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Abstract. The nematic liquid crystal droplet problem is of significant interest due to the com-
plex interplay between variable droplet shapes and orientation fields, with numerous applications in
physics and material science. Here we introduce an improved diffuse-interface Landau--de Gennes
model for nematic liquid crystal droplets, which eliminates an artificial penalty term from [Wu et al.,
SIAM J. Math. Anal., 57 (2025), pp. 4358--4395] that is inconsistent with the classical droplet
problem. We prove the existence of minimizers and \Gamma -convergence to a physically interpretable
sharp-interface energy functional. We also present asymptotic solutions across the interface between
the interior nematic droplet and external isotropic phase. Numerical simulations reveal optimal
droplet configurations---radial, ring, and tactoid---highlighting the mutual influence between topo-
logical defects and droplet morphology. Furthermore, we construct a phase diagram of (meta)stable
configurations as a function of temperature and domain size, delineating distinct stability regimes
for biaxial and uniaxial phases.

Key words. Landau--de Gennes model, nematic liquid crystals, diffuse interface, phase field,
free boundary, asymptotic analysis
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1. Introduction. Liquid crystals (LCs) represent a state of matter interme-
diate between solids and liquids [6]. Among them, nematic liquid crystals (NLCs)
are the simplest and most widely used in both scientific research and technological
applications. NLCs exhibit long-range orientational order, characterized by one or
more preferred directions of molecular alignment, commonly referred to as nematic
directors. As a result, NLCs display anisotropic physical, optical, and rheological
properties [51]. NLC droplets are finite regions of NLCs in three-dimensional (3D)
space, bounded by free interfaces shaped by the interplay of surface tension and aniso-
tropic molecular alignment. These droplets exhibit distinctive physical behaviors and
are integral to applications such as liquid crystal displays [9, 29, 52, 64, 69]. Further-
more, the study of NLC droplets offers insights into the broader classes of anisotropic
materials [32, 36, 48].

The practical applications of NLC droplets have spurred extensive mathematical
investigation [1, 8, 15, 67, 22, 27, 33, 37, 68]. An effective and accurate model for NLC
droplets must address two central challenges: (1) capturing the nematic orientation
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920 B. SHI, D. WU, L. ZHANG, AND P. ZHANG

within the droplet, and (2) determining the optimal droplet shape. Popular mod-
els of the droplet shape include the sharp-interface surface mesh method [3], which
discretizes the free boundary using a finite element mesh, and the diffuse-interface
method [62] that employs a smooth phase field to represent phase separation and in-
terfacial regions. To model nematic orientation, several frameworks are available: the
microscopic Onsager model [45], the macroscopic Oseen--Frank (OF) model [16, 46],
and the Landau--de Gennes (LdG) model that describes the NLC phase using a Q-
tensor order parameter [23, 61].

By combining a description of the droplet shape with a model for the internal
nematic orientation, one obtains a complete formulation of the NLC droplet problem.
For example, using a sharp-interface representation for the droplet boundary together
with either the OF or the LdG model for the nematic order parameter, the problem
can be posed as the following variational minimization [10, 34, 58, 59].

Problem A. Find an order parameter field X\ast and a shape A\ast \subset \BbbR 3 minimizing

(1.1) F [X,A] =

\int 
A

W (X,\bfnabla X)dx+

\int 
\partial A

Fa(X,\bfitnu )dS

subject to the volume constraint | A| = V0. Here, W denotes the bulk free energy density
associated with the nematic order parameter X, and Fa is a surface anchoring energy
that encodes preferred alignments between the nematic director(s) and the outward
unit normal vector \bfitnu on \partial A.

A particular class of droplet shapes, known as tactoids, has been frequently ob-
served in experiments [43, 56, 55, 60, 54]. Tactoids are spindle-shaped, with a pro-
late geometry and pointed ends. Their formation has also been studied theoretically
[66, 58, 27, 18] and numerically [68, 8, 1]. For instance, in [58], the author examines
the emergence of spindle-shaped tactoids through a construction based on Wulff's con-
jecture. In [1], a deformable two-dimensional (2D) nematic liquid crystal confinement
is modelled using a finite element mesh. The numerical results show that, under suf-
ficiently strong Dirichlet boundary conditions, the optimal droplet shape approaches
a tactoid, in agreement with experimental observations. In [68], a diffuse-interface
model is employed, where a phase field \phi represents the separation between a nematic
liquid crystal and a Newtonian fluid. Energy minimization within this framework
yields a slightly prolate spheroidal droplet.

There are two primary issues with the existing models: (1) the inability of the
vector-based model to describe biaxiality and certain topological defects, and (2)
computational inefficiency. Regarding the first issue, most approaches to the NLC
droplet problem employ the vector model [8, 22, 67]. However, the vector order
parameter n fails to represent certain topological defects. For example, the +1 defect
results in an infinite energy within the OF model in 2D. Additionally, fractional
defects, such as \pm 1/2 defects where the director overlaps with itself after a 180-degree
rotation, cannot be continuously represented by the vector model. As for the second
issue, some implementations of deformable shapes utilize the finite element method
[1, 8]. While the finite element method accurately captures irregular shapes, it is
computationally inefficient and unable to model topological changes, such as droplet
splitting or merging, because the mesh is topologically invariant.

To address these challenges, we have recently proposed a diffuse-interface energy
functional for the 3D NLC droplet problem [65]. This functional used the LdG model
coupled with a phase field function. The LdG theory accommodates both uniaxial
and biaxial NLC phases with spatially varying orientational order and can represent
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IMPROVED DIFFUSE-INTERFACE LdG MODEL 921

topological defects of various dimensionalities. We adopted the diffuse-interface model
[5, 17, 68] to describe the deformable shape for computational efficiency. We also
proved that the diffuse-interface energy functional \Gamma -converges to a sharp-interface
functional of the following form:

(1.2) E0 =

\int 
A

ELdG dx+

\int 
\partial A

Eanch dS +

\int 
Ac

Evoid dx,

where A denotes the region occupied by the droplet. However, the sharp-interface
functional obtained after the \Gamma -limit still contained an artificial penalty term Evoid in
the exterior of the droplet (denoted by Ac in (1.2)). In contrast, the desired droplet
energy, as given by (1.1), integrates over the interior and surface of the droplet only.
Consequently, the numerically obtained tactoids exhibited excessively rounded tips,
a feature that deviated from experiments.

In this work, we introduce an improved diffuse-interface LdG energy functional
that, upon taking the sharp-interface limit, converges to a form consistent with the
droplet energy functional (1.1). This refined energy functional retains several key
properties from our previous formulation, such as the existence of minimizers. We also
heuristically derive one-dimensional (1D) asymptotic solutions to the diffuse-interface
energy and demonstrate that they lead to sharp phase separations across an infini-
tesimal interval, thereby confirming the consistency of our sharp-interface limit. Nu-
merically, we identify multiple (meta)stable configurations within the diffuse-interface
energy. Along with the expected spindle-shaped tactoids, we discover spherical ra-
dial and oblate spheroidal ring configurations in small domains---configurations that
cannot be predicted by the vector models in [67, 8, 22]. We explore the mutual influ-
ence between topological defects and droplet shapes: defects tend to push the nearest
boundary outward, as observed in the ring configuration, while sharp angles at the
boundary can eliminate defects, as seen in the spindle-shaped tactoids. Furthermore,
we investigate the structural transitions of stable droplet configurations as functions
of temperature and domain size.

The rest of the paper is organized as follows: the energy functional is given in
section 2; proofs of the existence of minimizers and the sharp-interface limit are given
in section 3; asymptotic solutions are explained in section 4; numerical results are
discussed in section 5.

2. Modelling. We study an NLC droplet in 3D periodic space \Omega = \BbbT 3, which
is parametrized by the unit cube [0,1]3. The periodic setting describes an infinite 3D
array of identical droplets that occupy the entire Euclidean space, which is similar
to the experimental setting in [28]. We have two order parameters: Q is the order
parameter for nematic orientation, which is a symmetric traceless tensor, and \phi is the
order parameter for the interface. We refer to the pair (Q, \phi ) as a configuration. The
diffuse-interface LdG energy is then defined as
(2.1)

E\varepsilon ,\kappa (Q, \phi ) =

\int 
\Omega 

\phi 2

\biggl[ 
1

2\lambda 
| \bfnabla Q| 2 + \lambda 

\biggl( 
a

2
trQ2  - b

3
trQ3 +

1

4
(trQ2)2  - Bmin

\biggr) \biggr] 
dx

+wp

\int 
\Omega 

\biggl[ 
\varepsilon  - 1\phi 2(1 - \phi )2 + \varepsilon | \nabla \phi | 2 + \omega \varepsilon 

\bigm| \bigm| \bigm| \Bigl( Q+
s+
3
I
\Bigr) 
\nabla \phi 
\bigm| \bigm| \bigm| 2\biggr] dx

+
wv

2

\int 
\Omega 

\bigl[ 
\kappa | \bfnabla Q| 2 + \kappa  - 1(1 - \phi )2| Q| 2

\bigr] 
dx,

subject to the volume constraint

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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922 B. SHI, D. WU, L. ZHANG, AND P. ZHANG

(2.2)

\int 
\Omega 

\phi dx= V0,

where a, b,Bmin, s+ are physical constants (Bmin and s+ are determined by a and b),
\lambda is proportional to the domain size, \varepsilon ,\kappa > 0 are small numbers, and wp,wv, \omega > 0
are positive weights. E\varepsilon ,\kappa consists of a volume integral of the LdG free energy density
inside the droplet, a diffuse-interface surface energy in Van der Waals--Cahn--Hilliard
form [57, 4] that takes into account the anchoring effect, and a penalty term outside
the droplet.

