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PARAMETER-DEPENDENT DUAL CONTINUUM MODEL*

QIUQI LIf, LINGLING MA¥, AND PINGWEN ZHANGS

Abstract. In this paper, we consider an iterative method based on the generalized multiscale
finite element method (GMsFEM) to solve the dual continuum model with random inputs. The main
idea of iterative methods is to reformulate the original model into another model with parameter-
independent diffusion coefficients and parameter-dependent right-hand sides. Subsequently, a fixed-
point iteration is used to compute the solution of the reformulated model. To quantify the statistics of
the dual continnum model, we need to solve the coupled system for a large number of samples in the
stochastic space. Thus the computation is prohibitively expensive. To exploit the advantages from
the GMsFEM, we perform the iteration process in reduced GMsFE space to improve the computation
efficiency. The proposed iterative method consisits of two stage, including an offline phase and an
online phase. In offline stage, we compute local multiscale basis functions in each coarse grid region
based on deterministic multiscale characteristics to construct offline spaces. In online phase, a fixed-
point iteration method is employed to compute the solution of the reformulated model in the offline
spaces. Additionally, convergence analysis is established under some structure conditions. Finally,
we present two numerical tests to show the performance of our proposed method and validate the
theoretical convergence results.

Key words. dual continuum model, iterative method, generalized multiscale finite element
method, random inputs

MSC codes. 65N99, 656N30, 35R60

DOI. 10.1137/24M1695956

1. Introduction. Fluid infiltration in porous media has a wide range of scien-
tific and engineering applications [4, 26, 29, 39]. Typical examples include the flow of
fluids through natural strata (e.g., groundwater and hydrocarbon reservoirs) and com-
posite materials (e.g., membranes and catalysts) [7, 25, 27, 37, 40]. Specially, various
applications related to natural strata typically require numerical simulations of do-
mains containing discrete fissures, faults, and thin structures. The material properties
within fractures can differ significantly from those in the background media, which
can also contain highly heterogeneous and high-contrast regions. Due to complexity
of natural phenomena, human lacking enough knowledge about the physical proper-
ties and measurement noise, model inputs often involve parameters or uncertainties.
Uncertainties in fractured porous media typically involve variations in fracture mor-
phology, dimensions, permeability, as well as properties of the background media and
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boundary conditions. These uncertainties significantly amplify computational com-
plexity. Therefore, for such problems, we require a method capable of concurrently
reducing computational costs while capturing multiscale information. The aim of this
paper is to construct and analyze simplified models to address these types of problems.

Various techniques have been used for simulating flow in porous media with dis-
crete fractures, including finite element scheme [2, 14, 15], finite volume scheme [5, 22],
and hybrid scheme combining finite element method and finite volume method [21, 35].
Considering the existence of multiple scales and high-contrast within fractured me-
dia, the dual continuum model proposed by Barenblatt et al. [3] has been a standard
approach to simulate these physical processes. The concept of this model originates
from the idea of parallel interconnected dual systems distributed arbitrarily within the
flow field. In the standard dual continuum model, mass transfer is coupled between
two different-scale continua. One of these continua is typically called the fracture
continuum, characterized by high permeability but a small volume. The other is
known as the matrix continuum, which has low permeability but a larger volume.
The coupling between the fracture and matrix continua is achieved using a transfer
function that quantifies the mass transfer between them. Over the past 50 years,
the dual-continuum model has been significantly extended and developed. Wu and
Pruess expanded this model by introducing multiple interacting continua to capture
the transient characteristics of flow between them [42]. Yan et al. further general-
ized this approach into a multicontinuum model capable of handling any number of
continua and establishing arbitrary connections between them [44]. Due to the multi-
scale nature of these problems, various multiscale approaches have been proposed to
couple multiple model equations for multiple continua [1, 8, 11, 12, 33, 36, 41]. These
include the generalized multiscale finite element method (GMsSFEM) [9, 13] and the
constrained energy minimization generalized multiscale finite element method (CEM-
GMsFEM) [10].

The generalized multiscale finite element method (GMsFEM) can be seen as an
extension of the multiscale finite element method (MsFEM). The main idea of GMs-
FEM is to identify local dominant modes using spectral problems in snapshot spaces,
which is crucial for capturing high-contrast channels and regions. This approach
shares similarities with multiscale methods for multiple continua [11]. The concept of
constructing local basis functions using spectral problems is also utilized in domain
decomposition methods [20, 31]. The convergence of GMSFEM depends on the de-
cay of eigenvalues in local spectral problems and the coarse mesh size [32]. When the
multiscale approach is used to address model parameter heterogeneity, solving models
with uncertain parameters remains a significant challenge. These uncertain param-
eters are typically parameterized by a few random variables, allowing the models to
be described using parameterized partial differential equations (PPDEs) [43]. Several
approaches have been proposed to tackle this problem, including variants of the model
order reduction (MOR) method [6, 28, 38|, ensemble method [23, 24, 30, 34], multi-
modes method [16, 17, 18, 45] and iterative method [19]. In 2021, Feng et al. proposed
an iterative method for solving parameter-dependent convection-diffusion problems,
building on ensemble and multimodal methods. The main idea is to reformulate a
given parameter-dependent problem into one with parameter-independent convection
and diffusion coefficients and a parameter-dependent (and solution-dependent) right-
hand side. The solution is then computed using a fixed-point iteration algorithm. As
a result, the convection and diffusion coefficients become independent of parameters
and iterations, while the right-hand side remains dependent on parameters and itera-
tions. This approach achieves computational savings by reusing a substantial portion
of the computation for a given set of parameters.
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Inspired by GMsFEM and iterative methods, this study aims to develop and an-
alyze an efficient iterative method based on GMSFEM (Iter-GMsFEM) for solving
parameter-dependent dual continuum models. The core concept involves reformulat-
ing the original parameter-dependent dual continuum model into a problem with de-
terministic multiscale permeability and parameter-dependent permeability and source
functions. This reformulated problem can then be solved using a fixed-point iterative
method [19]. As a result, the convection and diffusion coefficients become indepen-
dent of parameters and iterations, while the right-hand side remains dependent on
parameters and iterations. This allows us to utilize an efficient direct solver at each
iteration to solve a linear system with multiple right-hand vectors. Traditional nu-
merical methods such as finite volume methods, finite element methods, and their
variants can be used to solve fine models on fine grids. However, for porous me-
dia with highly heterogeneous permeability fields and fractures, solving the model
requires extremely fine meshes, which can be computationally expensive since the
model needs to be solved on the fine grid at each iteration. Therefore, we introduce
the GMsFEM method to reduce computational costs. GMsFEM includes two distinct
stages: the offline and online stages. Similarly, our method also consists of two stages:
offline and online. In the offline stage, we use GMsFEM to construct a multiscale ba-
sis functions space (offline space) based on deterministic multiscale permeability. In
the online stage, we apply a fixed-point iteration method to solve the model in the
multiscale basis functions space. Considering the shared features of the coefficient
matrix by all parameter iterative functions, the inverse of the coefficient matrix can
be reused, effectively reducing the complexity of repeated computations of discretized
multiscale systems and leading to significant computational savings in the overall nu-
merical method. Additionally, the convergence of Iter-GMsFEM is established with a
linear dependency on the decay of eigenvalues in local spectral problems, mesh size,
and number of iterations, and it is independent of contrast.

The paper is organized as follows. In section 2, we will present some prelimi-
naries and notations for the parameter-dependent dual continuum model. Structure
conditions and assumptions are stated to ensure the well-posedness of the variational
problem and the convergence of the proposed method. The Iter-GMsFEM will be
presented in section 3. Section 4 is to present the convergence analysis of the efficient
iterative method. In section 5, some numerical examples for different dual continuum
models are given to illustrate the proposed iterative method and confirm the theoret-
ical analysis. Finally, some conclusions and comments are outlined in the last section.

