) satisfy Claim (II). Claims (I), (II), and (III) are stated without
the volume constraint (2.10) on {¢.} and are therefore stronger than necessary.

5.2. Detailed proof. We start with compactness.

Proof of Proposition 5.3. (a) Weak precompactness of {Q_.}. We notice that
the LdG elastic energy (2.3) is a multiple of the H! norm of Q_, so the uniform
boundedness of E. implies that

Q< M
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for some uniform constant M. Since H{ is a Hilbert space, the bounded sequence
{Q.} is always weak precompact [16].
(b) Precompactness of {¢.}. We recall that

Emix — / [e|Vée|® + e ' W(¢.)] dx
Q

is the well-known van der Waals—Cahn-Hilliard energy [6, 59]. The rest of the proof
follows from a standard method (see, e.g., [56, Proposition 3]).

First, W(s) = O(s*) as s — oo, so the fact that E™* is uniformly bounded implies
that ¢, is uniformly bounded in L*. Using an elementary inequality a? + b% > 2ab to
cancel out ¢, we get

E™X[¢,] z/ 2/e| V|2 - e 1W (¢ ) da
(5.12) @

- /Q Va(6.)| de,

where the chain rule on ® (5.5) is used. Hence, ®(¢.) is uniformly bounded in BV((2),

the space of functions with bounded variation [17, 23]. By the compactness of BV

in L', there exists an L' convergent subsequence {®(¢.,)}. Since ® is a strictly

monotonic increasing function on R, ¢., = ®~1(®(¢,)) converges in measure. But

since {¢, } is also uniformly bounded in L*, the convergence is in L' as well.
Moreover, we notice that

/ W(pe)da < sEf’iX —0, ase—0,
Q

so the L' limit ¢ must satisfy that W(¢) =0, a.e., which means it only takes binary
values 0 and 1.

(c) Weak-* precompactness of the vector-valued Radon measures. By (5.12), we
have known that V®(¢.) are uniformly bounded in L'. We regard V®(¢.) as a
vector-valued bounded Radon measure, i.e., a functional of continuous vector-valued
functions g € Cy(§2) defined through

(9. VB(6.)) 2 /Q g-VB(6.) da.

By the well-known Riesz representation theorem [17, Theorem 1.38], Radon measures
on ) constitute the dual space of Cy(€2), the space of continuous functions on
with compact support, for all bounded Lipschitz domains Q. L'(Q) equipped with its
norm is a closed subspace of the Radon measures. By the Banach—Alaoglu theorem,
bounded Radon measures are weak-* compact, so {V®(¢)} is weak-+ precompact
[17, Theorem 1.41].

Similarly, we take the anchoring density £|(Q, +s4+1/3)V¢.|? from E2"°! and the
double-well term eW (¢.) from E™* and perform the same operation as (5.12) to get
the uniform boundedness of

MZ/Q‘(QpL%I) V(.)| da,

so (Q. +s4+1/3)V®(¢.) is also uniformly bounded in L!. By the triangle inequality,

o St S+
QYO (0:) = (Q. + 1) VO(6:) — S V(62)
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is uniformly bounded in L'. We apply the same reasoning as before and complete the
proof. 0

Claims (I) and (II) can be obtained by means of basic calculus.

Proof of Claim (I). Assume without loss of generality (w.l.o.g.) that

liminf/ VQ.|*dx < 0,
Q

e—0

for otherwise the conclusion is trivial. Due to the weak compactness of H{, we extract
a subsequence denoted by {Q., } such that

lim |VQEk|2dx zliminf/ |IVQ.|*dx and Q.,—Qin H;.
k—o0 Q e—0 Q

Note that since Q. — Q in L' by assumption, the weak limit of Q_, in Hj must also
be Q. Hence, we have by the w.ls.c. property [16, section 8.2, Theorem I] that

liminf/ VQ.]?dz = lim / \Vst\zdxz/IVledw
e—=0 Q k—oo Jo Q

Since the bulk energy Fy(Q) is a degree-4 polynomial Fb(st) — F,(Q) strongly by
the compact Sobolev embedding H} <% L* in three dimensions [1, 22], thus,

lim F’b(ng)dx:/ Fy(Q) da.

For the void penalty EV°id (2.8), we once again extract a subsequence {¢¢, } — Ip
(w.l.o.g. the same subsequence as before) such that

lim EY9(Q,, ,¢.,] =liminf EY9[Q_, ¢.] and ¢, — Ip,a.e.
k—o00 e—0
Recall the expression (2.8) of E¥°id. Tt follows from Fatou’s lemma [47] that
. 1
.. void T 2 2
liminf EY(Q., o] —khj;o/Q 5(1=¢2)71Q., ["dz

1 :
> / liminf 2 (1 — ¢-,)°1Q., |* dz = B [Q, Ip)].
Q

k—o0

Adding the expressions above gives (5.8). 0

Proof of Claim (II). The same LdG energy is featured on both sides of (5.9), so
we only have to check the void energy. Since ¢. and Q € C° are uniformly bounded
and since ¢. — Ip a.e., it follows from the dominated convergence theorem that

1 1
lim 5(1—¢€)2\Q|2dx:/ﬂ§(1—ID)2|Q|2d$7

e—=0 Jo

which yields (5.9), as required. O

Then, we prove Claim (IIT) with properties of Radon measures [17], as well as the
method of [44, Proposition 1].
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Proof of Claim (III). We first argue that we can assume ¢, are uniformly bounded
in [0,1]. Otherwise, we can define the truncated function

) 0, o(x) <0,
¢e(2) = max{min{¢(z),1},0} =< ¢(x), 0<¢(z) <1,
1, o(x) > 1.