Landau--de Gennes energy. Recall that the spatial region A occupied by the NLC
droplet is approximated by \phi , where \phi (x) = 1 indicates x \in A and \phi (x) = 0 indicates
that x\in Ac. Hence, the first term of our energy (2.1) is the LdG free energy [6, 41, 61]
in the region A:

(2.3) ELdG =

\int 
\Omega 

\phi 2

\biggl[ 
1

2\lambda 
| \bfnabla Q| 2 + \lambda \=Fb(Q)

\biggr] 
dx.

The order parameter in the LdG model is a symmetric traceless tensor

(2.4) Q= ((Qij))3\times 3 \in \scrS 0 = \{ A\in \BbbR 3\times 3 :A=AT , trA= 0\} .

The eigenvector of Q with the maximum eigenvalue represents the nematic director.
A Q-tensor is said to be isotropic if Q= 0, uniaxial if Q has a pair of repeated nonzero
eigenvalues, and biaxial if Q has three distinct eigenvalues [41]. A uniaxial NLC phase
has a single distinguished direction of averaged molecular alignment (modelled by the
eigenvector with the nondegenerate eigenvalue), such that all directions perpendicular
to the uniaxial director are physically equivalent. A biaxial phase has a primary and
a secondary nematic director.

The LdG free energy density in (2.3) is a combination \lambda  - 1 \=Fel + \lambda \=Fb, where the
first term in the integrand,

(2.5) \=Fel(Q) =
1

2
| \bfnabla Q| 2 = 1

2

\sum 
i,j,k

| Qij
k | 

2,

is the elastic energy density that penalizes spatial inhomogeneities, and the second
term in the integrand,

(2.6) \=Fb(Q) =
a

2
trQ2  - b

3
trQ3 +

1

4
(trQ2)2  - Bmin,

is the bulk energy density with a temperature-related constant a and a material
constant b. Bmin =minQ\in \scrS 0

\=Fb is a constant subtracted from the bulk energy density
to ensure positivity. Minimizers of \=Fb depend on a, b and determine the NLC phase for
spatially homogeneous samples. For a < b2

27 (i.e., low temperature), these minimizers
constitute a continuum of uniaxial Q-tensors defined by

(2.7) \scrN =

\biggl\{ 
Q= s+

\biggl( 
n\otimes n - 1

3
I

\biggr) \biggr\} 
,

where

(2.8) s+ =
b+

\surd 
b2  - 24a

4

and n is an arbitrary unit vector that models the uniaxial director.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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IMPROVED DIFFUSE-INTERFACE LdG MODEL 923
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Fig. 2.1. Illustration of the phase field. As color changes from red to blue, phase changes from
nematic (\phi = 1) to isotropic (\phi = 0) via a diffuse interface with thickness O(\varepsilon ) surrounding the
surface \partial A. (Color figure available online.)

Mixing energy. The second integral from our energy (2.1) is the mixing energy,
which constrains the smoothness of the droplet interface as well as the planar (tangent)
anchoring of NLC molecules. The mixing energy is given by

(2.9) Emix =wp

\int 
\Omega 

\biggl[ 
\varepsilon  - 1\phi 2(1 - \phi )2 + \varepsilon | \nabla \phi | 2 + \omega \varepsilon 

\bigm| \bigm| \bigm| \Bigl( Q+
s+
3
I
\Bigr) 
\nabla \phi 
\bigm| \bigm| \bigm| 2\biggr] dx,

where \varepsilon represents the thickness of the diffuse interface (sometimes termed the ``cap-
illary width"" [68]) and wp > 0 is an adjustable weight. The term \varepsilon  - 1\phi 2(1 - \phi )2 prefers
that \phi equals 0 or 1 constantly, while the term \varepsilon | \nabla \phi | 2 retains its smoothness. As a
result, \phi represents a smoothed-out phase separation: \phi equals the constant 0 or 1
in the majority of the domain and changes rapidly within a diffuse interface where
its gradient \nabla \phi points in the normal direction, as illustrated in Figure 2.1. The
coefficients \varepsilon  - 1 and \varepsilon scale the integral to O(1).

The function

(2.10) fa(Q,\bfitv ) =
\bigm| \bigm| \bigm| \Bigl( Q+

s+
3
I
\Bigr) 
\bfitv 
\bigm| \bigm| \bigm| 2 ,

with a positive weight \omega , is a weak anchoring energy that penalizes the misalignment
between Q and the direction \bfitv [25, 49], which we take to be the normal direction
to the interface characterized by \nabla \phi \approx O(\varepsilon  - 1) \cdot \bfitnu . The penalty fa vanishes when \nu 
is an eigenvector of Q with eigenvalue  - s+/3, that is, the leading nematic director
(eigenvector of Q with the largest eigenvalue) is orthogonal to \nu , and the nematic
director is tangential to the interface. In particular, fa vanishes whenQ is the uniaxial
minimizer (2.7) with n\bot \nu .

Remark 2.1. The first two terms in our mixing energy (2.9) are the famous Van
der Waals-Cahn-Hilliard functional [4]

(2.11) F\varepsilon [u] =

\int 
\Omega 

[\varepsilon  - 1W (u) + \varepsilon | \nabla u| 2] dx.

It models two-phase mixtures in physics and has been proved to \Gamma -converge to the
interface perimeter functional when \varepsilon \rightarrow 0 [39, 53].

Void penalty. The third integral from (2.1) is the void penalty, which constrains
the exterior phase to be isotropic. The void penalty is given by

(2.12) Evoid =
wv

2

\int 
\Omega 

[\kappa | \bfnabla Q| 2 + \kappa  - 1(1 - \phi )2| Q| 2] dx,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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924 B. SHI, D. WU, L. ZHANG, AND P. ZHANG

Table 2.1
Parameters of the energy functional (2.1).

Parameter Meaning

\lambda Characteristic scale, proportional to domain size
a, b Physical parameters of the LdG bulk energy \=Fb(Q)

B\mathrm{m}\mathrm{i}\mathrm{n} Minimum of \=Fb, determined by a, b

s+ Scalar order parameter such that Q= s+(n\otimes n - 1
3
I) minimizes \=Fb, determined by a, b

wp Weight of the mixing energy
wv Weight of the void penalty

\varepsilon Capillary width of \phi , represents thickness of \phi -interface

\omega Strength of weak anchoring
\kappa Capillary width of Q, represents thickness of Q-interface

where | Q| 2 = trQ2 =
\sum 

i,j | Qij | 2, wv > 0 is an adjustable weight, and \kappa > 0 is another
capillary width representing the thickness of the diffuse interface for Q, similar to \varepsilon 
in (2.9). The | \bfnabla Q| 2 term ensures the overall coercivity of E\varepsilon ,\kappa with respect to Q, and
the (1 - \phi )2| Q| 2 term restricts the integration to the isotropic region \phi = 0, imposing
that Q\equiv 0 in the isotropic region.

In summary, the energy functional (2.1) is composed of an LdG energy restricted
to the droplet \phi = 1, a mixing energy with weak anchoring, and a void penalty
enforcing that Q = 0 when \phi = 0. The model contains many parameters, a glossary
of which can be found in Table 2.1.

3. Existence and \Gamma -convergence. In this section, we discuss the existence of
minimizers and the \Gamma -convergence to a sharp-interface limit. The admissible (Q, \phi )
belong to the space

(3.1) A =

\biggl\{ 
(Q, \phi ) :Q\in H1(\Omega ;\scrS 0), \phi \in H1(\Omega ),

\int 
\Omega 

\phi dx= V0

\biggr\} 
,

where H1(\Omega ) is the Sobolev space with periodic boundary conditions,

(3.2) H1(\Omega ) =

\biggl\{ 
u\in L2(\Omega ) :

\int 
\Omega 

| \nabla u| 2 dx<\infty 
\biggr\} 
,

and

(3.3) H1(\Omega ;\scrS 0) = \{ Q\in L2(\Omega ,\scrS 0) :Q\in H1(\Omega )\} 

is the collection of H1 mappings that take values in \scrS 0, the space of symmetric
traceless matrices.

3.1. Properties of the minimizers. We first prove the existence of minimizers
of (2.1).

Proposition 3.1. For any set of positive parameters (a, b,\lambda ,V0, \varepsilon , \kappa ,\omega ,wp,wv),
there exists a minimizer (Q\ast , \phi \ast )\in A such that

E\varepsilon ,\kappa [Q
\ast , \phi \ast ] = inf

(Q,\phi )\in A
E\varepsilon ,\kappa [Q, \phi ].

Proof. We only need to verify the weak lower-semicontinuity (w.l.s.c.) and coer-
civity of the functional.

Note that the linear constraint (2.2) on \phi required by A is a continuous functional
in H1(\Omega ), so A is a weakly closed submanifold of H1(\Omega ). Hence, for the w.l.s.c. of
E\varepsilon ,\kappa on A , we only need to verify w.l.s.c. on the entire space H1(\Omega ;\scrS 0)\times H1(\Omega ). We
notice that the energy can be written as

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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IMPROVED DIFFUSE-INTERFACE LdG MODEL 925

(3.4) E\varepsilon ,\kappa =E1(\bfnabla Q, \phi ) +E2(\nabla \phi ,Q) +E3(Q, \phi ),

where we temporarily denote

E1 =

\int 
\Omega 

1

2

\biggl( 
\phi 2

\lambda 
+wv\kappa 

\biggr) 
| \bfnabla Q| 2 dx,(3.5a)

E2 =wp\varepsilon 

\int 
\Omega 

\nabla \phi \cdot 
\biggl[ 
I+ \omega 

\Bigl( 
Q+

s+
3
I
\Bigr) 2\biggr] 

\nabla \phi dx,(3.5b)

E3 =

\int 
\Omega 

\Bigl[ 
\lambda \phi 2 \=Fb(Q) +

wp

\varepsilon 
\phi 2(1 - \phi )2 +

wv

2\kappa 
(1 - \phi )2| Q| 2

\Bigr] 
dx.(3.5c)

As the integrand of E1 is a positive quadratic form (which is convex) with respect
to \bfnabla Q and continuous in \phi , according to [11, Chapter 8, Thm. 1], whose reasoning
also applies in the periodic setting here, E1 has w.l.s.c. Similarly, the integrand of
E2 is positive, convex in \nabla \phi , and continuous in Q, while that of E3 is also positive
and depends entirely on Q, \phi , so similar reasoning applies, and they also have w.l.s.c.
Consequently, their sum E\varepsilon ,\kappa has w.l.s.c.