2. Preliminaries and notations. In this section, we present some preliminaries
and notations for the rest of paper. Let (S,B,P) be a complete probability space,
where S is the space of elementary events, B is a o-algebra on S, and P is the
probability measure on B. Let €2 denote a convex and bounded physical domain with
Lipschitz continuous boundary 9. V := HJ () is a Hilbert space defined on € with
inner products (-,-)y. Its dual space is denoted by V* = H~1(£2), which is the space
of bounded linear functional on V. The Sobolev norm | - || g1 () is of the form

1

2
ol ey = (01320 + 1901320y "

Here [|[Vv[|p2(q) == [[|Vv|[lL2(q), and [Vv| denotes the Euclidean norm of the 2-
component vector-valued function Vu; and for v = (v, v2),[|VV| r2(0) := |||V 2 (),
where |Vv| denotes the Frobenius norm of the 2 x 2 matrix Vv. We recall that the
Frobenius norm on L2(Q) is defined by [X|? := X - X = tr(X*X). To shorten
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notation, we denote the space for v(-,&) = (vi(-,&€),v2(-,€)) by V. =V xV =
HY(Q) x HYH(Q).

Let v:Q xS — R represent a real-valued random field, i.e., real-valued random
function defined in §. For computation, the random field is usually approximated
using a prescribed finite number of random variables, &(w) = {&1,&2,-- ,&m}, i€,
£():S— D CR™ (m >1). Thus, we use the random vector &(w) to characterize
the stochastic property of the random field. Let p be the joint probability density
function of &(w). We define the following tensor-product Hilbert space

Ho(Q) = HY(Q) © L2(D) :{v Q% D Ru(-, &) € H*(Q)

and [|v(-, &)l =) € L3(D),VE € D}.
For v = (v1,vs), we define the following tensor-product Hilbert space

V::V®L2(D):{U:Q xD—=Rlv(-,€) eV

and [[v(-,&)|lv € L2(D), v eD}

and equip it with the following norm

lolly = ( [ elvo ds) g

We consider the parameter-dependent dual-continuum model for the heteroge-
neous porous media in the steady state [3]. Using the concept of dual-continuum, we
assume the porous media can be decomposed into two continua, namely fractures and
background, which can also contain highly heterogeneous and high contrast regions.
Let domain Q be divided into the low permeability domain !, and the high perme-
ability domain Q; for continuum ¢. Furthermore, theldomain Q} can be further de-
composed into a union of individual channel domains Q? ;- Therefore, () is expressed as

Q=0;,UQ%, Q=UL,0%,
where n; represents the count of highly conductive channels. In addition, the model

accounts for the transfer between these two continua using an exchange term. Thus,
the mass balance equations describing this coupled dual continuum model read

1) { —div (k1 (x,€)Vpi(z,€)) + o(x) (p1(z, &) — pa(z,€)) = fi(x, &),
. —div (ko (2, &) Vpa(z,€)) — o(z) (p1(x, &) — p2(x,8)) = fa(w, &),

in Qx D. Here, the Dirichlet boundary condition is set as p;(x, &) = ¢;(z, &) on Q2 x D
for i =1,2.p;(x, &) denotes the pressure and f;(x, &) is the source function correspond-
ing to the i-th continuum for i =1,2, and o(z) is a transfer function. The coefficient
ki(x,€) represent random permeability and is defined as

( )_ H;n(mag)vxeDinv .
Ri $,€ - Iif ($7£),‘T€D§c7l y ¢ )

1,3

where nlf , are the permeability on the [-th channel for the continuum 7 in subdomain

D},ﬁ k™ are the permeability in subdomain D! . It is noteworthy that p;, x;, and f;
are all contingent on the parameter vector £, while o remains independent of &.
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The variational problem for the model (2.1) reads the following: find p = (p1,p2) €
V such that

(2.2) a(p,v; €) + q(p,v) = b(v; €),

for all v = (v1,v2) € V. Here b(v;€) € V* and a(p,v;€) : V x V — R depend on a
parameter £ for given &, while ¢(p,v): V x V — R is independent of a parameter &.
Moreover, the linear form is defined as

b(vig) =D bivi;€) =3 ( /Q fi(w, &)vi(w,€) dx + /a RECMZONEICHY ds) :

and the bilinear forms are defined as

ai(pi,vi;€)=/ R (2, §)Vpi(w,§) - Vi(x;€) da

D

i
m

/. . Vi (z: &) d
+3 /| e VRO Vulri) ds

- /Q il €) Vi, €) - Voula: €) dir,
a(p,v;€) =Y ai(pi,vi; §),

Qpivi) = /Q o (@)pie, E)vi(x; €) de,
Q(p7v) = Z Z Q(phvi) - Q(plvv’i)'
1 l

Given parameter §, we define a norm || - |4, on the space V' as

o[, = ag(v,v; &) = a(v,v; €) + q(v,v),

and ag(-,-; &) satisfies the following assumption [36].

Assumption 2.1.

(i) Bilinearity: ag(v,v;€) is bilinear mapping on V' x V.

(ii) Boundedness: Suppose there exist positive constants k, %, and & such that
k<ki(z,€) <Ffori=1,2and |o(z)| <&. Then, there exists a &-independent
constant Dy such that

aq(v,w;§) < D1]|v|lag [|W]lag, YV, weV.

o zC?2 = . . . . .
(iii) Coercivity: If (1 + %T‘“)*l > % with C}, being Poincaré constant, there is
a &-independent constant D; such that

ag(v,v;€) > Dyl , Vv e V.

aQ’

Cp is the Poincaré constant depending on the dimension of the functional
space and the domain, i.e., C, = Cp(n, ).

Under the above assumptions, the dual-continuum model is well-posed.
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3. The Iter-GMsFEM framework. In this section, we introduce an Iter-
GMSFEM to solve problem (2.1). The main idea of the framework is to reformulate
original problem (2.2) into another problem with parameter-independent multiscale
permeability coefficients and exchange term and a parameter-dependent (and solution-
dependent) right-hand side. We then employ a fixed-point iteration scheme to com-
pute the solution of this reformulated problem. Due to the presence of heterogeneous
coefficients, solving the reformulated problem on a fine grid using standard FEM
methods becomes prohibitively expensive. To this end, we utilize the GMsFEM to
improve the computation efficiency. The new method aims at achieving computational
efficiency and effectively addressing the multiscale characteristics of the problem. In
the following subsections, we present the details of the iterative method.

3.1. The iterative method. We firstly assume the random permeability x;(z,
£), for i=1,2, can be decomposed into two parts, i.e.,
m(iﬁ,ﬁ) = H?(x) + H%(SC,E),
0

where £ (z) is the deterministic coefficients with multiscale characteristic, and ! (z, €)
is the random fluctuation. The bilinear form a(p,v; &) can be redefined as

a(p,v;€) = a’(p,v) + a' (p, v; ),

where
0 (s, ) = / K (2)Vpi(x,£) - Vur(2) de,
Q

aO(p’,U) = Za?(pi»vi)v

)

a; (pi, vi; €) :/ ki (2,€)Vpi(x,€) - V() de,
Q
a'(p,v;€) = aj(pivi; §)-
Here, a®(-,+) : V x V — R is a &-independent bilinear form, and a!(-,-:€): V xV — R
is a &-dependent bilinear form. Thus, the weak formulation (2.2) can be rewritten as

(3.1) a’(p,v) + q(p,v) =b(v;§) — a' (p,v; £).

We now state the iterative algorithm for solving (2.1).