Recall that I takes binary values 0 and 1, so obviously |¢.(z) — Ip(z)| < |¢e(z) —
Ip(z)] for all z. Hence,

H(J;g - ¢0HL1 < ”d)s - ¢0”L1 ‘>07

i.e., the sequence {cZ)s} converges in L' as well. In addition, it follows from the
definition of the double-well function W and the chain rule that

W(¢:) <W(6:), Ve =I10cp.<1) Ve,

SO

/9[5_1W(¢~56) +eaq, (véa)] dz < / [6_1W(¢€) teaq, (V)] da.

Q

Therefore, in order to prove Claim (III), it suffices to check that

. . 1

liminf/ [e7'W(¢e) +caq (V)] dx > f/ \aQ(u)ﬁ ds

e=0  Jo € 3 Jap

with ¢. — Ip in L'(Q) (e — 0) and the extra assumption 0 < ¢, < 1.
Extract a subsequence {Q,, ,¢<, } = {Qy, ¢x} such that

lim [ [e7'W(¢x) + caq, (Vor)] dz =lim inf/ e W (6:) + caq_ (V)] da < co.
k—oo Jo =0 Q

By (5.2), the LHS of the above formula equals the sum of E™*[¢;] and E22M[Q,, ¢],
so these terms are bounded with respect to €. With the compactness result from
Proposition 5.3, we can assume further that the Radon measures V®(¢y) and
Q. V®(¢y) are both weak-+ convergent by extracting another subsequence. Since
we also assume that ¢ — Ip in L' (so ®(¢) — ®(Ip) in L' by the Lipschitz con-
tinuity of @ (5.5)) and that Q, — Q in H{, the respective weak-* limits of these
measures must be

(5.13) Vo(¢r) = D2(Ip), Q,V2(¢r) = QD(Ip).
where D stands for the weak derivative as a generalized function, as distinguished
from V.

Proof of (5.13). It suffices to prove a componentwise result. That is, for all
function sequences f, — f in H}(Q) and g, — ¢ in L(Q), satisfying further that
fn, f€C°NHL, fu, f,gn,g are uniformly bounded, and that 8,,g, and f,,0.,g, both
weak-* converge to some Radon measure on 2, it must hold that
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Up to extracting a subsequence, we may assume further that f,, — f and g, — g a.e.
We need to verify for each ¢ € C§°(2) that

/ 05, g dz / D, gdz, / g d / $fD, gdz.
Q Q Q Q

Using the definition for weak derivatives and integration by parts, we see that the
condition is equivalent to

/gnaxﬂv[}dI—)/gax?wdiU, /(fngnaxilﬁ—l-ﬂ)gnaxifn) dx
Q Q Q
Q

The first convergence is obviously correct, as 0,4 is smooth. By Lebesgue’s domi-
nated convergence theorem, since f,g, — fg a.e. and {f,gn} is uniformly bounded
by assumption,

Q Q
Since ¥g, — g a.e. and O, fn, = Oy, f weakly in L?,
Q Q

Hence, the second convergence is also correct. The correctness of (5.13) is then es-
tablished. |

Using the same elementary inequality technique as in (5.12), we compute that

/ lcaq, (Vor) + e W(dy)] dz > / 2 /W (6r)ag, (Vér) do

Q Q

(5.14) :2/9\/%1 (\/W(m)v(pk) dz
—9 /Q aq, (VO(dy)) de.

Inspired by the duality argument from [44], we define

V(ul,uz)Zsup{/le~u1dw+/ggz~uzdw:

(5.15)
91:92 €Co(@), supllg,* + loaf?) < 1},

where p; are vector-valued Radon measures. V is obviously nonnegative for all gy, 5.
(Note that V is defined similarly to the total variation [17, 23].) We make the following
observations.

LEMMA 5.5.
(a) V is weak-+ lower semicontinuous with respect to Radon measures.

(b) For py =V®(ér) and py = \/wa/wp(Qp + s41/3)V P (1), it holds that

V(#hl‘z):/g\/mdx.

(¢c) For py =D®(Ip) and py = v/we/wp(Q + s+1/3)DP®(Ip), it holds that

1
Vi) =5 [ aqv)as
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Proof of Lemma 5.5. (a) Suppose that the sequence {,u,gk), p,ék)} weak-* converges
to {pq, py}. For every pair g,(z),g,(z) € Co(Q) satisfying |g4|? + |g,|* <1 for all z,
it holds that

k k k k
/le b )d$+/992'ﬂg Vdz <v(pt®, ui).

Taking the lower limit as kK — 0o in the inequality above, we get

/91-uldx+/92~u2dxﬁlikmian(u17uz),
Q Q $— 00

where the LHS results from weak-* convergence. Then, taking the supremum leads
to our conclusion.

(b) First,

(Qk + ) V‘I’(cﬁk)r dz

Vg, pta) \/IV<I> (én)|? +
(5.16)

~ [ \/aa,(Ve(o))ds
Q

Recall the definition (5.4). Moreover, since both p; and p, are L' functions, we can
choose g4, g, arbitrarily close to

'U* _ vq)(¢k) ’U* _ V wa/wP(Qk + %I)v@(ﬂsk)
' Vaq (Ve(4.) aq, (Ve(6.))

almost everywhere. Note that |v}|? + |v3|? = 1 according to their definition. Then,

[ |- va@0 0 2 (@us 1) vaonas

can be arbitrarily close to the RHS in (5.16), so the equality must hold. That is,
Vipriis) = [ faq, (V0(0.)ds
as desired.