For coercivity, we also verify that E\varepsilon ,\kappa \rightarrow \infty as \| Q\| H1 +\| \phi \| H1 \rightarrow \infty on the entire
space H1(\Omega ;\scrS 0)\times H1(\Omega ). We notice that the LdG bulk energy (2.6) satisfies

(3.6) \=Fb(Q)\geq c1| Q| 2  - c2

where c1, c2 are constants, because Fb is a 4th-degree polynomial in Q. Similarly, the
double-well potential satisfies that

wp

\varepsilon W (\phi )\geq c4\phi 
2 - c5. Combining the estimates for

\=Fb and W (\phi ) with the void penalty (2.12), we get

(3.7)
\lambda \phi 2 \=Fb(Q) +

wp

\varepsilon 
W (\phi ) +

wv

2\kappa 
(1 - \phi )2| Q| 2 \geq 4c3(\phi 

2 + (1 - \phi )2)| Q| 2 + c4\phi 
2  - c5

\geq c3| Q| 2 + c4\phi 
2  - c5,

where c3 is an appropriate positive constant related to the model parameters and
c1, c2. Then, we find that E\varepsilon ,\kappa satisfies

(3.8)
E\varepsilon ,\kappa \geq 

\int 
\Omega 

\Bigl[ wv\kappa 

2
| \bfnabla Q| 2 +wp\varepsilon | \nabla \phi | 2 + c3| Q| 2 + c4\phi 

2  - c5

\Bigr] 
dx

\geq 1

K
(\| Q\| 2H1(\Omega ) + \| \phi \| 2H1(\Omega )) - c5,

where K is a constant related to model parameters. Therefore, E\varepsilon ,\kappa is coercive on the
entire space, and also coercive on the constrained manifold A .

The rest of the derivation is standard. Coercivity implies that E\varepsilon ,\kappa is bounded
below on A , so there exists a sequence \{ (Qn, \phi n)\} \subset A such that

(3.9) E\varepsilon ,\kappa [Qn, \phi n]\rightarrow inf
A

E\varepsilon ,\kappa .

(Qn, \phi n) must be bounded under the H1 norm, so by the weak compactness of the H1

space, it has a weakly convergent subsequence. Without loss of generality, we regard
\{ (Qn, \phi n)\} as the weakly convergent subsequence; then its weak limit (Q\ast , \phi \ast ) must
belong to A due to the weak closedness of A , and by w.l.s.c. we have that

(3.10) E\varepsilon ,\kappa [Q
\ast , \phi \ast ]\leq lim inf

n\rightarrow \infty 
E\varepsilon ,\kappa [Qn, \phi n] = inf

A
E\varepsilon ,\kappa ,

which completes our proof.
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926 B. SHI, D. WU, L. ZHANG, AND P. ZHANG

3.2. Sharp-interface limit. We prove that when \varepsilon ,\kappa tend to 0, the energy E\varepsilon ,\kappa 

(2.1) converges to a sharp-interface energy of the form (1.1) in the sense of De Giorgi's
\Gamma -convergence [7], which indicates that if the minimizers of an array of functions
converge to some limit, then the bespoke limit point is a minimizer of the limiting
functional. In our case, the \Gamma -convergence of E\varepsilon ,\kappa indicates that the diffuse-interface
energy functional can approximate a sharp-interface functional with small \varepsilon ,\kappa .

Lemma 3.2 ([2, Props. 4.1 and 4.2]). Define the functional

(3.11) F\varepsilon (u) =
1

\varepsilon 

\int 
\Omega 0

f(x,u, \varepsilon \nabla u)dx

where \Omega 0 \subset \BbbR n is a Lipschitz domain and f(x,u, p) : \Omega 0\times \BbbR \times \BbbR n \rightarrow \BbbR is a continuous
function that satisfies the following:

(i) For all x \in \Omega 0, f(x, \cdot ,0) is a double-well function, i.e., it has strict minima
at u= \alpha (x), \beta (x) (\alpha (x)\leq \beta (x)).

(ii) For all (x,u) \in \Omega 0 \times \BbbR , f(x,u, \cdot ) is convex in p \in \BbbR n and differentiable at
p= 0 where it achieves a strict minimum.

(iii) There exists \Phi (t) : \BbbR + \rightarrow \BbbR + such that limt\rightarrow \infty \Phi (t)/t = \infty and f(x,u,0) >
\Phi (| u| ).

Then, the \Gamma -limit of the energy functional F\varepsilon (u) under L
1 strong topology as \varepsilon \rightarrow 0

and u\varepsilon \rightarrow u subject to the volume constraint

(3.12)

\int 
\Omega 0

u\varepsilon dx=m \forall \varepsilon 

is

(3.13) F0(A) =

\int 
\partial \ast A\cap \Omega 0

h(x,\bfitnu A)dS,

where u satisfies that u(x) \in \{ \alpha (x), \beta (x)\} a.e., A = \{ x,u = \alpha (x)\} is a region in \Omega 0,
\partial \ast A is the reduced boundary [21], \bfitnu A is the exterior normal vector, and h(x,p) is
defined as

(3.14) h(x,p) =

\int \beta (x)

\alpha (x)

inf
t>0

\biggl[ 
1

t
f(x, s, tp)

\biggr] 
ds.

A \Gamma -limit from F\varepsilon to F0 under the L1 topology means that
(a) for all sequences u\varepsilon \rightarrow u0 in L1 where u0(x) = \alpha (x)IA(x) + \beta (x)IAc(x),

(3.15) lim inf
\varepsilon \rightarrow 0

F\varepsilon (u\varepsilon )\geq F0(u0);

(b) there exists a sequence u\varepsilon \rightarrow u0 in L1, such that

(3.16) limsup
\varepsilon \rightarrow 0

F\varepsilon (u\varepsilon )\leq F0(u0)

and that \alpha (x)\leq u\varepsilon \leq \beta (x) everywhere.

We state our \Gamma -limit as \varepsilon \rightarrow 0 first in the following proposition.

Proposition 3.3. Suppose that A\subset \Omega =\BbbT 3 is a C2 region satisfying the volume
constraint | A| = V0 and that Q \in C0(\Omega ) \cap H1(\Omega ). Let the anchoring energy fa take
the form (2.10). Define the following energy:
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IMPROVED DIFFUSE-INTERFACE LdG MODEL 927

(3.17)

E0,\kappa [Q,A] =

\int 
A

\biggl[ 
1

2\lambda 
| \bfnabla Q| 2 + wv\kappa 

2
| \bfnabla Q| 2 + \lambda \=Fb(Q)

\biggr] 
dx

+ 2c0wp

\int 
\partial A

\sqrt{} 
1 + \omega fa(Q,\bfitnu )dS

+
wv

2

\int 
Ac

\bigl[ 
\kappa | \bfnabla Q| 2 + \kappa  - 1| Q| 2

\bigr] 
dx,

where

(3.18) c0 =

\int 1

0

\sqrt{} 
W (s)ds

with W (s) = s2(1 - s)2. Then it holds that
(a) for any sequence \{ \phi \varepsilon \} in L1 such that \phi \varepsilon \rightarrow IA in L1 as \varepsilon \rightarrow 0,

(3.19) lim inf
\varepsilon \rightarrow 0

E\varepsilon ,\kappa [Q, \phi \varepsilon ]\geq E0,\kappa [Q,A];

(b) there exists a sequence \{ \phi \varepsilon \} satisfying the constraint (2.2), with 0 \leq \phi \varepsilon \leq 
1, \phi \varepsilon \rightarrow IA in L1, such that

(3.20) lim
\varepsilon \rightarrow 0

E\varepsilon ,\kappa [Q, \phi \varepsilon ] = E0,\kappa [Q,A].