To ensure the convergence of the Algorithm 3.1 and efficient computation, we must
provide the specific condition between £ (z) and k! (z,€), for i = 1,2. Specifically, it
is described as

Algorithm 3.1. An iterative algorithm in variational setting.
Step 1: For each € € D, find Py = P((&) € V by solving the following problem

(32) aO(P07D)+q(P0,’U):b(’U;€), VveV.

Step 2: For each £ € D, determine {P,, = P,,(§)}n>1 C V recursively by solving
the problem

(3.3) a®(P,,,v) 4 q(Pn,v) =b(v;€) —a*(P,_1,v;€), Yo eEV.
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K0 — 256’12, > wl,

£ <k (x), k1> kKj(2,6), Ve eQ, VE€D, i=1,2.

This condition is highly dependent on the problem and can be quite intricate. The
detailed condition will be presented and proven in section 4.

Remark 3.1. The primary advantage of Algorithm 3.1 lies in the fact that the left-
hand side expressions in (3.2) and (3.3) are identical and independent of the parameter
&. For a large number of random parameters, this characteristic allows to design fast
solvers for computing solutions in both steps of Algorithm 3.1.

3.2. The approximation based on FEM. Before giving the framework of
FE approximation for dual continuum model, we firstly set the scene of the numerical
discretization, as demonstrated in Figure 1. We assume that the spatial domain (2
is partitioned uniformly by a coarse mesh 7. The partition 7% is called a coarse
grid, and a generic element K in the partition 7/ is called a coarse element. H > 0
is called as coarse mesh size. Moreover, the fine-grid partition will be denoted by 77,
which is obtained by refining the coarse mesh 7. Similarly, h > 0 is the fine mesh
size. Nj, denotes the number of elements in 7H. We denote by{z; }j\’:cl the vertices
of the coarse grid 7H, where N, represents the total number of coarse nodes. The
neighborhood w; of the node z; consists of all the coarse mesh elements, i.e.,

wj = U{Ki € TH|$3 € K}
The overlap constant Cl, is defined by
3.5 Coy := K ifor j=1,2,...,N.}.
(3.5) Knéz}XH #{z; Cuwj tor g }
Let V" = V" x V" be the finite element space on fine grid and Vi € V" with vanish

boundary values. The Galerkin formulation of (2.2) reads the following: given & € D,
find p" = (p?,p) € V" such that

(3.6) a(p",v;€) +q(p",v) = b(v; §),

for all v = (vl vh) e V",

Ll

|

L1l

Fine Coarse
Element Element

Fic. 1. Hlustration of discretization configuration.
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Algorithm 3.2. An iterative algorithm in discrete setting.
step 1: For each &€ € D, find U} = P} (&) € V| by solving the following problem:

(3.8) a®(Pg,v) +q(Pg,v) = b(v;€), Yo € V§.

step 2: For each & € D, recursively determine {P" = UZ(&)}nZl C VI by solving
the following problem:

(3.9) a®(P",v) + q(P",v) =b(v;€) — a (PL_;,v;€), Yo e V.

Using the definition of a® and a!, we can rewrite (3.6) as follows:

(3.7) ao(p",v) + q(p",v) =b(v; &) — a1 (p", v; €).

We can then can easily formulate the discrete version of Algorithm 3.1 for computing
the solution of equation (3.6) below.

When the model with multiscale feature is considered, both the degrees of freedom
in the finite element approximation and the number of iterations must be sufficiently
large to achieve accurate results. Furthermore, the model involving the influence of
uncertainty, the Algorithm 3.2 are needed to be implemented repeatedly. This will
lead to significant computational cost and storage. To take account of this issue, we
use GMsFEM as a local model reduction method to efficiently solve the parameter-
dependent dual-continuum model.

3.3. The approximation based on GMsFEM. In this subsection, we will
introduce the framework of the Iter-GMsFEM to solve the parameter-dependent dual
continuum model with multiscale feature. We will outline the construction procedure
of the multiscale finite element space of GMsFEM. The GMsFEM uses the coarse
grid TH and constructs a local reduced-order model for each coarse block. Firstly,
for each coarse region w;, we find the eigenvalue )\ff ) € R and the eigenfunction

Wl = W01 € V) where V() = Vi) V() such ths

—diV(li?V’(ﬁ]gi) +o( ,(gi — ,(f%) = A,&”Eﬂ/},&ﬁ in wj,

K?-vw,(j}-nzo on dwj,
(3.10)  div(:00g ) OO NG P NE R
iv(ka Vi s) + o (s 'k,l) =\ Rathp,  inwy,

ﬁg-vw,(g-nzo on Jw;.

Here %Y = & Zj\]:cl H2|Vx;i|* for i =1,2 and {x;,} is a set of bilinear partition of
unity functions for the coarse grid partition of the domain 2.

We choose the M; smallest eigenvalues and the corresponding eigenvectors of the
eigenvalue problem (3.10). Then we use these eigenfunctions to construct the local

spectral offline space.
Vﬁ;’éwj zspan{tb,(gj) 1<k< Mj} ,

where 1,b§j ) = 1. The choice of the truncation number M; € N4 has to be determined
by the eigenvalue decay rate or the presence of spectral gap. Furthermore, we can
define the k-th multiscale basis function on the coarse neighborhood w; by
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Algorithm 3.3. Iterative method.
step 1: For each £ € D, find Py® = Py (€) € V s solve the following problem

(3.11) a®(PJ®,v) + o (Py®,v) = b(v; €), Yo € V.

step 2: For each € € D, recursively determine {P},* = P}*(§)}n>1 C Vs by
solving the following problem

(3.12) a® (P ) + o (P2, v) = b(v;€) — a* (P2, v;€), Vv € V.

Y= (Xj,lwzi{i’Xj,27///(c{%) ; 1<k < M.
We introduce the local reduced space on the coarse neighborhood w;
Vs (wj) =span {9, 1<k <M;}.
Finally, the multiscale finite element space is obtained as
Vs :=span{e,: 1 <l< M} :span{@bj’k, 1<j< N, 1<k< Mj},

where M = Z;V:‘l M; is the total number of eigenvectors for snapshots. Let ¥, be the

coefficient vector associated with the basis functions of the fine space V. We can
create the offline matrix R to store these the coefficient vectors, i.e.,

RT = [, Ws,..., Uyl
Then the Iter-GMsFEM is described in Algorithm 3.3.

3.4. Matrix formulation. In the previous section, we have outlined the con-
struction of the multiscale finite element space (offline space) Vs and the matrix R.
Based on these multiscale basis functions, we need to assemble them into an algebraic
system for computation.

In the context of finite element discretization, we suppose that PZ have the
following formulations

(3.13) Pli(z,€) =Y cl(©uv}(x), i=1,2,

14

where wZi, for 1 <¢ < Np, i=1,2, are the finite element basis functions. Then, the
matrix representation of (3.8) and (3.9) can be expressed as

b(§)> ’Il:O7
b(&) — Ay (&)1 (€), n>1.

Here, parameter-independent matrices Ay and B are defined as

Al B -B
oo Mg e[S P

Agc™" (&) + B (€) = {

where

(Aé)” :aO(le,th’l)’ (B)ZJZQ(Qleval), l:132
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Additionally, matrix A;(¢) and vectors b(€) and ¢™"(€) are parameter-dependent
and are defined as

[0 g - 18] - £49)

where

(AL(€)ig = a' (W], 0):6), (0u(€))i=b(w!€), (" (€)i=¢"(€), I=1,2.

In the context of multiscale finite element discretization, we suppose that P}°
have the following formulations

Pms( 5) chlms (5) W,i(l’): i=1,2.