(c) It is well-known [17, 23] that when D is a smooth region with 8D C Q, DIp
is the normal vector measure on 9D, such that

/f‘DIDst:— f-vds,
Q

oD

where v is the normal vector, and the negative sign comes from integration by parts.
Therefore, we can write according to the definition (5.15) that

V= s | [gl-D<I><ID>+g2~\/TZ(Qﬁ;I)D@(ID)}dm

l9112+]g2]2<1

(5.17) 1 - s
= sup —7/ {gl~u+gz'1/a<Q++I)u]dS.
lg112+lg2[?<1 6 oD Wp 3
Note that ®(0) = fo —s)ds = ¢ and that Ip is binary-valued, so we have
rewritten

(1) = B(1)]p = B(Ip).
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Since 0D is smooth, g;, g, can be arbitrarily close to being parallel to the unit vector
field on 0D,
wr = v w?* \Y% o‘}CL/WQD((Q + %I)V
1= T Ty W= )
aQ(v) aQ(v)

so the supremum in (5.17) equals

V(y, o) /\/IVI2 ‘dx— /;)DF

as desired. 0

With Lemma 5.5 proven, it is straightforward to utilize (5.14) and estimate that
liminf/ [caq, (Vor) +e " W(¢r)] dz > 21ikminf/ aq, (V®(¢r))dx
Q —oo Jo

k—o0
®) op: Ya S+
= 2111612ng <V<I>(¢k) dux, \/:p (Qk + 3 I) V(o) dx)

(a) [Wq Sy
©1 /
=3 /8D aq(v)ds

The proof of Claim (III) (5.10) is complete. 0

The proof of Claim (IV) involves the discussion of a generalized van der Waals—
Cahn-Hilliard functional (2.6).

LEMMA 5.6. Work on a bounded Lipschitz domain Q0 C R™ in general dimensions
n. Define the generalized van der Waals—Cahn—Hilliard functional L : HY(Q) —
RU{+o0} as

(5.18) Lg(zj)):/ﬂ[5’1W(¢)+5a(a:,v¢)} dz

with the following assumptions.
(i) a(z,&) =a"(x)&&; and repeated indices are summed over, following Einstein’s
summation convention. The symmetric-matriz-valued function A = ((a¥)) :
Q — R s continuous and satisfies the uniform elliptic condition

(5.19) AI<A(x) AT V.

The notation A < B means that B — A is positive definite, where A,B are
symmetric matrices.
(ii) W(s) is a nonnegative continuous double-well potential with strict minima at
s=a,B (<), and W(a)=W(B)=0.
(iii) D CC Q is a region with C? boundary.
Let o9 = alp + BIpe be the separation of the phases o and 3. Also, denote the
perimeter of D by P(D) = Hp,_1(0D) (the (n — 1)-dimensional Hausdorff measure
[17]) and introduce the constant

coz/j\/Ws)ds.
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Suppose further that ¢g = alp + BIpe satisfies the volume constraint

(5.20) / pdr=m,
Q
where a|Q| <m < S|, or equivalently |D| = ﬁléll;m' Then, there exists a sequence
¢ € WH(Q) satisfying the constraint (5.20), a < ¢. < B3, ¢ — ¢o a.e., such that
(5.21) limsupLg((bE)cho/ la(z,v)|? dS(z).
e—0 oD

Remark 5.7. We make a few remarks on Lemma 5.6.

e The lemma is stated in exactly the same fashion as in [44, Proposition 2],
where the same properties are derived for the degenerate case a™ (x,p) = |p|?
and (5.18) is reduced to the classical van der Waals—Cahn—Hilliard energy.

e Similar discussions on generalized van der Waals—Cahn—Hilliard energy func-
tionals can be found in, e.g., [3, 4], where the I'-limit of functionals in the
form of singular perturbation on the gradient is studied in detail.

e The theory of Lemma 5.6 can be applied to our model with a = 1,8 =
0,W(s) =s%*(1—1s)? a(z,d:) = aq(¢:), and ¢o = Ip. When a > 3, one can
set W (s) = W (—s) and apply the theory to {—¢.} with W substituted for 1.

We present a constructive proof of Lemma 5.6. A useful insight into the con-
stuction of the sequence {¢.} (also named the recovery sequence) is the property of

equipartition of energy in energy functionals of van der Waals—Cahn—Hilliard form
[10]. Tt states that if the upper bound is to hold, then it must hold a.e. that

5_1W(¢8) ~ &‘CL(J?, v¢8)7

i.e., the double-well potential and the gradient term contribute approximately equally
to the overall energy L% (5.18). The equipartition property motivates us to construct
the recovery sequence.

Proof of Lemma 5.6. Step 1. Generalized signed distance function. First, we con-
struct (locally) a Lipschitz function h® satisfying a(z, Vh®) =1, a.e. h® is essentially
the solution to the first-order nonlinear partial differential equation (PDE)

(5.22) a (2)ug,ty, =1, zEQ,

u=0, x€0D,
which can be solved with the method of characteristics. The solution is a generalized
SDF.

Assume for the moment that a”/(z) € C°°(2). Then by [16, section 3.2] (with
F(x,u,p) = a(z,p) — 1), the solution to (5.22) is given by the characteristic curves
(X (s),U(s), P(s)) determined by the dynamical system
(5.23)

Xi:_aPiF(X7U7P):2aij(X)Pj a( )
U =V,F(X,U,P) P=2(X)PF;, (9=%2)

(Einstein’s summation convention is used) with initial values
X(0)=yeoD,

(5.24) U(0)=0,
P(0) = |a(y,v)|"2v.
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The curve X (s) originates from the surface of boundary conditions 9D, and the
functions U(s), P(s) portray respectively the evolution of h*(z) and Vh*(z) along
the curves. The initial values (5.24) are designed to be compatible with the boundary
condition h* =0 and a(z, Vh*) =1.