Proof. By Fatou's lemma, for all sequences \{ \phi \varepsilon \} \rightarrow IA in L1(\Omega ),

(3.21) lim inf
\varepsilon \rightarrow 0

\int 
\Omega 

\phi 2

\biggl[ 
1

2\lambda 
| \bfnabla Q| 2 + \lambda \=Fb(Q)

\biggr] 
dx\geq 

\int 
A

\biggl[ 
1

2\lambda 
| \bfnabla Q| 2 + \lambda \=Fb(Q)

\biggr] 
dx

and

(3.22)

lim inf
\varepsilon \rightarrow 0

wv

2

\int 
\Omega 

\bigl[ 
\kappa | \bfnabla Q| 2 + \kappa  - 1(1 - \phi )2| Q| 2

\bigr] 
dx

\geq 
\int 
A

wv\kappa 

2
| \bfnabla Q| 2 dx+

wv

2

\int 
Ac

\bigl[ 
\kappa | \bfnabla Q| 2 + \kappa  - 1| Q| 2

\bigr] 
dx,

so conclusion (a) (the lower limit in (3.19)) holds for the LdG energy in (2.3) and the
void penalty in (2.12). Moreover, suppose that there exists a sequence \{ \phi \varepsilon \} satisfying
the conditions of conclusion (b). Then, with a simple divide-and-conquer argument
using partitions of the domain into sets \{ | \phi \varepsilon  - \phi | < \delta \} and \{ | \phi \varepsilon  - \phi | \geq \delta \} , we can
prove that the lower limits in (3.21) and (3.22) become the following equalities:

lim
\varepsilon \rightarrow 0

\int 
\Omega 

\phi 2
\varepsilon 

\biggl[ 
1

2\lambda 
| \bfnabla Q| 2 + \lambda \=Fb(Q)

\biggr] 
dx=

\int 
A

\biggl[ 
1

2\lambda 
| \bfnabla Q| 2 + \lambda \=Fb(Q)

\biggr] 
dx,

lim
\varepsilon \rightarrow 0

wv

2

\int 
\Omega 

\bigl[ 
\kappa | \bfnabla Q| 2 + \kappa  - 1(1 - \phi \varepsilon )

2| Q| 2
\bigr] 
dx=

\int 
A

wv\kappa 

2
| \bfnabla Q| 2 dx

+
wv

2

\int 
Ac

\bigl[ 
\kappa | \bfnabla Q| 2 + \kappa  - 1| Q| 2

\bigr] 
dx,

which means the limit in (3.20) holds automatically for (2.3) and (2.12) as long as
the sequence exists. Now, we only need to prove that the upper and lower limits also
hold for the mixing energy.

The mixing energy (2.9) matches the form (3.11), with

(3.23) f(x,u, p) =W (u) + | p| 2 + \omega fa(Q(x), p),
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928 B. SHI, D. WU, L. ZHANG, AND P. ZHANG

\alpha (x)\equiv 0, and \beta (x)\equiv 1. By substituting (3.23) in (3.14), we get

(3.24)

h(x,p) =

\int 1

0

inf
t>0

\biggl[ 
W (s)

t
+ t(| p| 2 + \omega fa(Q(x), p))

\biggr] 
ds

=
\sqrt{} 
| p| 2 + \omega fa(Q(x), p)

\int 1

0

2
\sqrt{} 

W (s)ds

= 2c0
\sqrt{} 
| p| 2 + \omega fa(Q(x), p).

Then, using Lemma 3.2 ((3.15) and (3.16)), we immediately get the \Gamma -convergence of
the mixing energy (2.9):

\forall \{ \phi \varepsilon \} , lim inf
\varepsilon \rightarrow 0

\int 
\Omega 

\bigl[ 
\varepsilon  - 1W (\phi ) + \varepsilon 

\bigl( 
| \nabla \phi | 2 + \omega fa(Q,\nabla \phi )

\bigr) \bigr] 
dx

\geq 2c0

\int 
\partial A

\sqrt{} 
1 + \omega fa(Q,\bfitnu )dS,

\exists \{ \phi \varepsilon \} , s.t. limsup
\varepsilon \rightarrow 0

\int 
\Omega 

\bigl[ 
\varepsilon  - 1W (\phi ) + \varepsilon 

\bigl( 
| \nabla \phi | 2 + \omega fa(Q,\nabla \phi )

\bigr) \bigr] 
dx

\leq 2c0

\int 
\partial A

\sqrt{} 
1 + \omega fa(Q,\bfitnu )dS.

Note that A in (3.13) is regarded as the region where u = \alpha (x) = 0, so in our case
(where \phi = 1 on the interior of A) we should substitute Ac for A in (3.13), and \bfitnu A

becomes  - \bfitnu on \partial A. However, the function h(x,p) in our functional is symmetric in
p: h(x,p) = h(x, - p), so the substitution leaves the limiting functional unchanged.
Also note that Lemma 3.2 is originally stated about a domain \Omega 0 \subset \BbbR 3 with Lipschitz
boundary, but our domain is the periodic space \Omega =\BbbT 3. There is no essential difficulty
in generalizing the lemma to our case since all functions in \BbbT 3 are equivalent to periodic
functions in \BbbR 3.

The limit functional in (3.17) is the combination of a bulk energy

(3.25)

\int 
A

\biggl[ 
1

2\lambda 
| \bfnabla Q| 2 + wv\kappa 

2
| \bfnabla Q| 2 + \lambda \=Fb(Q)

\biggr] 
dx,

a surface energy

(3.26) 2c0wp

\int 
\partial A

\sqrt{} 
1 + \omega fa(Q,\bfitnu )dS,

and a penalty term

(3.27)
wv

2

\int 
Ac

\bigl[ 
\kappa | \bfnabla Q| 2 + \kappa  - 1| Q| 2

\bigr] 
dx.

Among them, (3.25) and (3.26) correspond exactly to terms from the physical shape
optimization problem (1.1), but the void term in (3.27) is still artificial. It is eliminated
as \kappa \rightarrow 0 in another \Gamma -limit, as stated in Proposition 3.4.

Proposition 3.4. Suppose that A\subset \Omega =\BbbT 3 is a C2 region satisfying the volume
constraint | A| = V0. For Q\in H1(A;\scrS 0), we define the sharp-interface energy
(3.28)

E0,0[Q,A] =

\int 
A

\biggl[ 
1

2\lambda 
| \bfnabla Q| 2 + \lambda \=Fb(Q)

\biggr] 
dx+

\int 
\partial A

\Bigl[ 
2c0wp

\sqrt{} 
1 + \omega fa(Q,\bfitnu ) +

wv

2
| Q| 2

\Bigr] 
dS.

Then the following hold:
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IMPROVED DIFFUSE-INTERFACE LdG MODEL 929

(a) For all sequences \{ Q\kappa \} satisfying

(3.29)

Q\kappa \in H1
0 (\Omega ;\scrS 0),

\int 
A

(| Q - Q\kappa | 2 + | \bfnabla Q - \bfnabla Q\kappa | 2)dx\rightarrow 0,\int 
Ac

| Q\kappa | dx\rightarrow 0

as \kappa \rightarrow 0, we have

(3.30) lim inf
\kappa \rightarrow 0

E0,\kappa [Q\kappa ,A]\geq E0,0[Q,A].

(b) If Q\in H1(A;\scrS 0) satisfies that

(3.31)

\int 
\partial A

| \bfnabla \tau Q| 2 dS <\infty ,

where \bfnabla \tau stands for the gradient along the tangent direction, then there exists
a sequence \{ Q\kappa \} satisfying (3.29) such that

(3.32) lim
\kappa \rightarrow 0

E0,\kappa [Q\kappa ,A] = E0,0[Q,A].

Proof. The only term of concern is the penalty term (3.27) since (3.25) and (3.26)
are continuous with respect to the limit (3.29). We also notice that the components
of Q\kappa are separable in (3.27), so it suffices to prove the following claims about each
component Qij

\kappa . For notational simplicity, we abbreviate the (i, j) component of Q\kappa 

as q\kappa , and that of the limit function Q as q. We define

(3.33) F\kappa [q] =

\int 
Ac

\bigl[ 
\kappa | \nabla q| 2 + \kappa  - 1q2

\bigr] 
dx,

and we will prove that

\forall \{ q\kappa \} \rightarrow q, lim inf
\kappa \rightarrow 0

F\kappa [q\kappa ]\geq 
\int 
\partial A

q2 dS,(3.34)

\exists \{ q\kappa \} \rightarrow q, s.t. lim
\kappa \rightarrow 0

F\kappa [q\kappa ] =

\int 
\partial A

q2 dS,(3.35)

where the limit of \{ q\kappa \} is taken in the sense of (3.29).
Step 1. Lower limit (3.34). We employ the same technique as [39, 53]. First we

notice that

(3.36) F\kappa [q\kappa ]\geq 
\int 
Ac

| 2q\nabla q| dx=

\int 
Ac

| \nabla (q2)| dx.

It can be equivalently written as a supremum over test functions:

(3.37) F\kappa [q]\geq sup
g\in C1(Ac)

| g| \leq 1

\int 
Ac

g \cdot \nabla (q2)dx.

By the divergence theorem, we get

(3.38) F\kappa [q]\geq sup
g\in C1(Ac)

| g| \leq 1

\biggl[ 
 - 
\int 
\partial A

q2g \cdot \bfitnu dS  - 
\int 
Ac

q2\nabla \cdot gdx
\biggr] 
,
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930 B. SHI, D. WU, L. ZHANG, AND P. ZHANG

where the boundary integral is evaluated on \partial A only because of our periodic boundary
condition. By the elementary relation that lim inf\kappa \rightarrow 0 supg[\cdot \cdot \cdot ]\geq supg lim inf\kappa \rightarrow 0[\cdot \cdot \cdot ],
we immediately obtain that

(3.39)

lim inf
\kappa \rightarrow 0

F\kappa [q\kappa ]\geq sup
g\in C1(Ac)

| g| \leq 1

lim inf
\kappa \rightarrow 0

\biggl[ 
 - 
\int 
\partial A

q2\kappa g \cdot \bfitnu dS  - 
\int 
Ac

q2\kappa \nabla \cdot gdx
\biggr] 

= sup
g\in C1(Ac)

| g| \leq 1

\int 
\partial A

( - q2)g \cdot \bfitnu dS =

\int 
\partial A

q2 dS,

which means the lower limit in (3.34) is satisfied.
Step 2(a). Construction of recovery sequence for upper limit (3.35). We introduce

the signed distance function (SDF) with respect to \partial A, defined as [20, 21, 14, 47, 12]

(3.40) h(x) =

\Biggl\{ 
dist(x,\partial A), x /\in A,

 - dist(x,\partial A), x\in A.