14

Then, (3.11) and (3.12) can be rewritten in the following matrix form

b™(¢), n=0,

(314) Aancn,mS(é) + Bmscn,ms(g) — {bfm(&') B Ains(g)cn_Lms(S) n>1

where ¢™™%(€) is represented as

€ (€) = (€ (€), €4 (€)T, with (¢ (€)= ¢l (€), 1=1,2

According to matrix R obtained in the offline phase, we construct the reduced matrices
s B™mS APS(€), and vector b™8(€) defined as follows

Al = RAGRT, B™ = RBRY,
APs(€) = RAL(§)RT, b™(€)=Rb(£).

Algorithm 3.4 describes the Iter-GMsFEM in the matrix formulation.

Remark 3.2. 'We note that the matrices Ag, B, R, and A§*® and B§*® are only
computed once in our method. If all the diffusion coefficients «} (x,€&) and the source
terms f;(x, &) are affine with respect to the parameter £, i.e.,

Zaj ), fi(,€) Zﬁg ) fii(x

the stiffness matrix A‘f‘s(f ) and the load vector bmS(E) are the summations of my, re-
duced matrices and m reduced vectors (parameter-independent) in the online phase,
not involving the reconstruction and calculation of the full order matrices and load
vectors.

Remark 3.3. We note that the iteration will be stopped when the iterative er-
ror falls below the iteration threshold. In the proposed iterative method, since the
GMSsFEM error exceeds the iteration threshold, the iteration can be terminated early.

Remark 3.4. Since the proposed Iter-GMsFEM method is developed within the
GMSFEM framework, the accuracy of its solutions is closely related to the number of
local basis functions used in constructing the multiscale space. Specifically, when fewer
local basis functions are employed, the error between the Iter-GMsFEM solutions and
the reference solutions tends to be larger, resulting in fewer required iterations and
earlier termination of the iterative process. Conversely, when a larger number of basis
functions are utilized, the error between the Iter-GMsFEM solutions and the reference
solutions decreases, necessitating more iterations and leading to a later convergence
of the iterative procedure.
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Algorithm 3.4. Detailed procedure of Iter-GMsFEM.

Input: The dual-continuum model (2.1), maximum number of iteration Nite, and
the error tolerance e.
Output: The Iter-GMsFEM solution P ~Ms(¢),
Offline phase: only perform once
1: Compute full order matrices Ay and B independent of &;
2: Calculate projective matrix R by GMsFEM;
3: Assemble the reduced stiffness matrix A and reduced mass matrix B™";
4: Calculate and store the matrix A" = (AR + B™s)~!
Online phase: for arbitrary sample £ € Q)
: With n =0, solve (3.14) to get the solution coefficient ¢*™5(¢);
: Renew the load vector b™(€) and the matrix AP$(€);
: Calculate the coefficient ¢™™5(&) by (3.14);
: Compute the error €, = ||c™™5(€) — " 1™5(€)|0o;
: while n < Njier or €, > € do
n—n+1;
Return to the step 3-4 in the online phase;
: end while
: Obtain the Iter-GMsFEM solution P™"~%M$(¢) by matrix R.

© 00 DU W

4. Convergence analysis. In this section, we will give the convergence analysis
of our proposed Iter-GMsFEM in the sense of ag norm. Firstly, we give an error
estimate for the deterministic dual-continuum model. Secondly, an error estimate for
the iterative method are provide. Based on an error estimate for the deterministic
dual-continuum model, we derive an error estimate of between the iterative method
and Iter-GMsFEM. Finally, the global error estimate are obtained by the triangular
inequality based on last two error estimates.

For the deterministic case, we are inspired by the work of Li [32] to drive the
error estimate. To start with, we define local functional space and related norms on
w;. Let L%(w;) be Hilbert spaces with their inner products and norms defined by

(v1,02); = Y _(014,024)5, (1.6, 02,)} 1=/ Kiv1,i - v2,; d,
w

1 J

HU1||2L§(WJ.) = (v1,v1);, Yvi,vq € L2 (w;),

respectively. We also define the ag norm as follows
a(Qj)('vl,'vQ) :z/ k1(z)v1,1 - v21 +o(x)(vi1 —vi2)ve1 do
wj
+/ ko(2)v12 - vo0 4+ 0(z)(v1,2 —v11)v22 dr,
Wi

J

0112 @) = a8 (v1,01).

Furthermore, we introduce the following weighted Sobolev space

L (wj) = {'U : ||U||igil(wj) 12/ Ry t? da +/ Ry tvd dx < oo}.

J J
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Similarly, we can define the weighted Sobolev space L2_: () and its associated norm
- 1132 () on the whole domain.

-1

The solution p\¥) = (pgj),pgj)) = (p1lw, , P2|w,) satisfies the equation

(4.1) { —div(sVp{) + o () =) = f1, inwj,

—div(k2VpS) + o () — ) = fo, in wy,

for ﬁ/[: 1,2. For Yo € LZ(w;), we define the projection operator P/Mi : L2(w;) —
Vi by

M; i
(42) PIMig = (PIMiyy PIMiy,), PIMiy; = (Uzwz(fDJ o)
k=1

The operator P’*Mi will be a crucial component in the convergence analysis. Given
that pl) e L%(wj), the function pl) can be expressed as follows

. ‘
(4.3) Y =, pY), pEj):Z(pE”, é{?)j -
k=1

To derive an error estimate for the dual-continuum solutions, we firstly impose
the following assumption on the eigenfunctions.

Assumption 4.1. Assume that f € L2_.(Q) and g; € H*(9Q) with s > 3. Then
there exists a constant C' > 0 depending on 2, x;, and s, such that:

e N2 ) A 2 2 2
3 (Am (p<a>,¢]<€a>>j <NFllzz o)+ C gl o0 -
k=1

where (|91 50) = 2iet 19137 (a0

Similar to [32], we acknowledge that the eigenfunctions {( ,(f 37 ﬁgwg%)};ﬁl forms
the orthogonal basis in the weighted space L%(wj). The weighted results are summa-
rized in the following Lemma.

LEMMA 4.2 ([32]).The series {(Elw,(ﬂ,%gw,%) 524 forms a complete orthogonal
basis in L2, (w;).
M;

We now give the local approximation property of the operator P»Mi in the sense

of L% norm and ag norm.

PRrROPOSITION 4.3. Assume that f € L%ﬂ (). Let pU) be the solution of equation

4.1). Then the projection PMi : L2(w;) — V77 defined in (4.2) has the following
K\ off
approximation properties

Hpu) _ pj,Mjp(J')’

2 , -2
v = (9) U+ C gl omy):

Hp(j) _ pi; )|

<(\00) UFI: )+ gl o)
o)) : wo (s

a

Proof. The definitions (4.2) and (4.3) and the orthonormality of {1/),(5)},;";1 in
L2 (w;) directly yield
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2
, N NIL: i . N1 . N2
o= pail = 30 (0 2); i (o) i)
ASad k=M;+1 J J L%(wj)
o ) N 2
= Z (p(])>¢l(cj)).
J
k=M;+1
o N\ —2 N\ 2 ) N 2
SONCONUDNCENT)
k=M;+1 J
. -2 X AN 2 ) )
()7 S () ()’
k=M;+1 J

. -2
<(M01) (112 )+ C gl omy ):

where in the last step we have used Assumption 4.1. Similarly, we can obtain

2
) ) 112 > . N1 . N2 s
R W D SR (G A C R R
aQ(wj k=M;+1 J J
aq(w;)
R . ) N 2
— Z )‘I(cj) <p(])7,¢)§cj))A
k=M;+1 7
> | ) ) )
-5 00) () o)
k=M;+1 J
. -1 X N 2 _ AN 2
()" 5 00 ()
k=M;+1 J
(7) -t 2 2
<(011) (1122, 0 +Cllreomy )-
This proof is completed. O

Subsequently, the global error estimate for the GMsFEM solution will be given
in Theorem 4.4.