With the theory of first-order nonlinear PDEs, we assert that the system (5.23)
solves (5.22) correctly in a neighborhood V' > 9D, with U(s), P(s) standing for the
respective value of h%, Vh® at the point X (s).

LEMMA 5.8. Assume that 0D is compact and C? smooth. Then, there exists an
open interval I containing 0 such that
(a) for eachy € OD and s € I, a unique C* characteristic curve (X (s),U(s), P(s))
exists with the initial conditions (5.24);
(b) the mapping

I x0D—QxRxR",
(s,9) = (X, U, P)

is C' with respect to s € I and y € OD;

(c) the mapping (s,y) — X (s;y) for s € I,y € OD is bijective, and its inverse is
also C', i.e., there exist C! inverse mappings s = s(x),y = y(z);

(d) on the open region containing D defined by

(5.25) V={X(s;y):sel,yc oD},
the function
(5.26) h*(x) =U(s(x); y(x))

is a C1 classical solution to (5.22) with Vhe(z) = P(s(z);y(x)).

We can also make the following observations on the solution h*(x) (5.26) restricted
to V defined by (5.25). It states that the sign of h%(z) determines which side of 9D
the point z is on, a property shared by the classical SDF.

LEMMA 5.9. Assume the same as Lemma 5.8. Then for any x € V', the position
of x relative to D is determined by the sign of h®(x). Specifically,

x €D, h*(z) <0,
x€dD, h*(x)=0,
0

x € (D)°, h%x)>0.
Proof. Since U(s) =h*(X (s)),P(s) =Vh*(X(s)) solves (5.22) by Lemma 5.8,
a(X(s),P(s)) =1

for all s € I. Therefore, we notice from the characteristic equation (5.23) that U(s) =
2a(X, P) =2, which indicates

(5.27) he(z) =U(s(z)) =2s.
By (5.24), the initial values satisfy X (0) = 2a%(y)P;(0), P(0) = cv (¢ >0), so

X (0)-v=c2a" (y)v;v; >0
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since a¥ satisfies the elliptic condition (5.19). As v is the exterior normal vector,
the characteristic curve points outside the region D as s increases. There is also no
second crossing of the curve X (s) with 9D when s # 0 because the solution is unique.
Therefore, s > 0 corresponds to the outer side of D and s < 0 corresponds to the inner
side. By (5.27), the signs of h* and s(z) are identical, so we yield Lemma 5.9. ad

The following corollary characterizes level sets of h*, which are local isomorphisms
of the boundary 0D.

COROLLARY 5.10. Use the same assumptions and notation as Lemma 5.8. The
level sets ¥y = {h* =t} of h*(x) satisfy the following properties.

(a) For allt with £ €1, %y is a C* hypersurface.

(b) For any continuous function g(z): Q — R, the integral

/E () a(2)

is continuous with respect to t. Specifically, when g(x) =1, we get the conti-
nuity of H,—1(X;) with respect to t.

Proof. Recall from (5.27) that U(s) = 2s, so the level set h* = ¢ is expressed
equivalently as

t
h(z)=te s(zr) = 7
That is, as long as % €1, % is a section of the C'! bijective mapping (s,y) — X (s;y)
(by Lemma 5.8(c)) at s = £:

(5.28) Y ={X(t/2;y) :y € OD}.
Therefore, s = % is a C'! parametrization of the surface family {3; };, and the assertions
of Corollary 5.10 follow immediately. ]

Step 2. Approximate phase transition sequence. Next, we construct the approxi-
mate phase transition sequence {¢.} over €, such that ¢. — ¢ a.e. as e = 0.

We propose a function x. : R — R as the solution to the following differential
equation:

exc(t) = v Wi(xe(t)) +e,

The function y., taken from [44], is intended to approximate the standing-wave so-
lution ¢(t) as e — 0, which satisfies that ¢(—o0) = «, ¢(+00) = 5 and minimizes the
one-dimensional van der Waals—Cahn-Hilliard energy [18, 67].

The following properties of y. are evident.

LEMMA 5.11. The function x. satisfies that

(a) xe is strictly increasing;

(b) there exists a number ne. >0 such that x:(n:) =B, i.e., xe changes from « to
B over the interval [0,m;];

(¢) ne =0 as e —0.

Since we are only interested in the phase transition from a to 5, we truncate the
function x. to the interval [, 5]:
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«, t <0,
(530) Xs(t) =min {Ba max{av Xe (t)}} = Xs(t)7 te [07 775];
B, t> 1.

Xe Is an increasing and Lipschitz continuous function R — [a, 8]. We also denote the
sharp phase transition from a to 8 by

a, t<0,
(531) XO<t>{ﬁ7 o

A sketch of their graphs can be found in Figure 5.1.
For each ¢ satisfying 7. < 1., we define the phase transition sequence on V:

Xe(h®(z) +6c), —d: <h%(w) <ne — e,
(5.32) ¢e(x) = Xe(h"(7) +6c) = { «, he(z) < =6,
B, ha(x)>77€7567

where h? is the generalized SDF defined by (5.26), X is defined in (5.30), and 6. €
[0,7¢] is yet to be determined. The sharp phase transition ¢o = alp + SIpc can also
be expressed as

(5.33) ¢o(x) = xo(h"(2))
over V, where xq is defined in (5.31), because the sign of h% in V is determined by

whether x € D or z ¢ D.
We choose d. € [0,7,] to meet the volume constraint (5.20) restricted to V.