The generalization of the SDF to our periodic setting \Omega = \BbbT 3 is straightforward, as
it can be defined as the SDF to the equivalent periodic region in \BbbR 3 corresponding
to A, which is also periodic. Intuitively, h(x) depicts locally the ``altitude"" above or
below the surface \partial A. Some important property of h(x) includes that it has the same
smoothness as \partial A, and that it satisfies | \nabla h| = 1 almost everywhere. For each \kappa > 0,
we define the extension

(3.41) q\kappa (x) =

\left\{             

q(x), x\in A,

q(x\bot ) exp( - h(x)/\kappa ), 0\leq h(x)<
\surd 
\kappa ,

q(x\bot )e - \kappa  - 1
2 2

\surd 
\kappa  - h(x)\surd 

\kappa 
,

\surd 
\kappa \leq h(x)< 2

\surd 
\kappa ,

0, h(x)\geq 2
\surd 
\kappa ,

where x\bot is the orthogonal projection of x on \partial A satisfying | h(x)| = | x - x\bot | . The
extension (3.41) works by shrinking the initial value q(x\bot ) exponentially along the
normal direction for a distance of

\surd 
\varepsilon , then cutting it down to 0 at the distance 2

\surd 
\varepsilon ,

and finally interpolating linearly in between. See Figure 3.1 for an illustration of q\kappa 
in the normal direction. The fact that q\kappa \in H1(\Omega ) will be demonstrated later.

In order to characterize q\kappa , we need to digress and discuss the projection x \mapsto \rightarrow x\bot .
Obviously, it satisfies

(3.42) y= x\bot \leftrightarrow x= y+ t\bfitnu (y)

for all y \in \partial A and x sufficiently close to \partial A. Moreover, \nabla h(x) is constantly equal to
the unit normal vector \bfitnu (x\bot ) along the normal direction stemming from x\bot , which

h(x)

q(x\bot )

\surd 
\varepsilon 2

\surd 
\varepsilon 

Fig. 3.1. Illustration for the extension (3.41) along the normal direction.
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IMPROVED DIFFUSE-INTERFACE LdG MODEL 931

indicates that h(x)\equiv \bfitnu (y) for all x in (3.42); the definition of x\bot also indicates that
| x - y| = | h(x)| . Therefore, for all x\in Ac close enough to \partial A, we have

(3.43) x\bot = x - h(x)\nabla h(x) = x - 1

2
\nabla (h2).

Since A is C2 by assumption, h(x) is also C2, so the mapping x \mapsto \rightarrow x\bot given by (3.43)
above is C1, and its Jacobian matrix equals

(3.44) J(x) =\nabla xx
\bot = I - 1

2
\nabla 2(h2),

which is symmetric and continuous in a neighborhood of \partial A.
Define

(3.45) \iota \kappa (h) =

\left\{       
exp( - h/\kappa ), 0\leq h<

\surd 
\kappa ,

e - \kappa  - 1
2 2

\surd 
\kappa  - h\surd 
\kappa 

,
\surd 
\kappa \leq h< 2

\surd 
\kappa ,

0, h\geq 2
\surd 
\kappa ,

which is a Lipschitz continuous function. q\kappa (x) can be written more compactly as
q(x\bot )\iota \kappa (h(x)) when x /\in A. By the chain rule,

(3.46) \nabla q\kappa (x) = J(x)\nabla q(x\bot ) + q(x\bot )\iota \prime \kappa (h(x))\nabla h(x), x /\in A,

provided \kappa is sufficiently small so that the support of q\kappa falls inside the neighborhood
where the expressions for x\bot (3.43) and J(x) (3.44) are valid. Since the image of
the mapping x \mapsto \rightarrow x\bot stays in \partial A, the columns of its Jacobian matrix J(x) from
(3.44) are perpendicular to the normal vector \bfitnu (x\bot ) = \nabla h(x). By the symmetry of
J(x), the rows of J(x) are also perpendicular to \bfitnu , so the first term of (3.46) can
be written alternatively as J(x)\nabla \tau q(x

\bot ) (\nabla \tau is the directional gradient along the
tangent direction), i.e.,

(3.47) \nabla q\kappa (x) = J(x)\nabla \tau q(x
\bot ) + q(x\bot )\iota \prime \kappa (h(x))\nabla h(x).

Note that (3.47) is formally an orthogonal decomposition of \nabla q\kappa along the tangent
and normal directions. By the Pythagorean theorem,

(3.48) | \nabla q\kappa | 2 = | J(x)\nabla \tau q(x
\bot )| 2 + | q(x\bot )| 2| \iota \prime \kappa (h(x))| 2.

Equation (3.47) also shows that q\kappa belongs to H1(\Omega ) because q\kappa is continuous in the
normal direction by its definition (3.41) and that (3.47) presents its explicit weak
derivative. The integral of | \nabla q\kappa | 2 will be shown to be finite in the following compu-
tation.

Step 2(b). Computation of upper limit (3.35). We explicitly compute F\kappa [q\kappa ] using
the coarea formula [21, 11, 12]

(3.49) F\kappa [q\kappa ] =

\int 2
\surd 
\kappa 

0

dr

\int 
\{ h=r\} 

(\kappa | \nabla q\kappa | 2 + \kappa  - 1q2\kappa )dS \triangleq 
\int 2

\surd 
\kappa 

0

Ir dr,

where \{ h= r\} denotes the r-level set of h(x). The factor | \nabla h| has been ignored since
| \nabla h| = 1 a.e. Next, we compute the surface integral Ir. The level set \{ h= r\} can be
parametrized with y \in \partial A by the formula

(3.50) \{ h= r\} = \{ y+ r\bfitnu (y) : y \in \partial A\} ,
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932 B. SHI, D. WU, L. ZHANG, AND P. ZHANG

which is continuously differentiable given \partial A \in C2. Hence, by using the expressions
in (3.41) and (3.48), we get
(3.51)

Ir =

\int 
\{ h=r\} 

\bigl[ 
\kappa | J(x)\nabla \tau q(x

\bot )| 2 + \kappa | q(x\bot )| 2| \iota \prime \kappa (h(x))| 2 + \kappa  - 1| q(x\bot )| 2| \iota \kappa (h(x))| 2
\bigr] 
dS(x)

=

\int 
\partial A

\bigl[ 
\kappa | J(y+ r\bfitnu )\nabla \tau q(y)| 2 + \kappa | q(y)| 2| \iota \prime \kappa (r)| 2 + \kappa  - 1| q(y)| 2| \iota \kappa (r)| 2

\bigr] 
\gamma (y, r)dS(y),

where \gamma (y, r) is the scaling factor of area elements that satisfies \gamma (y, r)\rightarrow 1 uniformly
in y \in \partial A as r\rightarrow 0. By the assumption (3.31) and the continuity of J, the first term
of Ir is controlled by

(3.52)

\int 
\partial A

\kappa | J(y+ r\bfitnu )\nabla \tau q(y)| 2\gamma (y, r)dS(y)\leq C(J)\kappa 

\int 
\partial A

| \nabla \tau q| 2 dS \rightarrow 0

as \kappa \rightarrow 0. Since Ir is integrated over the interval r \in [0,2
\surd 
\kappa ] which also shrinks to 0,

the first term can be ignored. Hence, we only need to evaluate the remaining terms,
which can be reorganized into

(3.53) \~Ir = (\kappa | \iota \prime \kappa (r)| 2 + \kappa  - 1| \iota \kappa (r)| 2)
\int 
\partial A

| q(y)| 2\gamma (y, r)dS(y).

It is then straightforward to compute from (3.45) that
(3.54)

lim
\kappa \rightarrow 0

\int 2
\surd 
\kappa 

0

Ir dr= lim
\kappa \rightarrow 0

\int 2
\surd 
\kappa 

0

\~Ir dr

= lim
\kappa \rightarrow 0

\int 
\partial A

| q| 2 dS(y)

\left[  \int \kappa 
1
2

0

\gamma (y, r) \cdot 2
\kappa 
e - 2r/\kappa dr+

\int 2\kappa 
1
2

\kappa 
1
2

\gamma (y, r) \cdot O(\kappa  - 1e - 2\kappa  - 1
2 )dr

\right]  .
As \kappa  - 1e - 2\kappa  - 1

2 \rightarrow 0, we have

(3.55)

lim
\kappa \rightarrow 0

F\kappa [q\kappa ] = lim
\kappa \rightarrow 0

\int 2
\surd 
\kappa 

0

Ir dr

= lim
\kappa \rightarrow 0

\int 
\partial A

| q| 2 dS(y)
\int \kappa 

1
2

0

\gamma (y, r) \cdot 2
\kappa 
e - 2r/\kappa dr

= lim
\kappa \rightarrow 0

\int 
\partial A

| q| 2 dS(y)
\int \kappa  - 1

2

0

\gamma (y,\kappa t) \cdot 2e - 2t dt=

\int 
\partial A

| q| 2 dS,

which means the upper limit in (3.35) is satisfied.

Proposition 3.4 eliminates the penalty term on the exterior of A and results in
a sharp-interface free-boundary energy functional (3.28) defined for region A and
tensor-valued function Q that matches the form (1.1), with bulk energy density

(3.56) W (Q,\bfnabla Q) =
1

2\lambda 
| \bfnabla Q| 2 + \lambda \=Fb(Q)

and surface density

(3.57) Fa(Q,\bfitnu ) = 2c0wp

\sqrt{} 
1 + \omega fa(Q,\bfitnu ) +

wv

2
| Q| 2.