THEOREM 4.4. Assume that f € L2_,(Q) N L*(Q) and M; is sufficiently large
such that

AMJ'—&-IZHiQa j:1727"'aNc-

Let p be the solution of equation (2.1), and p™* be the GMsFEM solution. Then there
holds

ms 5 — o - 2
Ip—p™|2 <Ci(H*>+A 1)||f||2L§_1(wj)+02(H2+A Y llgllzr o0y -

aQ —

where A =mini<;<n, )\s\]/.[)j+1 and constants él,éz 1s independent of A and H.

Proof. Let w be the projection of p in the multiscale finite element space V 4
as follows

(o) = (13 ) wa(a) . w3 (0) = 3 54V PH o
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By Céa’s lemma, we have
Ip—p™ %, <lp—wlz,

With the property of the partition of unity function {xj }j\/:cl and the overlap condition
(3.5), we get
2
Ip—wl2, = ij(p — w)

aq

<CovZa(’)( (pD) 'pj71\/[jp(j))7xj(p(j)_pijJp(j))>’

We define el) = pli) — PIMip(i) where el?) = (e (]), gj)) and egj) =p; — PPMip,; for
1=1,2, and arrive at

Ip— w2,
Ne
<C > ald) (Xjem,xje(j))
j=1
2 N 12 12
<2C,y, </ ki VXl el(-J)‘ dx+/ m-|xjyi|2‘Vel(-J)’ dac)
i=1j=1 Wy wj
2 N, ,
#2600 333 [ o (el = xiael?) (1gae?) da
i=11=1j=1"%
Nc 12
=2Co0 Y (H_2 HQ!%WXM‘ ‘ d$+/ f%|Xj,z‘\2’V€§])‘ dl’)
i=1 j=1 wj
2 2 N,
+2C’OVZZ / o (X, Ze(J)*X zel(])> <X] 7,6(])> dz.
i=11=1j5=1v%i

By Proposition 4.3, the overlap condition (3.5), and assumption, we have

1P — Prns 2,
Ne , -2 , -1
<200, (H (M) + (M) ) (17122, oy + C 19l omy )
j=1
. —2 . —1
<202, e {72 (00.0) 7+ (380) (1712 + €l o)

2 2 ©) ! 2 2
<202, o {12+ (080 0) " (19122, + Clalom )
<Cy(H® +A_1)||f||i§71(wj) +Co(H? + A7) ||9||i]s(asz)
)

<SG+ AYFITe @)+ ColH? + A7) gl o0 -

Here, A =min;<j<n, )‘S\ZH and constants C;,Cs is independent of A and H.
This proof is completed. ad
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Next, we will study an error estimate for the dual-continuum model with ran-
dom input. Firstly, the following norm equivalence between || Vp||2(q) and ||pl[a, is
demonstrated, where diffusion coefficients of the || - [|q,, is & for i =1,2.

LEMMA 4.5. Assume that k° — 2603 > 0, there exist constants ag >0 and By >0,
for each v €V such that

a[[Vol L2 () < [[vllag < FollVol[L2(0)-

Here, ag = (K% — QECZQ,)%, Bo = (F + 25012))% and KO = maxzeo.een,i=1,2 ki(T,§).

The proof of Lemma 4.5 is described in Appendix A. In [36], there holds the
following Lax Milgram theorem under Assumption 2.1.

THEOREM 4.6. Under Assumption 2.1, the problem (2.2) has a unique solution

p(§) €V for each § € D with respect to the norm || - ||a,, and there holds

1P(E)llag < Csllfllz2(c), VE €D,
where the constant Cs is independent of the parameter €.

Based on the preceding Lemma 4.5 and Theorem 4.6, we can derive the conver-
gence of the sequence {P,(§)}n>0 generated by the iterative method as stated in the
following theorem.

THEOREM 4.7. Assume that there is a constant p € (0,1) s.t. p > %%Cg’ let

p(&) be the solution of (2.2) and {Py(&)}n>0 be generated by the iterative method.
There exists a constant Cs > 0 such that

1P(&) = Pu(&)llag < Cap™ | FllL2 (@) VEE D

Proof. For each fixed £ € D, let r,, =r,(€) =p(&) — P, (§) € V for n > 0. Then,
subtracting (3.1) from (3.2) yields the following error equation for n =0

(4.4) a®(ro,v) + q(ro,v) = —a*(p,v;€), Vv e V.
Similarly, subtracting (3.1) from (3.3) yields the following error equation for n >0
(4.5) a®(rp,v) + q(rp,v) = —a'(r,_1,v;€), Yo V.
Choosing v =g in (4.4), we obtain
a’(ro,m0) + q(ro,m0) = —a' (p,70; €).
That is
(4.6) Irollz, = —a' (p,r0: 6).
By the Cauchy—Schwarz inequality and Lemma 4.5, we derive the inequality
| —a'(p,70;€)| < KMVl L2() | V7ol 20y
< 5Pl I7olac-
(0)2 Q Q
Combining the above inequality with (4.6), we can obtain
K

1
Irollag < WHPHG«Q <plPllag-
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We also choose v =7, in (4.4) and obtain
(4.7) a®(rp, ) + q(rn, ) = —a' (rp_1,70; &).
Similarly, by (4.7), we can obtain
KL
”rn”aQ < WHTn—lHaQ < p”"n—l”ag-

By induction and Theorem 4.6, we have

||7°n||aQ < Pn+1||pHaQ < 039n+1||f‘|L2(Q)~
This completes the proof. 0

To establish the error estimates for the Iter-GMSFE solutions {P},*(£)}n>0, we
provide the following lemma.

LEMMA 4.8. Under the assumption of Theorem 4.7, let { Py (&) }n>0 be generated
by the iterative method. We have

1P (€)llag < Call Fllz2 0,

where the constant Cy is independent of €.

Proof. By Theorem 4.6, the following estimation can be given

[Po(E)llag < éB||f||L2(SZ)-

Choosing v = P,, in (3.3), and based on Cauchy—Schwarz inequality, we obtain
HPanQ :ao(PnaPn)+Q(PnaPn)
:b(Pn) - al(Pn—th)
<|Pullpzoyllfllz2) + £ IV Pt 220 [V Prll 2o
s
W”Pn”aQHPn—lnaq

Then, dividing both sides of above inequality by || P, | 4, we have

1
< oo IPnlleclfllz@ +

K
(a0)?
By induction, we have

1 _ A E n
[Pnllag < o0 Z ( > +1 [ fllz2) + <O%> [Pollag
R o (F !
<= ) &
= % Z O% + 1) £z + Cs o2 (FATEIOS!

i=1

1
”Pn”aQ < OTO”f”LZ(Q) + ||Pn71||aQ~

\“\
on| =

< Cull fll2o

where Cy = Csp™ + (1 p), which implies that C is bounded due to p < 1. Then the
convergence of the 1terat1ve method can be guaranteed.
This proof is completed. ad
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THEOREM 4.9. Under the assumptions of Theorem 4.4 and Theorem 4.7, let
{P,(&)}n>0 be generated by the iterative method and {P}*(&)}n>0 be generated by
Iter-GMsFEM. Then there holds

ms ~ — ~ 2
1Pn(&) = PR2(€)a, < Cs(H? + A D fllZ2() + Co gl s o0 »
where the constants Cs and Cg are independent of the size of the mesh girds H and

h, the iterative number n and parameter §, and A =mini<j<n, {)\M 1)

Proof. For n =0 and each parameter &, due to ag being parameter-independent
and Theorem 4.4, we have

(48)  [[Po— Pg°|7, < Ci(H?+ A~ )IIfIIQLz;_l(m+C~2(H2+A’1)Ilgllip(am~

For n > 1 and each parameter &, we define the auxiliary function P:h =P
as the solution of the following variational form,

(49)  a (P, (€),v) +q(P,(€),v) = b(v;:€) — ' (Pr_1(£),v;€), Y0 € V.