LEMMA 5.12. There exists 0. € [0,n:] such that
[ etarte= [ ante

Xe(t) <xo(t) < Xe(t+n.) VEER,
as visible from Figure 5.1, so substituting h%(x) for ¢ and integrating gives us

/V)Ngs(ha(x))dfrg/VXO(h“(;U))da::m§/sz(ha(x)—i—ns)dgv7

where m = [}, ¢odz is from the volume constraint (5.20). Since the integral

/ Re(h®(z) + 6) de
1%

is continuous and monotonic with respect to ¢, there exists §. € [0,7.] such that
Jiy Xe(h* +6.) dz = m by the mean value theorem. O

We then extend ¢. to the entire €.

Proof. Evidently,

F1G. 5.1. Sketch of X<(t) compared with xo.
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LEMMA 5.13. Define

o, xeDNVe
5.34 (2)={%" :
(5:34) ¢ (2) {ﬁ, zeDNVE,

and then
(a) the extension (5.34) is a Lipschitz function over Q;
(b) ¢ satisfies the volume constraint (2.10);
(¢) ¢e = @o a.e., where ¢pg=alp + Blpe.

Proof. (a) We need to prove the differentiability near the boundary V. Since V
is defined by images of the C* mapping X (s;y) with s € (—nx, 1), the boundary oV
is two patches of level set surfaces {s==£n,} (which are the level sets £1o, ={h® =
42, } defined in (5.28)). On the positive patch s = n., h%(z) = 2. > 1 > e — de
by the assumption that 7. > 7., so by (5.32) we have that ¢.|yny = 5 for a small
neighborhood U containing = € X, restricted to V'; moreover, the value of ¢. on
UNV¢ is also constantly 8 by definition (5.34). Hence, the extended ¢, is differentiable
(constant) near . The same argument applies to the negative patch s = —r,.

(b) We notice that the values of ¢. and ¢ agree on V¢ by (5.34) and (5.33),
50 [e ¢c(x)de = [,. ¢o(x)dz. Meanwhile, Lemma 5.12 states that [|, ¢.(z)dz =
[y #o(z) dz. Adding them up gives us the volume constraint (2.10) on the entire €.

(¢) Tt suffices to prove that ¢. — ¢g (¢ — 0) whenever = ¢ 9D. If x ¢ V', then
¢e(x) = ¢o(x) by definition (5.34). If x € V and = ¢ 0D, then h*(x) # 0 by the
uniqueness of characteristic curves. Since . — 0 and 0 < 6. < 7. (by Lemmas 5.11
and 5.12), h® ¢ (=6.,m. — 0.) when € — 0. Therefore ¢.(x) = ¢o(x) for sufficiently
small €, and hence the convergence. 0

Step 3. Integration with coarea formula. Finally, we evaluate the functional (5.18)
with the aid of the sequence ¢.. We utilize the following coarea formula for a Lipschitz
function h € W1>°(Q) and an integrable function f € L'(Q) [16, 17, 23], which
translates volume integrals to surface integrals:

(5.35) /Qf(x)thx:/_Zdr/{h:r}mQ F()dS(@).

The steps are identical to those of Modica [44].

By (5.32), when h* > 1. — . or h® < —0., ¢. is constantly a or 3, so both
W(¢.) and V. are zero. Therefore, the integral (5.18) is supported on the “strip”
{=0: < h® <. — b}, or equivalently, {« < ¢. < 8}. Using the differential equation
(5.29) and the chain rule, we get

ea(z,Voe) = (W(¢e) +e)a(z, VA") =~ (W(g:) +¢).

Thus, we transcribe the integral into

Lo(6) = / S @W () + &) de
{a<¢p.<B}

775*55 571
- a [ = ) +e)dS (),
/55 t/zt ] V(6 +)dS ()

where the coarea formula (5.35) is applied to h*. Note that because of uniform
ellipticity (5.19),

1=la(z, Vh*)| < A[VA*|? = |Vh*| > A2,
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and thus |Vh*| can be placed on the denominator. Substitute the definition (5.32) in
the expression above, and extract the factor W (¢, ) + ¢ from the surface integral since
it is constant over that surface:

a oy [T 2W (Re(t+6.)) +¢
Le(qbe)—/_gs dt/& o ds(z)

"= W (xo(t)) + € / 1
— - el dt dS(z).
| : o, Toha] 45

We have shifted the interval of ¢ by d.. As x.(¢) is strictly increasing by Lemma 5.11(a),
we make the change of variable r = x.(t) € («, ), whose substitution formula is

dr=xL(t)dt =" \/Wdt. Then,

(5.36) L%(¢.)

1
/ 2V LE —
VW(r)+e N |Vhe|

where x-1(r) : (o, 8) — (0,7.) is the inverse function of x.. By Lemma 5.11, 5. — 0
and 5. — 0 as € — 0, so xz1(r) — d. — 0 uniformly for all r € (a, 3). ﬁ is also
continuous over V because h* € C1. Thus, by Lemma 5.10(b) we can assert that

1 1
li =
lim wha) 45) /2 whe] 15@)

x& () —se

ds(a),

uniformly for all r € («, ). Moreover, % < 24/W(r) + ¢ is uniformly bounded

above by a continuous function for all r € [a, 8]. Therefore, we apply the dominated
convergence theorem on (5.36) by taking the limit € — 0 under the integral sign and get

lim L¢(¢:) /azﬁdr/zow ds(z).