If wv is small, the artificial | Q| 2 penalty term in Fa can be ignored, so what is
left in (3.57) is a physically relevant boundary anchoring energy. Therefore, our
diffuse-interface model in (2.1) is not only computationally efficient but also a good
approximation of the sharp-interface energy of NLC droplets in (1.1).
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IMPROVED DIFFUSE-INTERFACE LdG MODEL 933

4. Asymptotic solutions. The diffuse-interface model (2.1) is governed by the
LdG free energy in the region \phi = 1 (interior of the droplet), while the void penalty
imposes the constraint Q \equiv 0 in the region \phi = 0 (exterior of the droplet). What
remains unclear is the behavior of the model within the diffuse interface 0<\phi < 1. In
this section, we provide more insight into the diffuse-interface behavior by constructing
a heuristic asymptotic solution (\phi ,Q) as \varepsilon ,\kappa \rightarrow 0.

We simplify the problem by considering 1D functions Q = Q(z), \phi = \phi (z), with
Q(z) = s(z)(n \otimes n  - 1

3I) being uniaxial everywhere, and the director n \in \BbbS 2 being
constant. In other words, we study the phase transition along the normal direction of
the xOy surface. We also assign simple values to model constants \lambda ,wp,wv in order
to emphasize the effect of small parameters \varepsilon ,\kappa . Then, the energy functional (2.1) is
reduced to

(4.1)

\~E[s,\phi ] =

\int 
\BbbR 
\phi 2

\biggl[ 
H(s) +

1

2
| s\prime | 2

\biggr] 
dz

+
1

2

\int 
\BbbR 

\Biggl[ 
\varepsilon  - 1W (\phi ) + \varepsilon | \phi \prime | 2

\Biggl( 
1 + \omega 

\bigm| \bigm| \bigm| \bigm| s(n \cdot ez)n+
s+  - s

3
ez

\bigm| \bigm| \bigm| \bigm| 2
\Biggr) \Biggr] 

dz

+
1

2

\int 
\BbbR 

\bigl[ 
\kappa | s\prime | 2 + \kappa  - 1(1 - \phi )2s2

\bigr] 
dz,

where H(s) = 3A
4C s2  - B

6C s3 + 1
4s

4 is the LdG bulk energy (2.6) expressed in terms of
s, ez is the unit vector oriented in the z direction, and \lambda = 1,wp = 1

2 ,wv = 1. To
describe a phase transition from the nematic droplet to isotropic phase, we impose
boundary conditions on \phi :

(4.2) \phi ( - \infty ) = 1, \phi (+\infty ) = 0.

Since the sharp-interface limit with respect to \varepsilon (Proposition 3.3) occurs before the
one with respect to \kappa (Proposition 3.4), we make \varepsilon significantly smaller than \kappa to
emulate such a paradigm. For technical purposes, we assume that

(4.3) \varepsilon = o(\kappa 2)

as \kappa \rightarrow 0.
We consider the tangential boundary anchoring, i.e., n\bot ez, so that (4.1) becomes

(4.4)

\~E[s,\phi ] =

\int 
\BbbR 
\phi 2

\biggl[ 
H(s) +

1

2
| s\prime | 2

\biggr] 
dz +

1

2

\int 
\BbbR 

\Bigl[ 
\varepsilon  - 1W (\phi ) + \varepsilon | \phi \prime | 2

\Bigl( 
1 +

\omega 

9
(s - s+)

2
\Bigr) \Bigr] 

dz

+
1

2

\int 
\BbbR 

\bigl[ 
\kappa | s\prime | 2 + \kappa  - 1(1 - \phi )2s2

\bigr] 
dz.

The Euler--Lagrange equation of (4.4) is

(\phi 2s\prime )\prime + \kappa s\prime \prime = \phi 2H \prime (s) + \kappa  - 1(1 - \phi )2s+
\omega \varepsilon | \phi \prime | 2

9
(s - s+),(4.5)

\varepsilon 
\Bigl( \Bigl( 

1 +
\omega 

9
(s - s+)

2
\Bigr) 
\phi \prime 
\Bigr) \prime 

=
1

2
\varepsilon  - 1W \prime (\phi ) + \kappa  - 1s2(\phi  - 1) + 2

\biggl( 
H(s) +

1

2
| s\prime | 2

\biggr) 
\phi .(4.6)

We make the following ansatz:

(4.7) \phi (z) =\Phi 
\Bigl( z
\varepsilon 

\Bigr) 
, s(z) = S

\Bigl( z
\kappa 

\Bigr) 
.
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934 B. SHI, D. WU, L. ZHANG, AND P. ZHANG

Then, (4.5) and (4.6) become

2

\varepsilon \kappa 
\Phi 
\Bigl( z
\varepsilon 

\Bigr) 
\Phi \prime 
\Bigl( z
\varepsilon 

\Bigr) 
S\prime 
\Bigl( z
\kappa 

\Bigr) 
+

1

\kappa 2
\Phi 2
\Bigl( z
\varepsilon 

\Bigr) 
S\prime \prime 
\Bigl( z
\kappa 

\Bigr) 
+

1

\kappa 
S\prime \prime 
\Bigl( z
\kappa 

\Bigr) 
=\Phi 2

\Bigl( z
\varepsilon 

\Bigr) 
H \prime 
\Bigl( 
S
\Bigl( z
\kappa 

\Bigr) \Bigr) 
+

1

\kappa 

\Bigl( 
1 - \Phi 

\Bigl( z
\varepsilon 

\Bigr) \Bigr) 2
S
\Bigl( z
\kappa 

\Bigr) 
+

\omega 

9\varepsilon 

\Bigl( 
\Phi \prime 
\Bigl( z
\varepsilon 

\Bigr) \Bigr) 2 \Bigl( 
S
\Bigl( z
\kappa 

\Bigr) 
 - s+

\Bigr) 
,

(4.8)

1

\varepsilon 

\biggl[ 
1 +

\omega 

9

\Bigl( 
S
\Bigl( z
\kappa 

\Bigr) 
 - s+

\Bigr) 2\biggr] 
\Phi \prime \prime 
\Bigl( z
\varepsilon 

\Bigr) 
+

2\omega 

9\kappa 

\Bigl( 
S
\Bigl( z
\kappa 

\Bigr) 
 - s+

\Bigr) 
S\prime 
\Bigl( z
\kappa 

\Bigr) 
\Phi \prime 
\Bigl( z
\varepsilon 

\Bigr) 
=

1

2\varepsilon 
W \prime 
\Bigl( 
\Phi 
\Bigl( z
\varepsilon 

\Bigr) \Bigr) 
+

1

\kappa 
S2
\Bigl( z
\kappa 

\Bigr) \Bigl( 
\Phi 
\Bigl( z
\varepsilon 

\Bigr) 
 - 1
\Bigr) 
+2

\biggl[ 
H
\Bigl( 
S
\Bigl( z
\kappa 

\Bigr) \Bigr) 
+

1

2\kappa 2
S\prime 
\Bigl( z
\kappa 

\Bigr) \biggr] 
\Phi 
\Bigl( z
\varepsilon 

\Bigr) 
.

(4.9)

We first reorganize (4.9) as
(4.10)

1

\varepsilon 

\biggl[ \Bigl( 
1 +

\omega 

9
(S(rt) - s+)

2
\Bigr) 
\Phi \prime \prime (t) - 1

2
W \prime (\Phi (t))

\biggr] 
 - 1

\kappa 2
S\prime (rt)\Phi (t)

+
1

\kappa 

\biggl[ 
2\omega 

9
(S(rt) - s+)S

\prime (rt)\Phi \prime (t) - 1

\kappa 
S2(rt)(\Phi (t) - 1)

\biggr] 
 - 2H(S(rt))\Phi (t) = 0,

where t = z/\varepsilon and r = \varepsilon /\kappa . Since we assumed \varepsilon \ll \kappa 2 in (4.3), the leading terms of
(4.10) are the O(\varepsilon  - 1) terms. Hence, (4.10) is asymptotically dominated by

(4.11) \~\Phi \prime \prime (t) =
1

1+ \omega 
9 (S(0) - s+)2

\cdot 1
2
W \prime (\~\Phi (t)).

Notice that we have replaced S(rt) with S(0) because r = \varepsilon \kappa \rightarrow 0 by (4.3). With
W (s) = s2(1 - s)2, (4.11) allows an analytic standing-wave solution [13]

(4.12) \~\Phi (t) =
1

2
 - 1

2
tanh

t

2
\sqrt{} 
1 + \omega 

9 (S(0) - s+)2
,

satisfying the boundary condition (4.2), which indicates that the phase field \phi (z) =
\Phi ( z\varepsilon ) changes from 1 to 0 within a layer of thickness O(\varepsilon ).

We substitute (4.12) for \Phi in (4.8) and get
(4.13)
1

\kappa 2
\~\Phi 2
\Bigl( \tau 
r

\Bigr) 
S\prime \prime (\tau ) +

1

\kappa 

\biggl[ 
S\prime \prime (\tau ) - 

\Bigl( 
1 - \~\Phi 

\Bigl( \tau 
r

\Bigr) \Bigr) 2
S(\tau )

\biggr] 
+

1

\kappa 2

2

r
\~\Phi 
\Bigl( \tau 
r

\Bigr) 
\~\Phi \prime 
\Bigl( \tau 
r

\Bigr) 
S\prime (\tau ) - 1

\kappa 

\omega 

9r

\Bigl( 
\~\Phi \prime 
\Bigl( \tau 
r

\Bigr) \Bigr) 2
(S(\tau ) - s+) - \~\Phi 2

\Bigl( \tau 
r

\Bigr) 
H \prime (S(\tau )) = 0,

where \tau = z/\kappa and r = \varepsilon /\kappa \rightarrow 0. For any fixed \tau < 0, as r \rightarrow 0, \~\Phi (\tau /r) approaches 1
and \~\Phi \prime (\tau /r) approaches 0 exponentially, according to (4.12). Therefore, the following
terms in (4.13), as marked by underlines, are infinitesimal compared to any polynomial
order k:

(4.14)
\Bigl( 
1 - \~\Phi 

\Bigl( \tau 
r

\Bigr) \Bigr) 2
= o(rk),

2

r
\~\Phi 
\Bigl( \tau 
r

\Bigr) 
\~\Phi \prime 
\Bigl( \tau 
r

\Bigr) 
= o(rk),

1

r

\Bigl( 
\~\Phi \prime 
\Bigl( \tau 
r

\Bigr) \Bigr) 2
= o(rk).