Then, for each fixed parameter £, we have

~ 1S

P,-P™»=p,—P." 4+ P - p".

n

By Theorem 4.4, we have

1P — P72,
2

<Ci(H*+A7Y) <||f||2Lgl(Q)+Z||(’%1)é( 0) "3V Pyl 12 m)
"0

=1
+Co(H? + A7) |19l (o0
\/ﬁ S 2 -1 2
ﬁ”vpn”ly(@) + Co(H + A7) [lgll - o0
\F”f”LZ(Q) +t—= \F

By Lemma 4.8, we deduce

<Ci(H*+ A7) <||f||2L§1(Q) +
"o

<Ci(H?+A7Y) ( | Pn ||aQ> +Cy(H? + A7) ”gHQHS(@Q) ‘

1P = P12, <o 4+ A ()7 (1493 Ca) 1120y

(4.10) , ,
+Co(H? + A1) 9157 (00 -

Subsequently, we give the error estimate between P;ns and P,*. For each given
parameter &, combining (3.12) with (4.9), it follows that

a®(P,"(€) — P25(€),v) +q(P, (€) — P™(€),v)
= 7a1(P7L—1(€) - anil(é)av’g)v Vv € Vms-

Let v = P:g(ﬁ) — P®(€) € Vs, by definition of ag norm and Cauchy—Schwarz
inequality, we obtain

1P, (&) — Pr(&)]12,, < KI[Puo1(€) — Pi (&)l 20y | Py (€) — PES(€)l| 120

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaged U9/01/26 10 115.2/7.205./9 . Redistripution subject to SIAIV license or copyrignt; see nttps://epubs.slam.org/terms-privacy

1568 QIUQI LI, LING L. MA, AND PINGWEN ZHANG

Then, dividing both sides of above in inequality by ||15;ns(£) — P®(€) we have

||aQ’

ms

(4.11) 1P, (&) — P=(€) [1Pn-1(8) = P21 (8)lag-

ol
<

oo = a2

Combining (4.10) with (4.11), we get

1P (€) — PrE(€)2

llag
-~ ms ~ 1S

<1Pa(&) — PLUOIE, + P, (€ - Pr©IE,
<Ci(H2 + AT () (1403 Ch) 1F 132 + CalH + A7) gl o)

Hl ms 2
+ 2||Pn—1(£)_Pn—1(€)”aQ

(a0)?

By induction, we have

[Pn(8) = Pp"(8)lag

<(H?+ A7 <1+ZP> ( 7%(1+92C’4)\|f“1:2(9)+C2HQHH (dQ))
+ 0" | Po(€) = PEE(9)]12,,
The last inequality is due to the induction. By (4.8), we have
1P (€) = PRE(O)]1Z,

<(H?*+A! <1+Zp> ( 7%(1+p204)||f||L2 o+ C: gl (aQ))
(2 4+ A7) (Cr(E) T E (U pECa)l| 20y + Co 9] e o)

< (H2 4+ A1) (ll_Pp +pn) (13 U+ P2 ClF 130 + C2 lg e o)

~ _ = 2
<Cs(H*+A 1)HfH2L?(Q) + Co 119177+ (a0 -

where C5 = (122 + p")(C1(52) "% (1 + p2Cy)), Cs = Ca(*
that both Cs and Cy is bounded due to p<l.
This proof is completed. ]

. p"), which implies

An immediate corollary is obtained as follows.

THEOREM 4.10. Under the assumptions of Theorem 4.4 and Theorem 4.7, let p(€)
be solution of (2.2) and {P;(&)}n>0 be generated by Algorithm 3.3. Then, there holds

Ip(&) ~ P(©)I12, < Cr(p" + B + A7) (1F 320y + Cs gl ony ) VEED,

where the constant Cy is independent of p, A, &, and n.

Proof. The proof follows from Theorem 4.7, Theorem 4.9, and an application
of the triangle inequality to the decomposition p(€) — P;°(€) = (p(€) — Pn(€)) +

(Pn(§) — P, (8)): O
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5. Numerical examples. In this section, we present two numerical examples
to demonstrate the applicability of the proposed iterative method for parameter-
dependent dual continuum model and to validate the theoretical results. In subsec-
tion 5.1, we study the effects of coarse mesh size and number of local basis function on
the quality of the approximations. By changing the conductivity values in the back-
ground of diffusion coefficient, the convergence condition of the proposed iterative
method are numerically verified. In subsection 5.2, we compute the dual-continuum
model with the Iter-GMsFEM. In this case, all the diffusion coefficients and source
terms are random fields with high dimensional parameters. To demonstrate the the-
oretical convergence result of our presented iterative method, we will list the relative
errors and convergence rate in this example.

5.1. Experiment 1. The computational domain is a 2-D unit square Q = [0, 1]2.
We consider the parameter-dependent dual-continuum model under steady state as

(5.1)
—div (Kl(xvﬁ)Vpl(‘%{)) + U(x) (p1(l‘,£) —pz(l‘,f)) = fl(xa£)7 z€Q,
pi(x,€)loa = (1+2€) (2] + 23),
—div (k2(2,€)Vp2(2,8)) — o(2) (p1(2, &) — p2(2,8)) = fa(2,£), 2 €Q,
p2(,€)|on = (1 + &) ((z1-1)"+(x2—1)%),

where the diffusion coefficients x;(z;&) (i =1,2) and transfer function o(x) are

(z +(14+&)(2+2? +x2),
Ko (x, &) =r3(x) + (14 &) (1 + z1) (1 + 23),

and source terms are given as

{h(w,s) =26+ &)1+ a1+ 22) + (£ + 367323 (1 — 21 — 22),
fo(z,6) = 2+ &) (1 + 22 — 1) + (1 + 28)a?23 (21 + 22 — 1),

respectively.

Here z = (x1,22) € Q and the random variable &€ obeys the uniform distribution,
i.e., & ~ U(0,1). The diffusion coefficients x{(z) and x$(x) are both high-contrast
functions independent of & with contrastness 7 = 10°, whose maps are depicted in
Figure 2. The conductivity values in the background are both fixed to be 20, where
the conductivity values in the channels are high.

In this example, we use 120 x 120 uniform fine grid to compute the reference
solutions p™*(z,&;) = (P (z,€;), P& (2,€;)). The number of degrees freedom Ny =
14641. The GMsFEM solutions p&™*(z,§;) = (p?™ (x,&;),p5" " (,§;)) are computed
on 12 x 12 coarse mesh, and pIter—GMs(ﬂc,ﬁj) = (p{ter*GMs(x,Sj),pgePGMs(x,Ej))
are solutions by the proposed iterative method. To measure the errors between the
reference solutions and numerical solutions, we define the relative L2-errors as

N ref ms
pihams _ 1 Z (|p; (x,fjg =¥ (x,€ 22
(5.2) P szl llpi€ ($7€j)”L2(Q)
’ N T er—GMs
pirTter—GMs _ i Z ||pief($7§j) _P? M (967€j||L2(Q)
p N =

ref ’

5 (7, &) | 2 (@)
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FIG. 2. High-contrast functions k9 (x) (left) and k3(x) (right).
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where i =1,2, and the relative errors in the sense of ag-norm as

1 % 97" (2,6,)—P*™ (&) llay

ag = P (@.8,)]
ef (g j b
. 9 (LQ
(5.3) 1]7\/1 ref e onts ,
qlter—GMs _ > lp™ (z,€;)—p (@&;)llag
q N o (@) lag, )

where N is the number of parameter samples.