Since ¥ is just dD, and since |Vh*(z)| = |P(0;2)| = |a(z,v)| = (x € dD) according
o (5.24),

lim L2(62) = 2¢0 / la(z,)[* dS(x),
e—0 5D
matching the form in Lemma 5.6.

Step 4. An approximation argument. All previous derivations are based on the
assumption that a/(x) € C*°. For the general case a¥ € C° we choose a sequence
of smooth matrix functions Ay (z) = ((a)/ (x))) € C* such that Ay — A uniformly
and that Ay (z) = A(z) for all z. Denote the quadratic form associated with A} by
ai(z, &) = a) (2)&;€;. W.lo.g., assume further that the smooth approximations {Ay}
satisfy the uniform ellipticity conditions (5.19) with the same constants A, A.

Before proceeding with the argument, we need to further characterize the behavior
of h.

LEMMA 5.14. Under the assumptions of Lemma 5.8, the solution h®(x) =U(s(x);
y(x)) satisfies that

A2 dist(x,0D) < |h%(x)| < A~V 2 dist(z,0D) Vz eV,

where A is the constant from (5.19) and dist is the distance function.
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Proof. By (5.19) and the fact that a(x, Vh®) =1, we find that
AR < VR < AT,

For any line segment in V' connecting y € 0D and =,

|h(x)] = / Vha-dl‘gxm/ || = A"12 |z —y)
Yy Yy

by the triangular inequality of line integrals. Taking the infimum over y € 9D leads
to the right inequality.

For each = € V, denote sp = s(x) the parameter along the characteristic curve
and y = y(x) the initial point of the curve. By (5.23) we get

|X| =2|AP|< QAI/QW: AL/2 Vs,

since A bounds the largest eigenvalue of A. W.l.o.g. letting sq > 0, we integrate along
the characteristic curve from y to = to get

s0 .
dist(z,0D) < |z —y| < / | X |ds < 2AY2s.
0

Moreover, by (5.27) we have h*(z) = U(s) = 2s, and the LHS inequality follows
immediately. 0

Based on the matrix function Ay, we construct the generalized SDF h®t(z) and
the phase transition sequence ¢¥(z) with the same method as in (5.26) and (5.34),
respectively. Note that the function x. and the number 7., as stated in Lemma 5.11,
are independent of k. We find the following fact important.

LEMMA 5.15. For all x ¢ 0D, ¢¥(z) — ¢o(z) as € — 0, and the convergence is
uniform in k.

Proof. Since the uniform elliptic constants A, A in (5.19) are the same for all {A}
by assumption, the conclusion of Lemma 5.14 holds. Thus, 2¢9dD, i.e., dist(x,dD)>0
implies that

|he* (x)| > A~Y/2 dist(z,0D) > 0.

Then, it holds for all k that [h®* ()| > 7. whenever 1. < A~/2dist(x,dD). Therefore,
the same argument in Lemma 5.13(c) applies, leading to ¢F(z) = ¢o(x) for all k and
¢ satisfying n. < A~'/2dist(x,0D). Hence the convergence ¢F(z) — ¢o(z) is uniform
over k. 0

Denote the generalized van der Waals—Cahn-Hilliard functional associated with
A} by L (¢). For each k > 1, we iteratively choose e < min{k~!,e;_1} such that

sup Lo [gh] < / ja(a,0) | dS(x) + 1

k?
er<e<er-—1 oD

which is possible because Lemma 5.6 applies to Ag. We construct the sequence {¢.}
by defining

k
be =07, er<e<ep_i1.
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Then by Lemma 5.15, the sequence {¢.} converges to ¢ for all z ¢ dD. It satisfies
the volume constraint (5.20) since {¢*} satisfies the same constraint. Moreover, we
compute that

limsup L¢(¢.) <limsup sup L2 [¢F]

e—0 k—oo ep<e<ep—1
1
<limsup {/ lay(z,v)|? dS(z) + —
k—o0 oD k

— [ latew)lt as(a),
oD
as desired. In the computation above, the first inequality is based on the assumption
that A < Ay. d
We proceed to proving Claim (IV).

Proof of Claim (IV). Let ¢. be the sequence guaranteed by Lemma 5.6, with
a(z,p) = aqz)(p) and a = 1,8 = 0, which satisfies ¢. — Ip a.e., 0 < ¢ <1, and the
volume constraint (2.10). Then, we apply the lemma to get

LHS of (5.11) = limsup/ [caq(Vee) +e "W(p.)] da
0

e—0

§2c0/ lag(v)|? dS =RHS of (5.11)
oD

as desired, since ¢y = %. 0

Having established the claims, we can prove the lower and upper limits in Propo-
sition 5.4.

Proof of Proposition 5.4. i. Lower bound proof. For the lower bound (5.6), we
add (5.8) and (5.10) for all sequences ¢. — Ip in L' and Q. — Q in Hi. As H{ is
compactly embedded into L', Q. — Q in L' as well. Using Claims (I) and (III), we
perform the following computations to obtain (5.6):

.. . LAG 2 rvoid
h?l}}}f E.[Q., ¢ > h?l}}}f (E Q. +w,\°E [Qa?d)if])
+wp/\liminf/ [aq, (Vo) + 7' W(¢:)] da
e—0 Q N

> BYO(Q] 4w, N EVHQ, Ip] + 22 / laq(v)|? dS(a)
3 Jap
:EO[Q7D]

ii. Upper bound proof. Take the sequence guaranteed by Claim (IV), where
¢ — Ip a.e. with 0 < ¢. <1 (so {¢.} also satisfies Claim (II)) and the volume
constraint (2.10) holds. Therefore, (5.9) and (5.11) both hold for the sequence {¢.}.
Adding the two inequalities results in (5.7).

limsup E.[Q, ¢.] = hH(l) (ELdG Q] + Wv)\ZEVOid[Qy ¢6])
e—0 e
+ wp)\limsup/ [caq(Ve) +e "W (¢.)] da
e—0 (9]

. A 1
< BHOIQ 4w MEQuIp] + B [ Jaq(v]t as(o)

= Eo[Q, D].
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We have proven the assertions of Proposition 5.4 as desired. 0

Finally, the proof of Theorem 5.1 follows from Proposition 5.4 by a standard
argument.