Thus, the leading term of (4.13) is the O(\kappa  - 2) term, and we get the dominating
equation

(4.15a) S\prime \prime (\tau ) =O(\kappa 2).
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IMPROVED DIFFUSE-INTERFACE LdG MODEL 935

Note that the O(\kappa  - 1) term is absorbed by the leading order since they are both
equal to S\prime \prime (\tau ). For any fixed \tau > 0, we have that \~\Phi (\tau /r) \rightarrow 0 and \~\Phi \prime (\tau /r) \rightarrow 0
exponentially. Thus, for \tau > 0, the first term of (4.13) becomes infinitesimal compared
to any polynomial order k:

(4.15b)
1

\kappa 2
\~\Phi 2
\Bigl( \tau 
r

\Bigr) 
= o(\kappa k)

because r = o(\kappa ) by the assumption (4.3). Hence, for \tau > 0, the leading orders of
(4.13) are the O(\kappa  - 1) terms:

(4.15c) S\prime \prime (\tau ) = S(\tau ) +O(\kappa ).

Then, we get the following bounded asymptotic solution to (4.15):

(4.16) \~S(\tau ) =

\Biggl\{ 
X0, \tau < 0,

X0e
 - \tau , \tau > 0,

which indicates that the scalar order parameter s(z) decreases exponentially to 0
within a region of thickness \kappa on the exterior of the droplet (where \phi = 0).

To further compute X0, we study the behavior of \~S(\tau ) near \tau = 0. Integrating
(4.13) over an interval [ - h,h], we get

(4.17)

1

\kappa 

\biggl[ 
\~\Phi 2

\biggl( 
h

r

\biggr) 
S\prime (h) - \~\Phi 2

\biggl( 
 - h

r

\biggr) 
S\prime ( - h)

\biggr] 
+ [S\prime (h) - S\prime ( - h)]

=

\int h

 - h

\Bigl( 
1 - \~\Phi 

\Bigl( \tau 
r

\Bigr) \Bigr) 2
S(\tau )d\tau +

\omega 

9

\int h

 - h

1

r

\Bigl( 
\~\Phi \prime 
\Bigl( \tau 
r

\Bigr) \Bigr) 2
(S(\tau ) - s+)d\tau +O(\kappa )

=
\omega 

9

\int h/r

 - h/r

(\~\Phi \prime (u))2(S(ru) - s+)du+O(\kappa + h).

For any fixed h, \~\Phi (h/r) approaches 0 exponentially as r\rightarrow 0 so

(4.18)
1

\kappa 
\~\Phi 2

\biggl( 
h

r

\biggr) 
S\prime (h) = o(\kappa ),

and S\prime ( - h) =O(\kappa 2) by (4.15a), so

1

\kappa 
\~\Phi 2

\biggl( 
 - h

r

\biggr) 
S\prime ( - h) = o(1).(4.19)

Thus, for any fixed h, as \kappa , r \rightarrow 0, the first bracket on the left-hand side of (4.17)
becomes

(4.20)
1

\kappa 

\biggl[ 
\~\Phi 2

\biggl( 
h

r

\biggr) 
S\prime (h) - \~\Phi 2

\biggl( 
 - h

r

\biggr) 
S\prime ( - h)

\biggr] 
\rightarrow 0,

and the second bracket therein becomes

(4.21) S\prime (h) - S\prime ( - h)\rightarrow  - X0e
 - h

by (4.16). The integral on the right-hand side of (4.17) becomes
(4.22)\int \infty 

 - \infty 
(\~\Phi \prime (u))2(S(0) - s+)du= (X0  - s+)

\int \infty 

 - \infty 
(\~\Phi \prime (u))2 du=

X0  - s+

6
\sqrt{} 

1 + \omega 
9 (X0  - s+)2

,
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936 B. SHI, D. WU, L. ZHANG, AND P. ZHANG

as is computed from (4.12). Hence, under the asymptotic limit r,\kappa \rightarrow 0, (4.17)
becomes

(4.23)  - X0e
 - h =

\omega 

9

X0  - s+

6
\sqrt{} 
1 + \omega 

9 (X0  - s+)2
+O(h).

Therefore, letting h\rightarrow 0 shows that x=X0 is a solution to the equation

(4.24) x+
\omega 
9 (x - s+)

6
\sqrt{} 
1 + \omega 

9 (x - s+)2
= 0.

We observe that since the left-hand side of (4.24) is strictly increasing in x and blows
up to infinity as x \rightarrow \pm \infty , (4.24) admits a unique solution X0 \in \BbbR , which depends
solely on s+ and \omega .

In summary, (4.12), (4.16), and (4.24) together characterize the asymptotic be-
havior of the interface between the NLC droplet and the exterior isotropic liquid.
The profiles of the asymptotic solutions \phi (z) and s(z) are shown in Figure 4.1(a),
which illustrates the fact that the interface width of the orientational order (\kappa ) is
larger than that of the phase field order parameter (\varepsilon ). The value of X0 is determined
uniquely by the relation (4.24) as a function of \omega , which is plotted in Figure 4.1(b)
using the parameters (5.1). It shows that X0 approximates s+ indefinitely as \omega 

z

s(z)

\phi (z)

\varepsilon 

\kappa 

(a)

0 250 500 750 1000 1250 1500 1750 2000
0

0.5

1

1.5
s +

X 0

(b)

Fig. 4.1. Solution profiles of the asymptotic solutions and the constant X0. (a) Solution profiles
of s(z) and \phi (z) according to the ansatz (4.7) and the expressions (4.16) and (4.12). s changes within
an interval of size O(\kappa ), while \phi changes within an interval of O(\varepsilon ). (b) Relation of X0 and \omega 
according to (4.24), with s+ \approx 1.38 marked by a black dashed line.
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IMPROVED DIFFUSE-INTERFACE LdG MODEL 937

grows larger, which means that strong boundary anchoring forces the boundary ten-
sor Q(0) = s(0)(n\otimes n - 1

3I) to satisfy the planar anchoring condition with s(0) = s+.

5. Numerical results. In this section, we numerically study equilibrium con-
figurations of (2.1). We take model parameters to be

(5.1) a= - 866

3500
, b=

6400

3500
, V0 = 0.1, \varepsilon = 0.005, \omega = 20, wp = 1, wv = 0.5,

and \kappa =
\surd 
\varepsilon . Although the asymptotic analysis in section 4 requires that \varepsilon = o(\kappa 2),

our numerical tests show that this setting is sufficient to produce sharp boundaries
for both Q and \phi . The constants a, b roughly correspond to the commonly used NLC
material N -(p-methoxybenzylidene)-p-butylaniline at a lower temperature [35, 24, 50].
The nondimensional domain size \lambda is related to the physical scale l0 (unit m) by
\lambda 2 = l20C/L with C = 3500 N \cdot m - 2,L= 4\times 10 - 11N being physical constants.

5.1. Numerical methods. We use a finite difference method to discretize
\Omega = \BbbT 3, or equivalently the unit cube [0,1]3 with periodic boundary conditions. The
order parameters Q, \phi from the admissible space (3.1) are evaluated at an N\times N\times N
periodic grid (xj1 , yj2 , zj3) = (j1h, j2h, j3h) with h=N - 1 and all indices having period
N . The traceless tensor Q has 5 independent degrees of freedom, so we parametrize
it with 5 scalar functions q1--q5:

(5.2) Q=

\left[  q1  - q3 q2 q4
q2  - q1  - q3 q5
q4 q5 2q3

\right]  .
The grid functions qi are denoted by \{ q(i)j1j2j3

\} (i= 1, . . . ,5). \phi is defined on a staggered
grid offset by h/2 in each dimension, denoted by \{ \phi j1+

1
2 ,j2+

1
2 ,j3+

1
2
\} .

We then use a finite difference method to evaluate the energy (2.1). Functions
are numerically integrated by summing over the grid sites

(5.3)

\int 
\Omega 

F (x)dx\approx h3
N - 1\sum 

j1,j2,j3=0

F (xj1 , yj2 , zj3),

and derivatives are evaluated using the central difference, so that there is second-order
accuracy. The volume constraint (2.2) is discretized as

(5.4) h3
N - 1\sum 

j1,j2,j3=0

\phi j1+
1
2 ,j2+

1
2 ,j3+

1
2
= V0.

The numerical evaluation of (2.1) yields a finite-dimensional function E h of

\{ q(i)j1j2j3
\} (i = 1, . . . ,5) and \{ \phi j1+

1
2 ,j2+

1
2 ,j3+

1
2
\} . We explicitly compute its gradient,

whose \phi component is projected to the tangent space of the constraint (5.4) by sub-
tracting its mean. Thus, any gradient descent algorithm using the projected gradient
automatically preserves the volume constraint. We solve for critical points with the
conjugate gradient algorithm of SciPy. After obtaining the critical point, we also
explicitly compute the Hessian of the projected gradient, which is itself a symmetric
operator restricted to the tangent space of (5.4). We use LOBPCG [30] to solve for
its smallest eigenvalues. If the smallest eigenvalue is nonnegative, then we consider
the configuration stable.
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5.2. Stable configurations. In the rest of this section, we use N = 64. We use
Q\equiv 0 for an initial guess of the gradient descent algorithm. As for \phi , we set it as a
mollified indicator function of a predetermined droplet shape.