To evaluate the approximation for the proposed iterative method, we randomly
choose 500 parameter samples and compute the average L? errors. For fixed tolerance
€ =1078, the maximum of iteration number Nji; =30 and the number of local basis
functions L = 5, the profiles of variables p (z, €) and ps2(x, &) are all shown in Figure 3.
By different methods, the mean for solutions of p; (z, €) are plotted in the first row and
pa(z, &) are plotted in the second row, respectively. From the figure, the moments
of variables py(z, &) and pa(x, &) using GMSFEM and the proposed iterative method
have a good agreement with the reference results.

To discuss the effect of the coarse mesh size, we consider some different coarse
mesh sizes in the example, H = {1/3,1/6,1/8,1/10,1/12,1/24}. The relative errors
in the sense of L? norm and ag norm are recorded separately in Tables 1 and 2. In the
tables, we can see that the approximation for the state variables p; (z,€) and pa(x, &)
are improved as the coarse mesh become finer.

For different number of local basis functions at each coarse block, Figure 4 depicts
the plots of L? error and ag error against number of local basis functions. With the
larger number of local basis functions, it can be seen that both the L? error and agQ
error decrease.

To verify the convergence condition of the proposed iterative method, we will
change the infimum values of x{(x) and x9(x), that is the conductivity values in the
background of Figure 2. In this experiment, we take the supremum of i(z,&) and
k3(z,€) as ki(x, &) = 7.9402 and k}(z,€) = 7.9269, respectively. Both the infimum
values of k) (x) and k9(x) are set as {1,1.5,2.5,3,6,8,20}, respectively. In Table 3, we
list the relative errors in the sense of L? norm and ag norm versus different ratios of
E/ 9. From the table, we can see that when the convergence condition £° —26013 > gl
is once satisfied, the proposed iterative method is converged.

TABLE 1
The relative L? errors with different coarse mesh size H for p(x,£).

Coarse mesh size | H=1/3 H=1/6 H=1/8 H=1/10 H=1/12 H=1/24
epms 2.3545E-01 1.2777E-01 1.2234E-01 3.2728E-03 3.3909E-03 8.6720E-04
eptier—GMs 1.3163E-01 1.0171E-01 5.0570E-02 2.9348E-03 1.7041E-03 6.9226E-04
eZsms 2.3725E-01 1.2803E-01 1.2281E-01 3.7408E-03 3.8105E-03 1.8348E-03
epTrer—GMs 1.3149E-01 1.0196E-01 5.1679E-02 3.6918E-03 2.6849E-03 1.9509E-03
TABLE 2

The relative aq-norm errors with different coarse mesh size H for p(x,£).

Coarse mesh size H=1/3 H=1/6 H=1/8 H=1/10 H=1/12 H=1/24
ag™® 2.4223E+00 9.9258E-01 7.0460E-01 1.1033E-01 9.3013E-02 6.0044E-02
a};eriGMS 2.4150E+00 9.9098E-01 7.0321E-01 1.1048E-01 9.3194E-02 6.0340E-02
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F1G. 4. Plot for errors in Experiment 1. Left: L? error; Right: aq error.

TABLE 3
History of convergence with 5 basis functions.

- 1,Iter—GM 2,Iter—GM -
Kll/LO ep, er—GMs ep, er—GMs alcger GMs

7.9402 4.3143E + 25 9.7825E + 24 4.0640E + 26
5.2935 3.6451E + 16 2.9900E + 16 5.7810E + 17
3.1761 5.3708E + 04 3.8313E + 05 5.7826E + 06
2.6467 7.9935E + 00 4.7545E + 01 7.1734E + 02

1.3234 5.1564E-03 1.1884E-02 1.0160E-01
0.9925 3.4592E-03 7.7112E-03 9.9733E-02
0.3970 3.8105E-03 2.6849E-03 9.3194E-02

5.2. Experiment 2. In this example, we consider the following dual-continuum
model, which is also defined in the unit square = [0, 1]?.

—diV(H1($,€)Vp1<.’E,£)>+0‘<.’17)(pl(l‘,g)—pg(.’l? )):fl x7€) z €1,

(5.4) pi(x,8)loa = (1+2€,&5) (a7 + 23),
*diV(Hz(u’Ca&)sz(Ivﬁ))*0(96)(171(96,5)*Pz(ﬂf ) = fa(z,8), v,
pa(z,8)lo0 = (1+€3)((z1 — 1)* + (22 — 1)?).

Similar to the first example, the diffusion coefficients x;(z,&) (i = 1,2), transfer
parameter o(x) and source terms are defined by

) =6(z) + (1+£€3) (1 + 212,
) = k9(x) + (14 &5 + £3) (1 + 221 — 2z123)),

) = (261 + &) (21 — 27) (w2 — 23) + (E18263 + €384 /5) (21 — 2] + 22 — 23),
&) = (34 &abs)wa(z1 — 23) 4 (14 26364)) (1 — 27) (1 — 22).

Here x = (z1,72) € Q and the random vector &€ := (£1,&2,---,&5). Each & (i =
1,2,---,5) obeys the uniform distribution in U(0,1). The deterministic part in dif-
fusion coefficients x{(x) and x9(x) are both high-contrast functions independent of
&, whose maps are depicted in Figure 5. The conductivity values in the background
both are fixed to be 1, while the conductivity values in the channels are 10000 and
10020, respectively. In this experiment, we randomly take 5000 random samples to
test the proposed iterative method.
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FIG. 5. High-contrast functions k9 (z) (left) and k3(x) (right).
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F1G. 6. Plots of reference solutions and numerical solutions: pi(z,€) (1st row) and pa2(z,§)
(2nd row).

Figure 6 shows the solutions of the multicontinuum model for the three methods:
FEM on 256 x 256 fine grid (reference solutions), GMsFEM on 16 x 16 coarse mesh
size, and the proposed iterative method. The figure shows that the solutions have very
good agreement with the reference solutions for the variables p;(z, &) and pa(z, £).

To demonstrate the effectiveness of the proposed iterative method, we next de-
fine the absolute error in the sense of infinite norm as ||p¥*!(z, &) — ph(x,€)|lo +

||p§+1(x,£) — ph(2,€)||o- In Figure 7, we depict the absolute error for p(z,£) versus
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F1G. 7. Absolute error of the iterations.

TABLE 4
The relative L? errors with different coarse mesh size H for p(x,£).

Coarse mesh size H=1/4 H=1/8 H=1/16 H=1/32 H=1/64

eptter—GMs 1.4976E-01 1.2108E-01  2.5186E-03 1.9031E-03  1.6322E-03

e Tter—GMs 1.2951E-01  1.3118E-01  1.8416E-03  1.2229E-03  6.7742E-04
TABLE 5

History of convergence with L =5 local basis functions.

H angs order agerfGMs order
1/4 2.1541E 4+ 00 - 2.1540E + 00 —

1/8 9.9206E-01 1.119 9.9205E-01 1.119
1/16 9.1778E-02 4.553 9.1883E-02 4.551
1/32 7.8812E-02 1.591 7.8934E-02 1.590
1/64 4.9649E-02 1.360 4.9840E-02 1.358

the different iteration number. The figure shows the absolute error decreases steadily
as the number of iteration increase.

Next we fix the number of local basis functions L =5 for each coarse element, the
stop criterion e =5 x 107® and the maximum iteration number Nj; = 30. Table 4
and 5 record the error in L? norm and ag norm with different coarse mesh sizes.

Both the results in Table 4 and Table 5 show that the numerical approximation
are very accurate, and the errors converge with refinement of the coarse mesh size.
Moreover, Table 5 verifies convergence rate of the proposed iterative method and
GMsFEM with various settings. From the table, we can find the approximation
of the iterative method is consistent with GMsFEM. This shows that the proposed
iterative method is credible.