Proof of Theorem 5.1. For any (Q, D) satisfying Q € C°N H} and D CC 2, take
the sequence {¢.} guaranteed by Proposition 5.4(b) to get

EO[Qa D} > lim sup E, [Qv ¢5]

e—0

> lim i(I)lf E.[Qf,¢%] > Ey[Qq, Do)
E—r

The second inequality comes from the assumption that (QZI, ¢¥) is a minimizer of F.,
and the third inequality utilizes Proposition 5.4(a) at (Qg, Do). Hence, by definition
(Qg, Do) minimizes Ey among all (Q, D) of interest. |

6. Numerical results. In this section, we study the numerical behavior of the
diffuse-interface LdG model.

To simplify implementation and demonstration, and to facilitate further compar-
ison with the numerical results in the literature, we use the 2D reduced LdG model
on a rescaled 2D domain, Q. The reduced LdG model is the thin film limit of the full
LdG model on a 3D domain Q = Q x [0, 4], in the A — 0 limit, under certain boundary
conditions [7]. Using a special reduced temperature A = —%7 the Q-critical point of
the LdG free energy (2.2) can be related to a reduced 2 x 2 symmetric traceless tensor
P, as follows [27]:

6.1) Q- [P —i—O%IQ (L}

3

This reduced matrix, P, is the reduced LdG order parameter. Using the relation
(6.1), the corresponding reduced energy is obtained by means of shifting F- (2.9) by
an additive constant.

(6.2)

= 1 3 B 2 2
E—[P,¢]:/§2[2|VP|Q+>\2 (—WtrP ~(trP?) )]

+@pA /[\v¢|2 +& 11— ¢)?] dz + @, / (P +54/2)Vo|* dz

1
+<DU>\2/Q§(1—¢) |P|?dz,

/Qqum _

Recall that & = ¢/\ is the relative capillary width, and the rescaled constants are
defined by

2
A XC wp
=—, Wp=

32
L

so the coeflicients of the trailing integrals in (6.2) are respectively “’z)‘, “’z)‘, “’“L)‘2. We
take B=0.64 x 10N -m™2, C=0.35 x 104N -m~2, and L =4 x 107'' N in the fol-
lowing numerical simulations, which are the physical constants of the commonly used
nematic liquid crystal material MBBA [41]. We also fix the following hyperparameters:
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_ € = w — UJU —
5:X:0.0057 Vo = 0.09, fp:3><107m L f:6x1014m 2,

Using the finite difference method, we discretize the 2D domain Q = [0,1] x [0,1]
with an N X N grid where N = 128 and minimize E. numerically following the gradient
flow with respect to Q and ¢. We study the minimizers of the diffuse-interface LdG
energy for various domain sizes, A, and anchoring strengths, w,, in Figure 6.1. We plot
A on the vertical axis and “= on the horizontal axis, and this quantity also has units of
length. For small A\ and small w,, the diffuse-interface energy minimizer is the radial
state with circular N-I interface and a +1 defect at the center of the nematic phase.
As ) increases, the ordering increases inside the nematic droplet and the N-I interface
becomes more pronounced. The interface shape deforms from circular to ellipsoidal, as
A increases, for fixed w,. As w, increases, for a fixed )\, the minimizer becomes a polar
state with an ellipsoidal interface, and we also see two +1/2 defects along the long
axis. As w, increases and for stronger tangential anchoring, the defects are expelled
from the N-I interface slightly and move toward the interior of the tactoid. For large
A and large w,, the minimizer is a tactoidal state for which the nematic directors are
almost parallel to each other, with tangential anchoring on the N-I interface and two
+1/2-interior defects close to the spherical caps of the tactoid.

We briefly compare our numerical results with existing work. The radial and
polar states on a 2D disc with tangential boundary condition have been studied in
[30]. The radial state is radially symmetric with a central +1 defect, and the polar
state has two +1/2 defects along the diameter. People have also numerically found the
tactoid, which is a spindle-shaped nematic droplet within which directors are almost
parallel to each other, and with either defects near the pointy ends of the spindle or
none at all [2, 13]. These numerical observations in published work are consistent
with the phase diagram in Figure 6.1 for small A\ and w, (radial state), tactoids with
tangential anchoring and with no interior defects (large A and small to moderate w,),
and tactoids with tangential anchoring and interior defects (large A and moderate to
large wq).

7. Conclusion and discussions. In this paper, we propose a diffuse-interface
LdG energy functional, E. (2.1) for the free boundary between a nematic droplet and
an isotropic surrounding. The model incorporates an LdG Q-tensor and a phase field
¢ as order parameters, with an extra hyperparameter ¢ introduced to describe the
width of interface.