In Figure 5.1, we present three types of coexisting (meta)stable configurations
under the parameters (5.1) and different values of \lambda , all of which appear rotation-
ally symmetric to the z axis. Configurations in the first row of Figure 5.1 are radially
symmetric. To obtain these configurations, the initial values of \phi are spherically sym-
metric. The droplet is a perfect sphere filled with biaxial states (illustrated as flat
discs) whose preferred directions are tangent to the spherical shells radiating from
the center, at which there is a point defect. As a result, the planar anchoring condi-
tion on the interface is satisfied. Configurations in the second row of Figure 5.1 are
called ``rings."" Their initial values of \phi are oblate spheroids with short axes in the z
direction, and so are the resulting droplet shapes. The ring configurations are also
filled with biaxial states. They also have circular line defects (or disclination rings)
perpendicular to the z axis in their centers. The value of the biaxiality field around
the line defect is consistent with [31]. Configurations in the final row of Figure 5.1
are the tactoids. Their initial values for \phi are prolate spheroids with long axes in the
z direction, and so are the resulting droplet shapes. The tactoids are mostly filled
with uniaxial tensors (illustrated as small rods), with a pair of point defects located
symmetrically on the longer axis. As \lambda increases, the radial and ring configurations
lose stability, while tactoids become the global minimizer. The disclination ring in the
ring configuration grows in radius and moves closer to the boundary, and the droplet
shape becomes more oblate as it expands in the xy plane and shrinks in the z direc-
tion. The uniaxial region of the tactoid configuration expands and pushes the defects
toward the interface, while the droplet shape becomes more prolate as it shrinks in
the xy plane and expands in the z direction. At \lambda = 100, the tactoid configuration
becomes spindle-shaped, which is shown in the lower-right corner of Figure 5.1.

Fig. 5.1. Three coexisting (meta)stable configurations, with parameters (5.1) and \lambda =
5,9,14,17,20,100, respectively. Droplet boundary (green) is the level set \phi = 0.5. Color indicates

biaxiality \beta = 1 - 6 \cdot (\mathrm{t}\mathrm{r}\bfQ 3)2

(\mathrm{t}\mathrm{r}\bfQ 2)3
, which measures the deviation of Q from a uniaxial tensor. Director

distribution is visualized via ellipsoids, whose principal axes are parallel to eigenvectors of Q, and
whose axes' lengths are ordered correspondingly to eigenvalues of Q. For example, in the tactoid
the tensor Q has one positive and two negative eigenvalues, so the ellipsoid is significantly longer
in one of its axes, and is hence reduced to a rod. (Color figure available online.)
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The disclination ring identical to our ring configuration has been derived theoret-
ically and computationally for NLC confined in a fixed ball [38, 25]. Our simulations
show that the optimal droplet shape for the disclination ring is not a symmetric ball,
but rather an oblate spheroid due to interactions between defects and the droplet
boundary. The spindle-shaped tactoid has been observed in numerous experiments
[26, 28, 54]. It has also been predicted theoretically [19, 27]. Our simulation results,
especially those in large domains, correctly reproduce the expected droplet shape.

The stable configurations in Figure 5.1 demonstrate the underlying interactions
between the NLC state (represented by Q) and the shape of the droplet (represented
by \phi ). First, the defect structure influences the droplet shape, which can be observed
from the ring and tactoid configurations at different scales---their optimal shapes
are respectively oblate and prolate spheres instead of symmetric spheres. A possible
explanation for this phenomenon is that the boundary anchoring term (2.10) forbids
defects from appearing at the boundary, so that the optimal shape tends to maintain
a fixed distance between the boundary and the defects. Consequently, the disclination
ring in the ring configuration forces the droplet to expand in the equator on the xy
plane, so it shrinks in the direction of the poles as a result of volume preservation and
results in an oblate spheroid. In contrast, point defects in the tactoid configuration
push the poles of the droplet away from the center, so the equator shrinks in return,
rendering the overall shape prolate. In addition, the droplet shape also influences
the interior nematic directors. It can be seen from the tactoid configurations in
Figure 5.1 that with a more prolate spheroidal droplet, the pair of +1/2 nematic
defects are farther away from each other and closer to the poles on the z axis. For
larger \lambda , defects are energetically unfavorable, so the optimal droplet shape evolves
pointy ends to push the defects out of the boundary and make the interior Q-tensors
fully uniaxial. The ultimate result of this transformation is the tactoid.

We show in Figure 5.2 the phase transition phenomenon of global minimizers of E\varepsilon 

as \lambda increases at different temperature a. It can be directly observed that this phase
transition of minimizers from radial and ring configurations (which are very close to
each other in energy) to the tactoid is of first order, since the energy curves of the ring
and radial configurations and of the tactoid intersect with different slopes. The radial,
ring, and tactoid configurations coexist as stable states in a range of \lambda , but the radial
and ring configurations lose stability as \lambda increases, with radial destabilizing before
ring, as observed in Figure 5.2(a). The complete phase diagram with respect to domain

(a)

–2500 –2000 –1500
A

5

20

15

10

λ

–1000

Tactoid

Ring

(b)

Fig. 5.2. Phase transition with respect to \lambda and unscaled temperature A = a \cdot C. (a) Energy
values of the radial (blue), ring (green), and tactoid (red) configurations are plotted against \lambda at
temperature A =  - 1300N \cdot m - 2. Dashed lines indicate unstable states. (b) Phase diagram of
E\varepsilon ,\kappa with respect to A and \lambda . The parameter domains of different stable states are distinguished by
different colors. The range of A/(N \cdot m - 2) is ( - 2600, - 866), and the range of \lambda is (5,20). (Color
figure available online.)
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size \lambda and temperature a is computed laboriously and presented in Figure 5.2(b) (all
parameters except \lambda ,A are fixed as in (5.1)). According to the phase diagram, the
ring configuration is generally stable at smaller \lambda and higher a, and the tactoid is
stable at larger \lambda and lower a. The global minimizer of the energy functional shifts
from the biaxial ring configuration to the uniaxial tactoid configuration as \lambda increases
and/or a decreases.

The phase diagram with respect to \lambda and a can be explained by observing the
sharp-interface energy functional (3.28). In our sharp-interface functional (3.28), the
elastic energy | \bfnabla Q| 2, bulk energy \=Fb(Q), and surface energy are led by coefficients
O(\lambda  - 1), O(\lambda ), and O(1), respectively, so they influence the final shape of the droplet
differently as \lambda changes. When \lambda is small, the dominant term is the elastic energy, so
Q tends to become a harmonic function inside the droplet. The zeros of Q constitute
the nematic defects. When \lambda is large, the dominant term is the bulk energy, so Q
tends to minimize \=Fb and falls into the uniaxial minimizers (2.7). As a side effect,
defects are not likely to exist in the stable configuration. On the other hand, the
temperature a affects the bulk energy (2.6) by preferring uniaxial Q-tensors, so the
tactoid configuration becomes the global minimizer when a is low.

6. Conclusion. In this paper, we propose an improved diffuse-interface LdG
model (2.1) for an NLC droplet. We prove the existence of its minimizers and a
sharp-interface limit as \varepsilon \rightarrow 0 (Proposition 3.3). Another \Gamma -limit where \kappa \rightarrow 0 is
taken (Proposition 3.4) such that the final sharp-interface limit (3.28) complies to the
standard droplet energy expression in (1.1), with physically interpretable body energy
(3.56) and surface energy (3.57). Then, we apply a heuristic asymptotic analysis to
the model and obtain the 1D solutions ((4.12), (4.16), and (4.24)), which illustrate
the phenomenon of sharp phase separation at spatial scales \varepsilon and \kappa for \phi and Q, re-
spectively, as well as the influence of the boundary anchoring coefficient \omega on the
alignment to the planar anchoring condition (in Figure 4.1(b)).

We also conduct numerical experiments on (2.1) and predict several experimen-
tally and theoretically relevant nematic droplet configurations [38, 25], such as the
radial, ring, and tactoid configurations. The tactoid matches experiments well [28].
Additionally, we study the aforementioned configurations under different length scales
(Figure 5.1), the results of which show the complex interplay between the topological
defects and the droplet shapes. For example, the disclination line pushes the droplet
boundary away from the center in the ring configuration, and the pointy ends in a
tactoid shove the defects out of the droplet. Finally, we present a schematic phase
diagram in Figure 5.2(b) showing the structures of (meta)stable configurations at dif-
ferent values of A,\lambda . It demonstrates that biaxial configurations (ring and radial) are
stable at small sizes \lambda and high temperature a, and vice versa for the uniaxial tactoid.

Our work provides several directions for future research. First, the interplay be-
tween droplet boundaries and internal defect structures could be further investigated
by prescribing droplet shapes via the phase field function, thereby enabling control of
defect patterns through tailored geometric confinement. Second, our diffuse-interface
modelling approach could also be extended to more complex LC droplets such as the
smectic phase, of which many observations have been made in experiments (see, e.g.,
[42, 63]), but mathematical studies remain limited [40]. Furthermore, the integration
of our energy functional with dynamic Q-tensor theories offers a feasible approach for
investigating the rich temporal behaviors for NLC droplets [44]. This approach could
be also adapted to investigate active liquid crystal systems, where the incorporation
of energy input leads to fascinating nonequilibrium phenomena.
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