As the same way, we will take different sets of the infimum values of x9(x) and
k9(r) to verify the convergence condition. In this experiment, we fix the supremum
of kl(x,&) and ki(z,€) as ki(z,€&) = 3.5704 and k(z,&) = 7.6735, respectively. In
Table 6, we list the relative errors in L? norm and ag norm versus different ratios
of ki(x,&)/kd(z) and ki(x,&)/kS(z). Similar to the results in experiment 1, the

proposed iterative method will converge as the condition £° — 26013 > k! is satisfied.
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TABLE 6
History of convergence with 6 basis functions.

/sl

7.6735 4.0718E + 08 1.0153E + 12 8.6020E + 12
6.3946 1.7551E 4 02 5.9535E + 03 3.5075E + 04

1,Iter—GMs 2,Iter—GMs Iter—GMs
ep ep aQ

5.1157 2.5502E-01 1.0094E + 01 6.0340E + 01
3.0694 1.1774E-02 2.2079E-03 1.0211E-01
2.5578 1.0245E-02 2.0821E-03 9.9420E-02
1.0962 5.1142E-03 1.8716E-03 9.2698E-02
0.3837 2.5186E-03 1.8416E-03 9.1883E-02
1 T T T T 6 T T
— Reference —Reference
* GMsFEM * GMsFEM
~ 08l * GMsFEM+lterative 57 * GMsFEMs+lterative
] %
g a4r
s 06} S
2 2
3 53
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g 04 3
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1t
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The solution p1([0.8125,0.7539] H3) The solution pz([0.81 25,0.7539];¢)

F1G. 8. Probability density of p1(z,&) and p2(x,€) at one random location for reference, GMs-
FEM and the iterative method with fized coarse mesh size and number of local basis functions.

Based on the reference, GMSFEM and the iterative method, Figure 8 depicts the
probability density estimates of p;(x,£) and pa(z,€) at one random location. The
figures show that the iterative method renders the same probability density as the
references solution and GMsFEM solution.

5.3. Experiment 3. In this subsection, we will present the numerical experi-
ments to show the presented iterative method in the fracture modeling.

—div (m(x,E)Vpl(x,&)) + U(‘T) (pl(wvg) 7]92(55,5)) = fl(m>£)7 HAS Qa

(5.5) , p1(z;8)]on =0,
—div (Hg(l',ﬁ)vpg(l‘,ﬁ)) - 0(37) (p1<$,£) —pg(ﬂ?,é)) = f2($7£)’ z €,
p2(ﬂ?,£)|aﬂ =0.

Here k;(x,€) has fractures with high values and low values in the matrix (see Figure 9
for illustration). In the figure, we depict three fracture fields used in the simulations
below. We take the domain 2 to be the unit square, set the forcing terms as

K =10 + cos(maa) + (2 4+ 22 + 22) (1 + 2€° + £°),
k=30 +sin(rzy) + (1 + 21 + 23 + z123) (1 + €% + 5¢%),
fi(z, &) = —m2xosin(may + mao)sin(mwa,)(sing + 2€2),
fo(z,&) =72 (x129 4 1)sin(rz1 )cos(mas) (2 + £2).

and the transfer term is defined as

o(z) =1+ exp(zy)sin(z3).

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaged U9/01/26 10 115.2/7.205./9 . Redistripution subject to SIAIV license or copyrignt; see nttps://epubs.slam.org/terms-privacy

1576 QIUQI LI, LING L. MA, AND PINGWEN ZHANG

permeability1 ><1?)06 permeability2 ><1}’05
1 1
9 9
0.8 8 08 8
7 7
0.6 6 0.6 6
5 5
0.4 4 0.4 4
3 3
0.2 2 0.2 2
1 1
0 0
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fi1G. 9. Fracture fields Ii{ (z) (left) and né(x) (right).

TABLE 7
The relative L? errors with different coarse mesh size H for p(x,€).

Coarse mesh size H=1/3 H=1/6 H=1/12 H=1/24
eptier—GMs 5.9561E-01  2.5933E-01  5.5257E-02  5.0335E-02
e tter—GMs 6.0265E-01  2.1346E-01  1.8119E-02  1.1054E-02

Furthermore, we impose the homogeneous Dirichlet boundary conditions for the dual
continuum problem. In our numerical simulations, we use a 12 x 12 coarse grid, and
each coarse grid block is further divided into 10 fine grid blocks. Thus, the whole
computational domain is partitioned into a 120 x 120 fine grid. 1000 random samples
are taken to test the proposed iterative method.

Figure 10 shows the solutions of the multicontinuum model for the three methods:
FEM on 120 x 120 fine grid (reference solutions), GMsFEM on 12 x 12 coarse mesh
size and the proposed iterative method. We observe that the iterative solutions are
good approximations of the fine-scale solution for the variables p; (z,€) and po(x,&).
Next we fix the number of local basis functions L =5 for each coarse block, the stop
criterion e = 1078, and the maximum iteration number Njier = 50. Table 7 records the
error in L? norm with different coarse mesh sizes H ={1/3,1/6,1/12,14}. From this
table, we see clearly that our method gives a better approximation of the reference
solutions as the coarse mesh sizes decreases.

To illustrate the impact of iteration numbers on the algorithm’s performance, we
present the relative L2-error convergence in Figure 11 across varying iteration counts.
As illustrated in the graph, the relative L? errors of the variables show a consistent
decreasing trend with increasing the number of iteration, eventually converging to a
stable value.

6. Conclusions. In our paper, we have presented an Iter-GMsFEM for solving
a parameter-dependent dual continuum model. Our approach leverages the benefits
of iterative methods combined with GMsFEM, offering an effective solution strategy
for this complex model. Firstly, we reformulated the original problem as another
problem with the parameter-independent multiscale coefficient and exchange term
and a parameter-dependent right-hand side, a fixed-point iteration is then used to
simulate the flow. Due to its highly heterogeneous and high contrast regions, the
iterative method to solve the full model would lead much computation burden and
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1 FEM 1 GMsFEM 1 Iteration
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F1G. 10. Plots of reference solutions and numerical solutions: pi(xz,&) (1st row) and p2(z,&)
(2nd row).
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Fic. 11. Relative L?-error of numerical solutions: p1(x,€) (left) and pa(x,€) (right) with dif-
ferent number of iteration.

huge memory. To this end, we constructed the lower dimensional space by GMsFEM
to accelerate the iterative process. The entire computation involves two stage: offline
phase and online phase. Based on the reformulation, we just need to calculate the
multiscale basis functions for one time in the offline phase. The computation process
is divided into two stages: the offline phase and the online phase. During the offline
phase, we only need to compute the multiscale basis functions once. In contrast,
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the online phase is highly efficient because it leverages the reuse of matrix inverses
and model reduction techniques. We have thoroughly derived the optimal error order
and validated the efficiency and accuracy of our method through various numerical
examples, which confirm the consistency with the theoretical results.

Appendix A. Proof of Lemma 4.5.

Proof. By the Poincaré inequality, there exists a positive constant C), such that
[vill2() < CpllVvil| L2,
for all v; € H}(Q2),i=1,2. Thus we obtain

lv]l5, = 21V olZ2 ) — 25]|vlI72 o)

> iOHVUHiQ(Q) - 2ECZ||VU||%2(Q)
and
[v]|2, <KOVol|720) + 25”””?;2(9)
< KOV L2 () + 2003 V|72 ()

We deduce that
o[Vl L2y < []lag < Bol| VY| L2(0),

where ag = (k° —26013)% and By = (@—&—25012,)% by assumption conditions of section 2.
This completes the proof. 0
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