We establish the existence (Proposition 3.2) of global minimizers of E.. For
fixed ¢, we have also shown that the Q-critical points satisfy the maximum princi-
ple (Theorem 4.2) and uniqueness (Proposition 4.4) under certain conditions. The
existence, uniqueness, and regularity properties, as a whole, ensure the solvability of
mathematical models centered around the diffuse-interface LdG functional, F.. We
also prove the sharp-interface limit of E. when € — 0, in the sense of I'-convergence
(Theorem 5.1 and Proposition 5.4), i.e., convergence of minimizers of F. to minimiz-
ers of Ey as € — 0. The sharp-interface limit of the diffuse-interface LdG energy is
defined in terms of a nematic region D and the Q-tensor order parameter, with con-
tributions from the LdG energy, a void energy in the complement, and a boundary
energy. The theoretical work is complemented by numerical tests that yield physically
interpretable results, which are also consistent with existing observations in other free
boundary NLC models. In particular, we observe the transition form radial to polar
and tactoidal states when adjusting the scale A\ under different hyperparameters.
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’ . . . . )
0.00

wq/L

FI1G. 6.1. The plots of the minimizers of (6.2) for various values of \ in rows from top to
bottom: 0.8,1,2,5,7.5 (unit: 1078 m); values of wa/L in columns from left to right: 1,3,6,9,15,30
(unit: 107m=1) with & =0.005, Vo = 0.09, wp/L=3x10"m~ !, w,/L =6 x 10" m~2. The color bar
represents the order parameter |P|2. The white contour along the N-I interface denotes the level set
{¢ = 0.5}. For the green line, the length represents the positive eigenvalue of P and the direction
represents the eigenvector of P corresponding to the positive eigenvalue.

There are multiple generalizations of our work. The diffuse-interface framework is
a powerful tool in describing deformable regions and can be used to model other liquid
crystal phases such as smectic phases with free boundaries [49, 64]. For example, there
is room for improvement for our theoretical results such as the maximum principle and
uniqueness, which is only proven in the fixed-¢ case under smoothness assumptions.
It could be generalized to global minimizers under weaker conditions. We have only
studied energy minimizers in Figure 6.1. There may be multiple energy minimizers and
future work includes the study of solution landscapes of (2.9), i.e., the study of stable
and unstable saddle points of (2.9) and the pathways between them, using the method
of saddle dynamics [26, 51, 66]. The mesh width of the finite difference method has also
limited our investigation into the sharp-interface limit, so more advanced numerical
schemes, such as the spectral method, could be implemented to study the rate of con-
vergence of the diffuse-energy L.dG energy to its sharp-interface limit € — 0. To sum-
marize, our work is a firm stepping stone into the hugely complex and fascinating field
of NLC shape morphologies with free boundaries and will contribute to mathemat-
ical toolboxes for studying optimal shapes for prescribed conditions and the inverse
problem of finding optimal conditions for a prescribed or desired NLC morphology.

Appendix A. Calculation of Euler—Lagrange equation. In this section,
we return to dropping bars in the nondimensional energy (2.9) except the bar over
Fy. Consider a perturbation §Q to the function Q € H}(Q;Sp), and the variational
derivative is% is an Sp-valued function that satisfies

0B,
8. = [ 5 +0Qur+o([5Qz2)

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/02/25 to 203.93.11.89 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

DIFFUSE-INTERFACE LANDAU-DE GENNES MODEL 4391

where A : B is the matrix inner product. Taking the variational derivative of E. with
respect to Q results in the following Euler-Lagrange equation:

6ELdG 5Evoid (;Eanch
7{5Q +W1))\276Q +wa>\ 56 =0.

The first variation of the mixing energy E™™ with respect to Q vanishes.
The variational derivative of the LdG energy EX?C has been computed in [41,
equation (3.24)] as follows (notation is adapted to our form):

5ELdG
0Q
where Vg, is the projected gradient operator on Sy, which maps the matrix gradient

with the projection operator & in (2.16). The projection is necessary because of the
traceless constraint on Q. Hence, we have

(A1) =-AQ+ NV, Fy(Q),

2
vSoFb(Q):yO |:<g+tI'Q2> Q— gQ2:| — <é+tTQ2) Q_ g <Q2_ tr? I) .

The variational derivative of the void penalty EVid is

6Evoid

(A.2) 5

1
—(1-077s, (31aP) =1 0P
The variational derivative of the anchoring penalty E2"°h is

gE Vs, U (Q + %*I) wﬂ

(A.3) 0Q
— e, [(w ® Vo) (Q + %*I) + (Q + %I) (Voo W)} :

During the computation of the above equation, we have used the relation
St vl = (q+ 1)
(Q+ 1) Vo[ =(Voave): (Q+>F1)

and the fact that if f(Q)=A: Q" where k €N, then the matrix gradient of f is

k-1

ViQ) =) QAQ" .

=0

Adding the expressions above gives (2.14).
Taking the first variation of E. with respect to ¢, we get

6Emix 6EanCh 6EVOid
wpA 5; + we A 5€¢ + wUAQW + 2wy e€ =0,

where £ € R is a Lagrangian multiplier from the volume constraint (2.10). The first
variation of LdG energy E™C with respect to ¢ vanishes. We can then directly
compute that

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/02/25 to 203.93.11.89 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

4392

WU, SHI, HAN, ZHANG, MAJUMDAR, AND ZHANG

(A.4) 5E5§:X =—2eAp+2e 1 p(¢p—1)(26 — 1),
5E?nch B ) 54 2

(A.5) 5y =i [(Q +251) v@s} :
6Evoid )

(A.6) W=(¢—1)|Q\ .

Adding the expressions above and dividing the entire equation by 2wpAe gives us
(2.15).
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